Google 


This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 


ic 


-^ /-#•/- S;;^3f-«<«^*^ 


5-„ -^ ^fif-—^- 


b) 


P^^ 


PRESENTED TO 

THE ENGLISH LIBRARY 

,iS?^A- OF THE 

^KVERSITY OF MICHIGAN 

,.'' BY THE HEIRS OF 

ELIAKIM C RIPLEY 

OF SAGINAW 




-.5 


s 


AN 


INTBODUGTION 


TO 




t- 


&3it'smBm^. 


BKUrC THK 


FIRST PART 


OV A 


COURSE OF MATHEMATICS, 


ABAPTSD TO TBK 


KETHOD OF INSTRUCTION IN THE AMERICAN COLLEOSS* 


By JEREMIAH DAY, ll.d. 

V President of Yale College. 

» 

m 

THE SECOND EDITION, 

WITH ALTERATIOirS AND ADDITIONS. 


* 


PUBLISHED B7 HOWE & SPALDINa. 


JOHN C. GRAY, PRINTER. 


« 


qA 



Disirict of Connecticut^.^ss* 

•E IT REMEMBERED, That on the second day 
of February, in the forty-fourth year of th*^^ In- 
dependence of the United States of America, JERE- 
MIAH DAY, of the said district, hath deposited in this Office the 
Title of a Book, the right whereof he claims as Author, in the words 
following, to wit : — 

" An Introduction to Algebra, being the First ^art of a Course of 
" Mathematics, adapted to the Method of Instruction in the American 
« Colleges. By JEREMIAH DAY, ll.d. President of Yale College. 
*' The Second Edition, with Alterations and Additions." 

In conformity to the Act of the Congress of the United States, enti- 
tled, "An Act for the Encouragemtent of Learning, by securing the 
copies of Maps, Charts and Books, to the Authors and Proprietors of 
such copies, during the times therein mentioned." 

CHARLES A. INGERSOLLy 
Clerk of the District of Connecticut* 

A true Copy of Recotd, examined and sealed by me, 

CHARLES A. INGERSOLL, 
Clerk of tlie District of Connecticut. 


I I 

. 1 


PKEFAGE. 


rf 4 


X HE following summary view of the iSrst principles of 
* algebra, is intended to be accommodated to the method of 

instruction generally adopted in the American colleges. 

The books which have been published, in Great- Britain, 

on mathematical subjects, are principally of two classes. — 

One consists of extended treatises, which enter into a thor- 

A ough investigation of the particular departments which are 

*)- the objects of their inquiry. Many of these are excellent 

^ in their kind ; but they are too voluminous for the use of 

9 the body of students in a college. 

* The other class are expressly intended for beginners ; but 

9 many of them are written in so concise a manner, that im- 

ri portant proofs and illustrations are excluded. They are 

^ mere texUhooks^ containing only the outlines of subjects 

O which are to be explained and enlarged upon, by the pro- 

^ fessor in his lecture room, or by the private tutor in liis 

A chamber. 

3 In the colleges in this country, there is generally put into 

S the hands of a class, a book from which they are expected 

of themselves to acquire the principles of the science to 
'which they are attending ; receiving, however, from their 
instructer, any additional assistance which may be found ne- 
• cessary. An elementary work for such a purpose^ ought ev- 
idently to contain the explanations which are requisite, to 
bring the subjects treated of within the comprehension of 
the body of th« class. 

If the design of studying the mathematics were merely 
to obtain such a knowledge of the practical parts, as is re- 
quired for transacting business ; it might be sufficient to 
commit to memory some of the principal rules, and to make 
the operations familiar, by attending to the examples. la 
this mechanical way, the accountant, the navigator, and the 
land-surveyor, may be qualified for their respective employ- 
ments, with very little knowledge of the principles that lie 
at the foundation of the calculations which they are to make. 
But a higher object is proposed, in the case of those who 
are acquiring a liberal education. * The main design shouldl 
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be to call into exercise, to discipline, and to invigorate the 
' powers of the mind. It is the logic of the mathematics which 

constitutes their principal value, as a part of a course of col- 
legiate instruction. The time and attention devoted to them, 
is for the purpose of forming sound reasonersj rather tdan ex- 
pert mathematicians. To accomplish this object, it is ne- 
cessary that the principles be clearly explained and demon- 
strated, and that the several parts be arranged in such a man- 
ner, as to show the dependence of one upon another. The 
whole should be so conducted, as to keep the reasoning pow- 
ers in continual exercise, without greatly fatiguing them. No 
other subject affords a better opportunity for exemplifying 
the rules of correct thinking* A more finished specimen of 
clear and exact logic has, perhaps, never been produced, 
than the Elements of Geometry by Euclid. 

It may be thought, by some, to be unwise to form our gen- 
eral habits of arguing, on the model of a science in which 
the inquiries are accompanied with absolute -certainty ^ while 
the common business of life must be conducted upon j^ro^a- 
ble evidence, and not upon principles which admit of com- 
plete demonstration** There would be weight in this objec- 
tion, if the attention were confined to the pure mathematics. 
But when these are connected with the physical sciences, as- 
tronomy, chemistry, and natural philosophy, the mind has 
opportunity to exercise its judgment, upon ail the varioug 
degrees of probability which occur in the concerns of life. 

So far as it is desirable to forni a taste for mathematical 
studies, it is important that the books by which the student 
is first introduced to an acquaintance with these subjects, 
should not be rendered obscure and forbidding by their con- 
ciseness. Here is no opportunity to awaken interest, by 
rhetorical elegance, by exciting the passions, or by presenting 
images to the imagination. The beauty of the mathematics 
depends on the distinctness of the objects of inquiry, the 
symmetry of their relations, the luminous nature of the ar- 
guments, and the certainty of the conclusions. But how is 
this beauty to be perceived, in a work which is so much 
abridged, that jtbe chain of reasoning is often interrupted, 
\ important demonstrations omitted, and the transitions from 

one subject to another so abrupt, as to keep their connec- 
tions and dependencies out of view ? 

It may not be necessary to state every proposition and its 
proof, with all the formahty which is so strictly adhered to 
by Euclid 5 as it is not essential to a logical argument, that 
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it be expressed in regular and entire syllogisms. A step of 
a demo IIS ration may be safely omitted, when it is so simple 
and obvious, that no one possessing a moderate acquamtance 
with the subject, could fail to supply it for himself. But this 
liberty of omission ought not to be extended, to cases in 
which it will occasioa obscurity and embarrassment* If it 
be desirable to give opportunity for the mind to display and 
enlarge its powers, by surmounting obstacles ; full scope 
may be found for this kind of exercise, especially in the 
higher branches of the mathematics, from difficulties which 
will unavoidably occur, without creating new ones for the 
sake of perplexing. 

Algebra requires to be treated in a more plain and diffuse 
manner, than some other parts of the mathematics ; because 
it is to be attended to, early in the course, while the mind of 
the learner has not been habituated to a mode of thinking so 
abstract, as that which will now become necessary. He has 
also a new language to learn, at the same time he is settling 
the principles upon which his future inquiries are to be con- 
ducted. These principles ought to be estabhshed, in the 
most clear and satisfactory manner which the nature of the 
case will admit of. Algebra and geometry may be consider- 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. Euclid and others 
have given to the geometrical part, a degree of clearness 
and precision which would be very desirable, but is hardly 
to be expected, in algebra.' 

For the reasons which have been mentioned, the manner 
in which the following pages are written, is not the most 
concise. But the work is necessarily limited m extent of 
subject. It is far from being a complete ti%^tise of algebra* 
It is merely an introduction. It is intended to contain as 
much matter, as the student at. college can attend to, with 
advantage, during the short time allotted to this particular 
study. There is generally' but a small portion of a class, 
who have either leisure or inchnation, to pursue mathemati- 
cal inquiries much farther, than is necessary to maintain an 
honourable standing, in the institution of which they are 
members. Those few who have an unusual taste for this 
science, and aim to become adepts in it, ought to be refer- 
red to separate and complete treatises, on the different 
branches. Ko one who wishes to be thoroughly versed in 
mathematics, should look to compendiums and elementary 
books, for any think more^ than the iirst principles* As soon 
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a« these are required, he should be guided in his inquiries^ 
by the genius and spirit of original authors. 

In the selection of materials, those articles have been 
taken which have a practical application, and which are pre* 
paratory to succeeding parts of the mathematics, philosophy, 
and astronomy. The object has not been, to introduce ori^ 
ginal matter. In the mathematics which have been cultiva- 
ted with success, from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
most active mind for years, the parts to which the student 
ou^t Jirst to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin, 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular instances* The proper field for the display of 
mathematical genius^ is in the region of invention. But 
what is requisite for an elementary work, is to collect, ar- 
range, and illustrate, materials ialready provided. However 
humlile this employment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made consid- 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of beginners^ though they may be of great impor- 
tance to the advancement of science. 

The arrangement of the parts is such, that the explanation 
* of one is not made to depend on another which is to follow. 
The addition, multiplication, and division of powers^ for in- 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap- 
plications to particular cases may not^ always, be readily un- 
derstood. On the other hand, if they are very numerous, 
they become tedious and burthensome to the memory. The 
rules given in this introduction, are most of then^ compre- 
hensive ; but they are explained and appUed, in subordinate 
articles. 

A particular demonstration is sometimes substituted for a 
general one, when the application of the principle to other 
cases is obvious. The examples are not often taken from 
philosophical subjects, as the learner is supposed to be famil- 
iar with none of the sciences except arithmetic. In treat- 
ing of negative quantities, frequent references are made to 
mercantile concerns, to debt and credit, &;c. These are 
merely for the purpose of illustratioji. The whole doctrine 
ef negatives is made to depend on the jingle principle, that 


, 


PREFACE. 

the J are quantities to he siibtracted. Bat the studentyat 
this early period, is Dot accustomed to abstraction. He re- 
quires particular examples, to catch his attention, and aid 
his conceptions* 

The siection on proportion will, perhaps, be thoufi;ht use- 
less to those wIk> read the fifth Jbiook of EucUd. That is 
sufficient for the purposes of pure geometrical demonstration. 
But it is important that the propositions should also hie pre- 
sented, under the algebraic forms. In addition to this, great 
assistance may be derived from the algebraic notation^ in de- 
monstrating, and reducing to system, the laws of proportion. 
The subject, instead of being broken up into a multitude of 
distinct propositions, may be comprehended in a few general 
principles. 

In this second edition^ the materials of the first are reduced 
into a smaller compass, by abridging many of the articles and 
algebraic operations. At the same time, the book is exten- 
ded, by the introduction of a great number of exampleS| 
and a variety of additional matter, in the different sections* 
A»this edition of the algebra will probably be read, to some. 
extent, in connection with the first edition of succeeding 
parts of the work ; the original numbering of the articlet 
IS retained, to prevent confusion in the references; the 
additional articles being distinguished by letters of the al- 
jphabet. *For the same reason, whatever imperfections ex- 
isted in the arrangement of the parts, in the first edition^ wiU 
be found in this* 
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lotrodtictor)' Obierrations, on the Mathematics ia 
general, , « 

ALGEBRA. 
Section I. Notation, Positive and Negative Quan- 
tities, Axioms^ Sic. 
II. Addition, 
HI. Subtraction, 
IV. Multiplication, 
, V. Division, 

VI. Al^braic Fractions, 

VII. Reduction of Equations, by Trana- 

position, Multiplication, and Divi> 
sion. Soluiion of Problems, 

VIII. •Involution. Notation, addition, sub- 

traction, multiplication, and divi- 
sion, of Powers, 

IX. Evolution. Notation, reduction, ad- 

dition, subtraction, multiplication, 
division, and involution, of Radi- 
cal Quantities, 

X. Reduction of Equations by Invo- 

lution and Evolution. Affected 
Quadratic Equations, 

XI. Solution of Problems which contain 

two or more Unknown Quantities, 

XII. Ratio and Proportion, 

Xm. Variation, or General Proportion, 
^IV. Arithmetical and Geometrical Pro- 
gression, . 

XV. Mathematical Intinity, 

XVI. Division by Compound Divisors, 

XVII. Involution of Compound Quanti- 
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Akt. 1. JW.ATHEMATICS u the science of quantity. 
Any thing which can be multiplied, divided, or measured, is 
called quantity. Thus, a line is a quantity, because it Can be 
doubled, trebled, or haired ; and can be measured, by apply- 
ing to it another line, as a foot, a yard, or an ell. Weight is 
a quantity, which can be measured, in pounds^ ounces, and 
grains. Time is a i^ecies of quantity, whose measure can 
be expressed, in hours, minutes, and seconds. But colour is 
I not a quantity. It cannot be said, with propriety, that one 

I colour is twice as great, or half as great as another. The 

i operations of the mind, such as thought, choice, desire, ha- 

[ • tred, &c. are not quantities. They are incapable of mensu- 

;-. ration.* 

2. Those parts of the Mathematics, on which all the others, 
are founded, are ^rithmetiCi Algebra, and Geometry^ 

3. AaiTHMfEtic is the science 6f mmibers. Its aid is r6* 
quired, to complete and apply the calculations, in almost 
every other department of the mathematics. 

4* Algebra is a method of computing by letters and other 
sjnnbols: * Fluxions, or the Diflerentialand Integral Caku- 
his, may be considered as belonging to the higher branches of 
algebra, t 

^ 5. GfiOHETRT is that part of the mathematics, which treats 

^ of fiwgnitude.^ , By magnitude^ in the appropriate sense of 

► • * See note A-. t See no<c B. 
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the term, is meant that species of quantity, which is extend" 
ed ; that is, whijch has one or more of the three dimensions, 
lengthy breadth, and thickness* Thus a line is a magnitude, 
because it is extended, in length. A surface is a magnitude, 
having length and breadth. A solid is a magnitude, having 
length, breadth, and thickness. But motion, though a quan- 
tity, is not, strictly speaking, a magnitude. It has neither 
length, breadth, nor thickness.* 

6. Trigonometry and Conic Sections are branches of 
the mathematics, in which, the principles of geometry are 
applied to triangles, and the sections of a cone. 

7. Mathematics are either pure, or mixed.' In ^eire math- 
ematics, quantities are considered, independently of any sub- 
stances actually existing. But, in mixed mathematics, the 
relations of quantities are investigated, in connection with 
some of the properties of matter, or with reference to the 
common transactions of business. Thus, in Surveying, 
mathematical principles are appUed' to the measuring of 
liand ; in Optics, to the properties of light ; and in Astronomy, 
to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they carry to the 
mind of every one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactness of the definitions, the axioms, and 
the demonstrations. 

9. The foundation of all mathematical knowledge must be 
laid in definitions. A definition is an explanation of what is 
meant, by any word or phrase. Thus, an equilateral triangle 
is defined, by saying, that it is a figure bounded by three 
equal sides. 

It is essential to a complete definition, that it p^fectly dis- 
tinguish the thing defined, from every thing else. On many 
subjects, it is difficult to give such precision to language, that 
it shall convey, to every hearer or reader, exactly the same 
ideas. But, in the matibematics, the principal terms may be 
so defined, as not to leave room for the least difference of 
apprehension, respecting their meaning. All must be agreed^ 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the definitions of these figures.. 

* SoBie wrtters, however, use magnitude, as synonymous. with, quantity, 

• • 


MA1\HEJVIAT1C^. 3 

^nder the head of definitions, may he included explana* . 
tions of the characters which are used to denote the relations 
of quantities. Thus, the character y/ is explained or defined, 
bj saying that it signifies the same as the words square root. 

10. The next step, after becoming acquainted with the 
meaning of matheq^atical terms, is to bring them together, in 
the form of propositions. Some of the relations of quanti- 
ties require no process of reasoning, to render them evident. 
To be understood, they need only to be proposed. That a 
square is a different figure from a circle ; that th^ whole of a 
thing is greater, than one of its parts ; and, that two straight 
lines cannot inclose a space, are propositions so manifestly 
true, that no reasoning upon them could make them more 
certain. They are, therefore, called self-evident truths, Or 
axiomsm 

1 1 • There are, however, comparatively few mathematical 
truths which are self-evident. Most require to be proved, by 
a chain of reasoning. Propositions of this nature are de- 
nominated theorems ; and the process, by which, they are 
shown to be true, is called demonstration* This is a mode of 
arguing, in which, every inference is immediately derived, 
either from definitions, or from principles which have been 
previously demonstrated. In this way, complete certainty is 
Oiade to accompany evei^ step, in a long course of reasoning. 

12. Demonstration is either direct, or indirect. The for- 
mer is the common, obvious mode of conducting a demon* 
strative argument. But, in some instances, it is necessary to 
resort to indirect demonstration ; which is a method of estab- 
lishing a proposition, by proving that to suppose* it not true, 
would lead to an absurdity. This is frequently called redtic- 
iio ad ahsurdvm. Thus, in certain cases in • geometry, two 
lities may be proved to be equal, by shewing that to suppose 
them unequal, would involve an absurdity. 

13w Besides the principal theorems in the mathematics, 
there are also Lemmas, and Corollaries. A Lemma is a pro- 
l^osition which is demonstrated, for the purpose of using it, in 
the demonstration of some other proposition. This prepa- 
ratory step is taken to prevent the proo£ of the principal 
theorem from becoming complicated and tedious. 

14. A Corollary i^ an inference from a preceding proposi- 
tion. A Scholium 15 a remark of any kind, suggested by 
something which has gone before, though not, like a corollary, 
immediately dc^pending on it* ^ 


4 MATHEMATICS. 

'15« The immediate object of inquiry, in the mathematics, 
is, frequently, not the demonstration of a general truth, but a 
method of performing some operation, such as reducing a 
vulgar fraction to a decimal, extracting the cube root, or in- 
scribing a circle in a square* This is called solving a pro- 
blem. A theorem is something to be proved* A problem is 
something to be done. 

16. When that which is required to be done, is so easy, as 
to be obvious to every one, without an explanation, it is calt 
ed a postulate. Of this nature, is the drawing of a straight 
line, from one point to another. 

17. A quantity is said to be given, when it is either sup- 
posed to be already known, or is made a condition, in the 
istatement of any theorem or problem. In the rule of pro-' 
portion in arithmetic, for instance, three' terms must be giv- 
en, to enable us to find a fourth. These three terms are the 
data, upon which the calculation is founded. If we are re- 
quired to find the number of acres, in a circular island ten 
miles in circumference, the circular figure, and the length of 
the circumference, are the data. They are said to be given 
by supposition, that is, by the conditions of the problem. A 
quantity is also said to be given, when it may be directly and 
easily inferred, from something else which is given. Thus, 
if two numbers are given, their sum is given ; because it is 
obtained, by merely adding the numbers together. 

In Geometry, a quantity may be given, either in position, 
or magnitude, or both. A line is given in position, when its 
situation and direction are known. It is given in magnitude, : 
when its length is known. A circle is given in position, whan 
the place of its centre is known. It is given in magnitude, 
when the lengdi of its diameter is known. 

18. One proposition is contrary, or contradictory to anoth- 
er, when, what is affirmed, in the one, is denied, in the other; 
A proposition and its contrary, can never both be true'. It 
cannot be true, that two given lines are equsLljiaoid that they 
are not equal, at the same time. 

19. One proposition is the converse of another, when the 
order is inverted ; so that, what is given or supposed, in the 
first, becomes the conclusion, in the last ; and what is given 
in tht; last, is the conclusion, in the first* Thus, it can be 
proved, first, that if the sides of a triangle are equal, the an*' 
gles are equal ; and secondly, that if the angles are equal, 
the sides are equal. HcrCj in the first proposition, the equal* 
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ity of the sides is giixen : and the equality Df the angles in- 
ferred : in the second, the equality of the angles is given, 
and the equality of the sides inferred. In many instances, a 
proposition and its converse are both true ; as in the prece- 
ding example. But this is not always the case. A circle is 
a figure bounded by a curve ; but a figure bounded by a curve 
is not of course a circle. 

20. The practical applications of the mathematics, in the 
ccHnmon concerns of business, in the useful arts, and in the 
various branches of physical science, are almost innumerable. 
Mathematical principles are necessary, in mercantile transac- 
tions^ for keepinjg, arranging, and settling accounts, adjusting 
the prices of conunodities, and calculating the profits of trade : 
in Navigation^ for directing the course of a ship on the ocean, 
adapting the position of her sails to the direction of the wind, 
finding her latitude and longitude, and determining the bear- 
ings and distances of objects on shore : in Surveyingy for 
measuring, dividing, and laying out grounds, taking the eleva- 
tion of hills, and fixing the boundaries of fields, estates, and 
public territories : in Mechanics, for understanding the laws 
of motion, the composition of forces, the equihbrium of the 
mechanical powers, and the structure of machines : in Archi- 
tecture, for calculating the comparative strength of timbers, 
the pressure which each will be required to sustain, the forms 
of arches, the proportions of colunms, &c.j in FortiJicaJtUmy 
for adjusting the position, lines, and angles, of the several 
parts of the works : in Gunnery, for regulating the efevation 
of the cannon, the force of the powder, and the velocity and 
range of the shot i in Optics, for tracing the direction of the 
rays of light, understanding the formation of images, the laws 
01 vision, the separation of colours, the nature of the rain* 
bow, and the construc^on of microscopes and telescopes : ia 
Astronomy, for computing the distances, mi^nitudes, and re- 
volutions of the heavenly bodies ; and the influence of the 
law of gravitation, in raising the tides, disturbing the motions 
of the moon, causing the return of the comets, and retaining 
the planets in their orbits : in Geography, for determining the 
figure and dimensions of the earth, the extent of oceans, 
islands, continents^ and countries ; the latitude and longitude 
t>f places, the courses of rivers, the height of mountains, and 
the boundaries of kingdoms : in History, for fixing the chro- 
nology of remarkable events, and estimating the strength of 
armies, the wealth of nations, the value of their revenues, 
and the amount of their population : and, in the concerns of 


i 


€ MATHEMATICS. 

Government, for apportioning taxes, arranging schemes of 
finance, and regulating national expenses. The hiathematics 
have also important applications to Chemistry, Mineralogy, 
Music, Painting, Sculpture, and indeed to a great proportion 
of the whole circle of arts and sciences. ' 

21. It is true, that, in many of the branches which have 
been mentioned, the ordinary business is frequently transact- 
ed, and the mechanical -operations performed, by persons who 
have not been regularly instructed in a course of mathemat- 
ics. Machines are framed, lands are surveyed, and ships are 
steered, by men who have never thoroughly investigated the 
principles, which lie ,at the foundation of their respective 
arts. The reason of this is, that the methods of proceeding, 
in their several ocj^upations, have been painted out to them^ 
by the geniiw syid labour of others. The mechanic often 
works by rules, which men of science have provided for his 
use, and of which he knows nothing more, than the practical 
application. The mariner calculates his longitude by tables, 
for which he is indebted to mathematicians and astronomers 
of no ordinary attainments* In this manner, even the ab- 
struse parts 01 the mathematics are made to contribute their 
aid to the common arts of life. 

22. But an additional and more important advantage, to 
persons of a liberal education, is to be found, in the enlarge- 
ment and improvement of the reasoning powers. The mind^ 
Kke the body, acquires strength by exertion. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are peculiarly fitted for this discipline of the mind. They 
are calculated to form it to habits of fixed attention ; of sa- 
gacity, in detecting sophistry ; of caution, in the admission of 
proof ; of dexterity, in the arraneement of arguments ; and 
of skill, in making all the parts of a long continued process 
tend to a result, in which the truth is clearly and firmly es- 
tablished. When a habit of close and accurate thinking is 
thu* acquired ; it may be applied to any subject, on which a 
man of letters or of business may be called to employ his* 
talents. " The youth," says Plato, ^^ who are furnished with 
mathematical knowledge, are prompt and quick, at all other 
sciences." 

It is not pretended, that an attention to other objects of 
inquiry, is rendered unnecessary, by the study of the mathe- 
matics. It is not their oflSce, to lay before us historical facts ; 
to teacfi the • principles of morals ; to store (ke f^incy witli 
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brilliant im&ges ; or to enable us to speak and write with 
rhetorical vigour and elegance. The beneficial effects which 
they produce on the mind^ are te be seen, principally, in the 
regulation and increased energy of the reasoning powers. 
These they are calculated to call into frequent and vigorous^ 
exercise. At the sSme time, mathematical studies may be so 
conducted, as not often to require excessive exertion and fa- 
tigue. Beginning with the more simple subjects, and ascend- 
ing gradually to those whi^h are more complicated ; the mind 
acquires strength, as it advances; and by a succession of 
steps, rising regularly one above another, is enabled to sur- 
mount the obstacles which lie iit its way. In a course of 
mathematics, the parts succeed each otl^r i%such a connect- 
ed series, that the preceding proposition^^e preparatory to 
those which follow. The student who Jni made himself 
mastec of the former, is qualified /or a gu^H^ful investiga- 
tion of the latter. But he who has passe^over any of the 
ground superficially, will find that the obstructions to his fu- 
ture progress are yet to be removed. In mathematics, as in 
war, it should be made a principle, not to advance, while any 
thing is left uncoirtjuered behind. It is important that the 
sFtudent should be deeply impressed witti a conviction of the 
necessity of this* Neither is it sufficient that he understands 
the nature of one proposition or method of operation, before 
proceeding to another. He ought also to make himself /5t* 
miliar with every step, by a careful attention to the examples; 
He must not expect to become thoroughly versed in the sci- 
ence, by merely reading the main principles, rules and obsen- 
vations. It is practice only, which can put these completely 
in his possession. The method of studying here recom^ 
mended, is not only that which promises success, but that 
which will be found, in the end, to be the most expeditious, 
and by far the most pleasant. While a superficial attention 
occasions perplexity and consequent aversion ; a thorough 
investigation is rewarded with a high* degree of gratification^ 
The peculiar entertainment which mathematical studies are 
calculated to furnish to the mind, is reserved for those who 
make themselves masters of the subjects to which their at- 
tention is called. 

Note. The prineipal defioitionsy itheoreme, rules, Sec. which it is iieoe»- 
sary to e&mrnfl totmw!ory^ are diftiDguished by bei^^ put la Italics orCapi- 
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SECTION I. 

NOTATION, NEGATIVE Q^IA^rTITIES, AXIOMS, i(t. 

Art. 23. aLGEBRA sffay be defined, a general method 

OF INVESTIGATUTG J|IE . RELATIONS OF QVANTITIES, BY LET* 

TEBs* AND OT^HR^TMBOLS. This, it must be acknowledged, 
is an imper^eMwcount of the subject ; as every account 
must necessai^HK. which is comprised in the comp^^s of a 
definition. It^^aTnature is to be learned^ rather by an at- 
tentive examination of its parts, than from any summary de^* 
scription. 

The solutions in Algebra, are of a more general nature, 
than those in common Arithmetic. The latter relate to par- 
ticular numbers ; the former, to whole classes of quantities. 
On this account, Algebra has been termed a kind oi universal 
Arithmetic. The generality of its solutions is principally 
owing to the use of letters^ instead of numeral figures, to 
express the several quantities which are subjected to calcu- 
lation. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an algebraic solution 
Qiay be equally applicable to all other quantities which have 
the same relations. This important advantage is owing to 
the difierence between the customary use of figures, and the 
maimer in which letters are employed in Algebra. One of 
the nine digits invariably expresses the same number : but a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 5^ five, &g. And, tiiough 
one of the digits, in connection with others, may have a local 
value, different from its simple value when alone ; yet the 
same combination always expresses the same number.. Thus 
263 has one uniform signification. And this is the case with 
every other combination of figures. But in Algebra, a letter 
may stand for any quantity which we wish it to represent* 
Thus b may be put for 2, or 10, or 50, or 1000. It must not 
be understood from tbis, however, that the letter has no 
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determinate value* Its value is fix^d 6>r the accasion. For 
the present purpose, it remains unaltered. But on a different 
occasion, the same letter may be put for any other number. 
A calculation may be greatly abridged by the use of let- 
lifers ; especially when very large numbers are concerned. 
And when severU such numbers are to be combined, as in 
multipUcation, the process becomes extremely tedious* But 
A single letter may be put for a large number, as well as for 
a small one. The itumbers 26347297, 68347823, and 
37462498, for instance, may be expressed by the letters 6, c 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the form of a word, and the product will J^e sim- 
plj bed. Thus, in Algebra, much of .the labour of calcula- 
tion may be saved, by thp rapidity of tbe^ne'eratidns. Solu- 
tions are sometimes efiected, tn^the coiAMbs of a few lines, 
which, in common Arithmetic, must be extended through 
many pages. ^ 

24. Another advantage obtained from the notation by let- 
ters instead of figures,'i«, that the several quantities which 
are brought into calculatiouy may be preserved distinct from 
each other ^ though carried through a number of complicated 
processes ; whereas, in arithmetic, they are so blended to- 
gether, that no trace is left of what they were, before the 
operation began. 

25.. Algebra differs farther from arithmetic, in making use 
of unknown quantities, in carrying on its operations. In 
arithmetic, all the quantities which enter into a calculation 
must be known. For they are expressed in numhem. And 
every number must necessarily be a determinate quantity. 
But in algebra, a letter may be put for a quantity, before its 
value has be^i ascertained. And jet it may have such reia«> 
tions to other quantities, with which it is connected, as to 
answer an important purpose in the calculation. 

NOTATION. 

26. To faciUtate the investigations in algebrai the several 
&teps of the reasoning, instead of being expressed in words, 
are translated into the language of signs and symbols, which 
may be considered as a species of short-hand* This serves 
to place the quantities . and their relations distinctly befi>re 
the eye, and to bring them all into jiew at once. They are 
thus more readily compared and understood, than when re- 
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moved at a distance from each other, as in the common mode 
of writing. But before any one can avail himself of this 
advantage, he must become perfectly famiUar with the new 
language. 

27. The quantities in algebra, as has been already obseiV* 
ed, are generally expressed by letters^ The first letters of 
the alphabet are used, to represent knovon quantities ; and 
the last letters, those which are unknown. Sometimes the 
quantities, instead of being expressed by letters, are set down 
in figures, as in common arithmetic. 

28. Besides the letters and figures, there are certain char- 
acters used, to indicate the relations^ of the quantities, or the 
operations which are performed with them. Among these 
are the signs + and — , which are read phis and mimis^ or 
more and less* The former is prefixed to quantities which 
are to be added ^ tlie latter, ict those which are to be ^mJ- 
tractedm Thus a + 6 signifies that 6 is to be added to a. It 
is read a plus 6, or u added to &, or a and 6« If the expres- 
sion be a— 6, i* e. a minus b; it indicates that b is to be sub- 
tracted from a. 

29. The sign + is prefixed to quantities which are con- 
sidered as affirmative or positive ;, and the sign — , to those 
which are supposed to be negative* For the nature of this 
distinction, see art. 54. 

All the quantities which enter into an algebraic process, 
are considered, for the purposes of calculation, as either 
positive or hegative. Before the ^^^ one, unless it be nega- 
tive, the sign is generally omitted. But it is always to be 
understood. Thus a -J- 6, is the same as 4- « + ^» 

30. Sometimes both + and — are prefixed to the same 

letter. The sign is then said to be ambiguous * Thus a'J^i 

signifies that in certain cases, comprehended in a general so- 
lution, b is to be added to a, and, in other cases, substracted 
from it. 

31. When it is intended to express the* difference between 
two quantitiies without deciding which is the one to be sub 
tracted, the character a? or -^ is used. Thus a ^ b, or a ij> b 
denotes the difference between a and b, without determining 
whether a is to be subtracted from 6, or h from a. 

32. The equality hetween two quantities or sets of quanti- 
ties is expressed, by parailel lines =. Thus a + b sa d sig- 
nifies that a and b together are equal t« d. And a + c? = c 
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<=: b + g = h signifies that a and d equal c, which is equal 
to 6 and g, which are equal to A. So 8 + 4 = 16 — 4 = 10 
-f2=:7 + 2 + 3 = 12. 

33. When the first of the two quantities compared is greats 
€?', than the other, the character > is placed between them. 
Thus a > 6 signifies that a is greater than b. 

If the first is less than the other, the character < is used ; 
as a < & ; i. e. a is less than &• In both cases, the quantity 
towards which the character opens, is greater than the other. 

34. A numeral figure is often prefixed to a letter* Thid 
is called a co-efficienU It shows how often the quantity ex- 

fressed by the letter is to be taken. Thus 26 signifies twice 
, and 96, 9 times 6, or 9 multiplied into 6. 
The co-efficient may be either a whole number or a frac- 
tion. Thus |6 is two thirds of 6. When the co-efficient is 
not expressed, 1 is always to be understood. Thus a is the 
same ^s 1 a; i. e. once a. 

35. The co-efficient may be a letter ^ as well as a figure. 
In the quantity m6, m may be considered the co>^fficient of 
6 ; because 6 is to be taken as many tnnes as there are units 
in m. If m stands for 6, thien mb is 6 times 6. In 3a6c, 3 
liaaybe considered as the co-efficient of abc^ 3a, the co-effi- 
cient of 6c; or 3a6, the co-efficient of c. See art. 42. 

36. A simple quantity is either a single letter or number, 
or several letters connected together, without the signs -H 
)and — . Thus a, a6, a6d, and 86 are each of them simple 
quantities. A compound quantity consists of a number of 
simple quantities, connected by the sign -|- or — . Thus 
ft + 6, d— y, 6— d+ 3^5 are each compound quantities. The 
members of which it is composed, are called terms. 

^ 37. If there are two termis in a compound quantity, it is 
called a binomial. Thus a.+ 6 and a— 6 are binomials. The 
latter is also called a residual quantity, because it expresses 
the difierence of two quantities, or the remainder, after one 
is taken from the other. A compound quantity consisting of 
three terms, is sometimes called a trinomial ^ one of four 
terms, a quadnnomial^ &c. 

38. When the several members of a compound quantity 
-are to be subjected to the same operation, they are fre quent- 

ly connected by a line called a vinculum. Thus <r — 6 -f c 
shows that the sum of 6 and c is Id be subtracted from a. 
But (z— 6 + c signifies that 6 only is to be subtracted from of, 
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while c is to be added. The sum of c and J, subtracted from 

the sum of a and 4, is a + 6 — c + d. The marks used for 
parentheses, ( ) are often substituted, instead of a line, for a 

vinculum. Thus x— (a + c) is the same as x— a + c. The 
eqvaliiy of two sets of quantities is expressed, without using 
a vinculum. Thus a + & == c + d signifies, not that h is 
equal to c ; but that the sum of a and o is equal to the sum 
of c and J. 

39. A single letter, or a number of letters, representing 
any quantities with their relations, is called an algebraic cx- 
pression ; and sometimes a formula* Thus a + 6 + 3rf is 
an algebraic expression. 

40. The character X denotes multiplication. Thus a xh 
is a multiplied into b : and 6 x 3 is 6 times 3, or 6 into 3t 
Sometimes a point is used to indicate multiplication. Thus 
a.bh the same as a X 6. But the sign of multiplication is 
more commonly omitted, between simple quantities ; and the 
letters are connected together, in the form of a word or 
syllable. Thus ab is the same as a • i or a X 6. And bcde 
is the same as J X c X rf X c. When a compound quantity 
is to be multiplied, a vinculum is used, as in the case of sub- 
traction. Th us the s um of a and 6, multiplied into the sum 

of c and rf, is « + 6 X c + rf, or {a + b) X (c + d)* And 
(6 + 2) X 5 is 8 X 5 or 40. But 6 + 2 X 5 is 6 + 10 or 
16. When the marks of parentheses are used, the sign of 
multiplication is frequently omitted. Thus (x + y) (^ — y) 
is (x+y) X {x —y). 

41 . When two or more quantities are'm«ltiplied together, 
each of them is called a factor * In the product ab^a is a 

factor, flind so is b. In the product x X a + w, a? is one of * 
the factors, and a + m, the other. Hence every co-efficient 
may be considered a factor. (Art. 35.) In the product 3y^ 
3 is a factor, as well as y. 

42. A quantity is said to be resolved into factors, when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. TTius Sab inay be resolved into 
the two factors 3a and &, because 3a X & is 3 a b. And 
bamn may be resolved into the three factors 5 a, and wi, and 
w. And 48 may be resolved, into the two factors 2 x 24, or 
3 X 16, or 4 X 12, or 6x8; or into the three factors 
^ X 3 X 8, OP 4 X 6 X $5 &c. 
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43« The character 4- is used to show, that the quantity 
iwhich precedes it, is to be divi ded, by fl i at which follows. 

Thus a -r c is a divided by c ; and a + i-rc + disthe sum 
of a and 6, divided by the sum of c and d. But in algebra, 
di;idsion is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thus 

T is the same as o -t- i : and TTI is the difference of c and b 

divided by the sum of d and A. A character prefixed to the 

dividing line of a fractional expression, is to be understood 

as referring to all the parts taken collectively ; that is, to 

i+ c 
the whole value of the quotient. Thus a — — t~- signifies 

ihat the quotient of 6 + c divided, by m 4* n is to be sub- 

c— rfA+n 

tracted from a. And — ; — X denotes that the first 

a+m 0?— y 

quotient is to be multiplied into the second. 

44. When four quantities are proportioned, the proportion 
is expressed by points, in the same manner, as in the Kule of 
Three in arithmetic. Thus aibizcid signifies that a has to 
i, the same ratio, which c has to d. And abicd::a + m: 
i + n, means, that ab is toed; as the sum of, a and m, to 
the sum of b and n. 

45. Algebraic quantities are said to he aUke, when they 
are expressed by the same letters, and are of the s^me power : 
and unlike, when the letters are different, or when the same 
lette'r is raised to different powers.* Thus ab, Sab, —a 6, 
and •— 6a&, are like quantities, because the letters are the 
same in each, although the signs and co-efficients are differ- 
ent. But 3a, 3y, and Sbx, are unlike jguantities, because 
the letters are unlike, although thgie is no difference in the 
fsigns and co-efficients. ^ 

46. One quantity is said to be a multiple of another, when 
the former oAUains the latter a certain number of times 
without a remainder. Thus 10a is a multiple of 2 a; and 
24 is a multiple of 6. 

47. One quantity is said to be a measure of* another, when 
the former is contained in the latter, any number of times, 
without a remainder. Thus 2h is a measure of 1 5i ; and 7 
is a measure of 35. 

* Fop the notfttion of yowerj and roof*, see the sections on those aubJBcta. 
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48. Tbe vahe t)f au expression, is the number or qaantitjV 
for which the expre^iion stands. Thus tlie value of 3 + 4 
is 7 ; of 3 X 4 is 12 5 of V is 2. 

49* The BECiPEOCAL of a quaniiUfj is the ^lAotient arising 
from dividing a unit by that quantity^ Thus the reciprocal 

of a is - ; the reciprocal of a + i is ~"T~r; the reciprocal 

of 4 is T. 
4 

50* The relations o^f quantities, which, in ordinary lau: 
guage, are signified by words^ are represented, in the alge- 
ibraic notatio^y by signs. The latter mode of expressing 
these relations, ought to be made so familiar to the mathe- 
matical student, that he can, at any time, substitute the one 
for tbe other. A few examples are here added, in which^ 
words are to be converted into signs. 

1 . What is the algebraic expression for the following state* 
ment, in which, the letters a, i, c, &c. may be supposed to 
represent any given quantities ? 

The product of a, 6, and c, divided by the difference of c 

and dy is equal to the sum of b and c added to 15 times A. . 

ao € 
Ans. z — 3 = 6 + c + 15A. 

2. The product of the difference of a and h into the sum 
of 6^ c, and J, is equal to 37 timeB m, added to the quotient 
of b divided by the sum of h and b. Ans. 

3. Tlie sum of a and i, is to the quotient of b divided by 
c ; as the product of a into c, to 1 2 times A. Ans. 

4. The sum of ttj by and c divided by six times Uieir pro- 
duct, is equal to four times their sum diminished by dm Ans. 

5. The quotieni of 6 divided by the sum of a and i, is 
equal to 7 times d^ dimimshed by the quotient of 6, divided 
by 36. Ans. . 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What will the following expressions become, when words 
are substituted for the signs ? 
a + b ^ a 


1. — I — ssaftc — 6m-|- 


a + c 

Ans, The sum of a and b divided by A, is equal to the 
product of a, i, and c diminished by 6 times m^ and increased 
by the quotient of a divided by the sum of a and c. . 
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3A - c , ; k 

% ah + — -7— = dx« + 6 + c — 


^+y -----r-Tv g^j. 


df — 4 

m ' ' or 

^' 3 + b^& 2m ^^ A+rfm- 

52. At the close of an algebraic process, it is frequently 
necessary to restore the n/umfers^ for which letters had been 
substituted, at the beginnings In doing this, the sign of mul- 
tiplication must not be omitted, as it generally is, between 
factors, expressed by letters. Thus, if a stands for 3, and h, 
for four; the product o 6 is net 34, but 3 x 4 i. e.. 12. 

In the following examples, 

Let a = 3 Andd'ssO, 

J = 4 m = 8. 

c = 2 » = 10. 

_^ a + m' bc'-n 3 + 8 4 X 2 -- 10 

^«"' '-"75"+ TT = 2ir6+"3x« • 

b + ad d-^ ^cn 

3* — — h cmn + — r — 5 — a= ' 

c — dm 5ao 

ab — Sd 3hn — bc b 


cam 4a + ^ca \a 

53. An algebraic expression, in which numbers have been 
substituted for letters, may often be rendered much more 
simple, by reducing several terms to one. This can noc 
generally be done, while the letters^ remain, ff a + 6 is used' 
for the sum of two quantities, a can not be united in the same 
term witlu£. But if a stands for 3, and 6, for 4, then a + b 
ss3 + 4 =s 7. The value of an expression consisting of 
many terms may thus be found, by actually performing, with 
the numbers, the operations of addition, subtraction, multi- 
plication, &c. indicated by the algebraic characters* 

Find the value of the following expressions, in which the 
letters are supposed to stand for the same numbers, as in the 
preceding article. 


» 


« 


IQ, ALGEBRA. 

ad 3x6 

1. y+ a + mn=*-j-"+3+8X 10=9+3 +80=:92^ 

^ , 26 e X 4 

2. a6m+;^-3-5 + 2n = 3x 4x8^+3-3-^ + 2x105=: 


3. a + cXn — w + — 3 — a x n — m =± 


4. l21iL+f + a6c^i±li<J!LZLi = 

71 — O II ^gc 


^- 2n+3 +'^-c& + -^ = 

POSITIVE AND NEGATIVE QUANTITIES.* 

54. To one who has just entered on the study of algebra, 
there is generally nothing more perplesdng, than the use of 
what are called negative qusintities* He supposes he is about 
to be introduced to a class of quantities, which are entirely 
new ; a sort of mathematical nothings, of which he can form 
no distinct conception. As positive quantities are real, he 
concludes that those which are negative must be imagmafy* 
3ut this is owing to a misapprehension of the term negative, 
as used in the mathematics* 

55. A NEGATIVE QUANTITY IS ONE WHICH IS BEQUIRED TO 

BE SUBTRACTED. When several quantities enter into a cal- 
culation, it is frequently necessary that some of them should 
be added together, while othprs are mbtracted. The former 
are called amrmative oi* positive, and are maiiced with the 
sign + ; the latter are termed negative, and distinguished by 
the sign — . If, for instance, the profits of trade are the sub* 
ject of calculation, and the gain is considered positive ; the 
loss will be negative ; because the la1;|;er must be svbtracted 
from the former, to determine the clear profit* If the sums 
of a book account, are brought into ^n algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this bacl&^ard motion is to be considered nega^ 
iivcy because that, in determining his real progress, it must 

* On the subject of Negative quantities, see Newton's Universal Arith- 
metic , Maseres on the Negative Sign, Mansfield's Mathematical Essays, 
nad Maclaurin'i,^i.mpiOii'$, Euler's, Saunderson'a and Ludlam's Algebra, 
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b£ subtracted from the distance which he has traTolled ia 
the opposite direction. If the a&ctnX of a body from the 
earth be called positive, its descent will be negative. These 
are only di^rent examples of the same general principle. 
In e^ch of the instances, one of the quantities is to be sub-^ 
trdcted from the other. 

56. The terms positive and negative, as used in the mathe- 
matics, are merely relative. They imply that there is, ei- 
ther in the nature of the quantities, or in their circum- 
stances, or in the. purposes which they are to answer in 
calculation, some such opposition as requires that one 
should be subtracted from die other. Buttfiis opposition is 
not that of existence and non-existence, nor of one thing 
greater than nothing, and another les9 than nothing. For, in 
many cases, either of the signs may be, indifferently and at 
pleasure^ applied to the very same quantity ; that is, the twa 
characters may change places. In determining the progress 
of a ship, for instance, her easting may be marked 4* 9 a^nd her 
i^esting — ; or the westing may be +, and the easting — * 
All that is necessary is, that the two signs be prefixed to the 
quantities, in such a manner as to show, wluch are to be 
added, and which subtracted. In different processes, they 
may be diffefently applied. On one occasion, a downward 
motion may be called positive, and on another occasion^ 
negative. 

57. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be considered positive. All 
other quantities which will increase this, must be positive al- 
so. But those which will tend to diminish it, must be neg- 
ative. In a mercantile concern, if the stock id supposed to 
be positive, the profits will be positive ; for they mcrecf^c th© 
stock ; they are to be added to it. But the losses will be 
negative ; for they diminish the stock ; they are to be ^- 
tracted from it. When a boat, in- attempting to ascend a 
river, is occasionally 'driven back by the current 5 if the 
progress up th« stream, to any particular point, is considered 
positive, every succeer^ing instance of forward motion wiil 
be positive, wbile the backward motion will be negative. 

58. A negative quantity is frequently greater^ than the . 
positive one with which it is connected. Sut how, it may 
be asked, can the former be subtracted from the latter f 
The greater is certainly not contained in the less : how then 
c^n it be taken out of it ? The answer to tWs \s, that the 
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greater may be supposed first to exhaust the less, aiid then 
to leave a remainder equal to the difference between the 
two. If a man has in his possession, 1000 dollars, and has 
contracted a debt of 1500; the latter subtracted from the 
former, not only exhausts the whole of it, but leaves a bal- 
ance of 500 against him. In common language, he is 500 
dollars worse than nothing. 

59. In this way, it frequently happens, in the course of an 
algebraic process, that a negative quantity is brought to stand 
alone. It has the sign of subtraction, without being connec- 
ted with any other quantity, from which it is to be subtrac- 
ted. This denotes that a previous subtraction has left a re- 
mainder, which is a part of the quantity subtracted. If the 
latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if sbe sails south 25 degrees ; 
her motion first diminishes her latitude, then reduces it to 
nothings and finally gives her 5 degrees of south latitude. 
The sign — prefixed to the 25 degrees, is retained before 
the 5, to show that this is what remains of the southward mo- 
tion, after balancing the 20 degrees of north latitude. If 
the motion southward is only fifteen degrees, the remainder 
must be + 5, instead of -— 5, to show that it is a part of the 
ship's northern latitude, which has been thus far diminished, 
but not reduced to nothing. The baliance of a book account 
will be positive or negative, according as the debt or the 
credit is the greater of the two. To determine to which 
side the remainder belongs, the sign must be retained, though 
there is no other quantity, from which this is again to be sub- 
tracted, or to which it is to be added. 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes said to become afterwards less than 
nothing. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
minished, till it vanishes, and gives place to an opposite quan- 
tity. The latitude of a ship crossing the equator, is fiicst 
made less, then nothing, and afterwards contrary to what it 
was before. The north and south latitudes may therefore 
be properly distinguished, by the signs -|- and — ; all the 

♦ Note. The expression " less than nothing,'^'* may not be wholly im- 
proper ; if it is intended to be understood, not literally, but merely as a con- 
venient phrase adopted for the sake of avoiding a tedious circumlocution ; 
as we say ''the sun rises," instead of saying ''the earth rolls round, and 
brings the sun into view." The use of it in this manner, is wsirranted by 
Newton, Euler, ^jid others. 
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positive degrees being on one side of 0, and all Die negative, 
on the other ; thus, 

+ 6, + 5, + 4, + 3, + 1, 0, - 1, - 2, - 3, - 4, — 5, &c. 
The numbers belonging to any other series of opposite 
quantities, may be arranged in a similar manner. So that 
may be conceived to be a kind of dividing point between 
positive and negative numbers* On a thermometer, the de- 
grees above may be considered positive, and those belozo 0, . 
negative. 

61. A quantity is sometimes said to be subtracted from 0. 
By this is meant, that it belongs on the negative side of 0« 
But a quantity is said to be added to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, + 6 means 6 degrees above ; and — 6, 6 
degrees below 0.' 

AXIOMS. 

62. The object of mathematical inquiry is, generally, to 
investigate some unknown quantity, and discover how great 
it is. This is eflFected, by comparing it with some other 
quantity or quantities already known, The dimensions of 
a stick of timber are found, by applying to it a measuring 
rule of known length. The weight of a body is ascertained, 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is determined, when it is found to be equal to 
some known quantity or quantities. 

Let a and b be known quantities, and y, one which is un- 
known. Then y will become known, if it is discovered to 
be equal to the sum of a and b : that is, if 

y :=z a + b» 
An expression like this, representing the equality between 
one quantity or set of quantkies, and another, is called an 
equation. It will be seen hereafter, that much of the busi- 
ness of algebra consists in finding equations, in which some 
unknown quantity is shown to be equal to others which are 
known. But it is not often the fact, that the first compari- 
son of the quantities, furnishes the equation required. It 
wiH generally be necessary to make a nunj^her of additions, 
subtiuctions, multiplications, &c. before tlwunknown quan- 
tity is discovered. But in all these changes, a constant 
equality must be preserved, between the two sets of quanti- 
tities compared. This will be done, if, in making the altera- 
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tions, we sgre guided by the following axioms* Tlese ai£ 
not inserted here, for the purpose of being proved ; for they 
are self-evident. (Art* 10.) But as they must be continu- 
ally introduced or implied, in demonstrations and the solu- 
tions of problems, they are placed together, for the conve- 
nience of reference. 

63. Axiom 1. If the same quantity or equal quantities 
be added to equal quantities, their sums will be equal. 

2. If the same quantity or equal quantities be subtracted 
from equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the quotients will be equal* 

5. If the^same quantity be boA added to and subtracted 
from another, the value of the latter will not be altered, 

6. If a quantity be both multiplied and divided by another, 
the value of <he fonner will not be altered. 

7. If to unequal quantities, equals be added, the greater 
will give the greater sum. 

8. If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder. 

9. If unequal quantities be multiplied by equals, the great- 
er will give the greater product. 

10. If unequad quantities be divided by equals, the great- 
er will give the greater quotient. 

1 1 . Quantities which are respectively equal to any other 
quantity, are equal to each other. 

12. The whole of a quantity is greater than a part. 
This is, by no means, a complete list of the self-evident 

propositions, which are furnished by the mathematics. It ifr 
not necessary to enumerate them all. Those have been se- 
lected, to which we shall have the most frequent occasion to 
refer. 

64. The investigations in algebi:a are carried on principal- 
ly, by means of a series of equations and proportions. But 
instead of entering directly upon these, it will be necessary 
to attend, in the first place, to a number of processes, on 
which the niai^ement of equations and proportions de- 
pends. These preparatory operations are similar to the cal- 
culations under the common rules of arithmetic. We have 
additi^fi, multiplication, division, involution, &c. in algebra^ 
^s w<?li as in arithmetic. But this application of a common 
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name, to operations in these two branches of the matbemat-r 
ics, is often the occa&ion of perplexity and mistake. The 
learner naturally expects to find addition in algebra the same 
as addition in aritlunetic* They are in fact the same, in 
many rj^spects : in all respects perhaps, in which the steps of 
the one will admit of a direct comparison, with those of the 
other. But addition in algebra is more extensive^ than in 
arithmetic. The same observation may be made, concern- 
ing several other operations in algebra. They are, in many 
points of view, the same as those which bear &e same names 
m arithmetic. But they are frequently extended farther, 
and comprehend^processes which are unknown to arithme- 
tic This is commonly owing to the introduction of nega- 
tive quantities. The management of these requires steps 
which are unnecessary, where quantities of one class only 
are concerned. It will be important therefore, as we pass 
along, to mark the difference^ as well aB the resemblance^ be- 
tween arithmetic and algebra ; and, in some instances, to 
give a new definition, accommodated to the latter. 


SECTION II. 


ADDITION. 


Art. 65. J.N entering on an algebraic calculation, the first 
thing to be done, is evidently to collect the materials. Sev- 
eral distinct quantities are to be concerned in the process. 
I * These must be brought together. They must be connected 

in some form of expression, which will present them at once 
to our view, and show the relations which they have to each 
other. This collecting of quantities is wbtt, in algebra, is 
called ADDITION. It msly be defined, the connecting of 

SEVERAL qUANTITIUS, WITH THEIR SIGNS, IN ONE ALGEBRAiC 
EXPRESSION. 
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. 66. It is common to include in the definition, " uiiiting in 
one term, such quantities, as will admit of being united.'^ 
But this is not so much a part of the addition itself, as a 
reduction, which accompanies or follows it. The addition 
may, in all casefi, be perfonned, by merely connecting the 
quantities, by their proper signs. Thus a added to b is, evi- 
dently, a and b : that is, according to the algebraic notation 
flHf-6. And «, added to the sum of b and c, is a+6+c. 
And fl+6, added to c+d, is a+'6+c+<t In the same man- 
ner, if the sum of any quantities whatever, be added to the 
sum of any others, the expression for the whole, will contain 
all these quantities connected by the sign J- . 

67. Again, if the difference of a and b be added to c ; the 
sum will be «— A added to c, that is, ur'f^+c. And if a— & 
be ad^ed to c— d, the sum wiH be a— 6+c— rf. In one of 
the compound quantities added here, a is to be diminished 
by 6, and in the other, c is to bp diminished by rf; the sum 
Jo( a and c must therefore be diminished, both by 6,* and by 
dj that is, the expression for the sum total, must contain 
— i and — d. On the same principle, all the quantities 
which, in the parts to be added, have the negative sign, must 
retain this sign, in the amount. Thus a+26—c, added to 
rf— A— m, is a+2i— c+rf— A— wi; 

6%. The sign must be retained also, wheR a positive quan- 
tii^ is to be added, to a single negative quantity. If a be ad- 
*4ed to —6, the sum will be — J+a. Here it may be objec- 
ted, that the negative sign prefixed to 6, shows that it is to be 
sub tract ed* What propriety then can there be in adding it ? 
In reply to this, it may be observed, than the sign prefixed 
to b wliile standing alone, signifies that b is to be subtracted, 
not from a, but from some other quantity, which is not here 
expressed. Thus — i may represent the lossj which is to be 
subtracted from the stack in trade. (Art. 55.) The object 
of the calculation, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with ^profit on some other article. Suppose the prof- 
it is 2000 dollars, and the loss 400. The inquiry then is, 
what is the value of 2000 dollars profit, when connected with 
400 dollars loss ? 

• The answer is, evidently, 2000—400, which. shows that 
2000 dollars are to be added to the stock, and 400 svhtractd 
from it ; or, which will amount to the same, that the differ- 
cnce between 2000 and 400 is to be added to the stock. 
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69. Quantities are added, then, by writing them oKfi* 

AFTER another, WITHOUT ALTERING THEIR j|dGNS ; observing 

always, that a quantity, to which no sign is prefixed, is to be 
considered positive. (Art. 29.) 

The sum of a+m, and i*-8, and 2A— 3wi+d, and A— -n, 
and r+3m— y, is 

a+m+6— 8+2A— 3m+rf4"A— n+^'+Sm— y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and b and c is either o+i+c, or a + c+5, or 
c+b+a. For it evidently makes no difference, which of 
the quantities is added Jtr^t. The sum of 6 alld 3 and 9, is 
the same as 3 an<L9 and 6, or 9 and 6 and 3. 

And a+m—n, IS the same as a—n+m» For it is plainly 
of no consequence, whether we first add m to a, and after- 
wards subtract n ; or first subtract n, and then add m. 

71. Though connecting quantities^ by their signs, 'is alt 
which is essential to addition ; yet it is desirable to make the- 
expression as simple as may be, by reducing several terms to 
one* The amount of 3a, and 6b, and 4^^ and 5b, is 

3a+66 + 4a+56, 
But this may be abridged. The first an4 third terms may 
be brought into one ; and so may the second and fourthu 
For 3 times a, and 4 times a, make 7 tiines a. And 6 times 
i, and 5 times i, make 1 1 times b. The sum, when redu- 
ced, is therefore ?a+ll6. 

For making the reductions connected with addition, two 
rules are given^ adapted to the two cases, in pne of whichf. 
the quantities and signs are alike, and in the other, the quan- 
tities are alike, but the signs are unlike. Like quantities are 
•the same powers of the same letters* (Art. 45.) But as the 
addition of powers and radical quantities will be considered, 
in a future section, the examples given in this place, will be 
all of the first power. ' 

72. Case I. To reduce several terms to one, when 

THE quantities ARE ALIKE AND THE SIGNS ALIKE, ADD THE 
CO-EFnCIENTS, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE COMMON SIGN. 

Thus, to reduce 34+76, that is +36 +74 to one term, 
add the co-efficients 3 and 7, to the sum 10, annex the com- 
mon letter •&, and prefix the sign +. The expression will 
then be +104. That 3 times any quantity, and 7 times the 
same quantity, make 10 times that quantity, needs no proof. 
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be 
2ic 
96c 
Sbc 

15bc 


3xy 

Ixy 

xy 

Say 


Examples 
*'76+ ocy ry'\'3ahh 


• 


8b+3xy 
26+2ay 
6b+5xy 

2Sb+\nxy 


3ry+ abh 
6ry+4fliA 
2ry+ ai^ 


cdxy+Smg. 
2crfapy+ w^ 
5crfa?y+7mg 
7crfay+8»wg 

15cc?a?y+19wg^ 


The mode of proceeding will be the same, if the sign^ 
ai^ negative. 
Thus —Sic— 6c— 56c, becomes^ when reduced, —96c. 
And — ax— 3aa?— 2aa?=:— 6aa?. Or thu^ 


-36c 
- 6c 
—56c 

-96c 


— ax 
— 3aa? 
— 2aa; 


— 2a6— my 
— ab-^Smy 
— 7a6— 8wy 

— 10a6— 12my 


— 3flcA— 86% 
— ach^ biy 
^5ach^ Ibdy 


73* It may perhaps be asked here, as in art. 68, what pro* 
prie^ thereXin aJ^dmg (luantities, to which the nega^ve 
sign is prefixed ; a sim which denotes subtraction ? The an- 
swer to this is, that nmen the negative sign is applied to seve- 
ral quantities, it is intended to indicate that these quantities 
are to be subtracted, not from each other ^ but from some oth- 
er quantity, marked with the contrary sign. Suppose that, 
in estimating st man's property, the sum of money in his pos- 
session is marked +, and the debts which he owes are mark- 
ed —• If these debts are 200, 300, 500 and 700 dollars, and 
if a is put for 100 ; they will together be —2a— 3a— 5a— 7a. 
And the several terms reduced to one, will evidently be — 1 7a, 
that is, 1700 dollars. 

74. Case II. To reduce^several terms to one, whei^ 
THE Quantities are alike, but the signs unlike, take the 

LESS CO-EFFICIENT FROM THE GREATER ; TO THE DIFFERENCE^ 
ANNEX THE COMMON LETTER OR LETTERS, AND PREFIX THE 
SIGN OF THE GREATER CO-EFFICIENT. 

Thus, instead of 8a— 6a, we may write 2a. 
And instead of 76—26, we may put 56. 
For the simple expression, in each of these instances, is 
equivalent to tlie compound one, for which it is substituted. 
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To +66 +4b 5bc ^hm - ||/+ Sm 3h^ dx 
Add r-46 — 6i —76c — 9Am ^^ w 5A+4rfa; 



$iiin+26 —26c 3(/y+5m 


75. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to idiat has been observed, (Art. 66,) this subtrac- 
tion is^ strictly speajdng, no part of the addition. It belongs 
to a consequent reduction. Suppose 66 is to be addeil to 
«— 46. The sum is a— 46+66. (Art. Qd.) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be subtracted from a, and 66 added. 
But Hie amount will be the same, if, without subtracting any 
thii^, we add 26, making the whole a +26* And in all sim- 
ilar instances, the balance of two or more quantities, may be 
substituted for the quantities themselves. . 

77. If two eqval quantities have contrary signs, they de- 
sfiroy each other , and may be cancelled. Thus +6^—66 

=0: And 3x6-18=0: And 76c— 76c =0. 
Let there be any two quaptities whatever, of which a i% 

the greater, and 6 the less. 

Their sum will be a +6 
And their difference a— 6 


The sum and difference added, will be 2a+0, or simply 
2a. That is, if the sum and difference of any two quantities 
be added together, the zohole will be tzoice the greater quan* 
tity. This is one instance, among multitudes,, of the rapidity 
with which general truths are discovered and demonstrated 
in algebra. (Art. 23.) 

78. If several positive, and several negative quantities are 
to be reduced to one term; first reduce those which are 
positive, next those which are negative, and then take the 
difference of the co-efficients, of the two terms thus found. 

Ex. 1. Reduce 136+66+6—46—56—76, to one term. 

By art. 72, 136+66+ 6= 206 > 
And -46-5i-7Js=-i66 5 


uc 


By art. 74, 206 — 1 66 = 46, which is fhe val- 

pf all the give.n quantities, taken together. 
5 
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Ex.2. Reclace 3a^— xy-f 3xy— 7xy+4ac;y-~9ai;^-(-7d^— 6a;y. 
The positive ter^ are 3a?y The negative terms are — ay 

2apy — Ixy 

Axy - 9a;y 

^xy -Gay 

And their sum is 16;i:y — 23ay 

Then 16ay— 23ay=s — 7.vy. 

£x. 3. 3ai7^6acI+aJ+7aJ'— 3aJ+9ac7— 8ikJ— 4a(f=!:0* 

4. 2flAm— aJm+Taim— 3a6w+ 7ahmss 

5. €wy— 7a«y+8aa?y— ory— 8aa?y+9aay== 

79. If tiie letters^ in the several terms to be added, are 
different, they can only be placed after each other, with 
their proper signs. They cannot be united in one simple 
term. If 4i, and — 6y, and 3x, and 17 A, and — 6df, and 6, 
foe added ; their sum will be 

4^-6y +ac+ lUSd+e. (Art 69.) 
Different letters can no niore be united in the same term, 
than dollars and guineas can be added, so as to make a sin- 
gle sum. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars. Seven hundred, and five dozen, are neither 
12 hundred nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities stand related 
to each other ; and to indicate future operations, which are 
to be performed, whenever the letters are converted into 
numbers. In the expression o+6, the two terms can not be 
united in one. But if a stands for 15, and if, in the course 
of a calculation, this number is restored ; then a+6 will 
become 15+^? which is equivalent to the single term 21. 
In the same manner, a— 6 becomes 15— 6, which is equal to 
9. The signs keep in view the relations of tile quantities, 
till an opportunity occurs of reducing several terms to one. 

80. When the quantities to be added contain several 
terms which are alike, and several which are unlike^ it will 
be convenient to arrange them in such a manner, that the 
similar terms may stand one under another. 

To 36c— 6d+26— 3y ) These may be arranged thus. 

Add -^c+xSd+bg > 3Jc-6cr+2&-3y 

And 2d+y+2x+b ) — 36c-3rf + oc+bg 

' 2d + y+2x +J 

The sum will be -ld+2b-2y+4<c+bg+b. 
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1. Add and reduce aft+8 to cd-^S and Sab'^im+2. 
The sum isOai+T+cd— 4m. 

2. Add a?+3y— itc, to 7— a?— 8+Am. 
Ans. 3y— <fc— 1+Aift. 

3. Add aim— 3ir+6m, to y— a?+7, and 5a?— 6y+9. 

4. Add 3am+6— 7acy— 8, to lOay— 9+5am. 

5. Add 6aAy+7df— l+m«y, to 3aAy— 7rf+17— ffw?y« 

6. Add 7arf— A+ftry— ad, to 6ad+A— 7a?y. 

7. Add 3ai— 2ay+a?, to aft— ay+ftx— ft. 

8. Add a6y-3ar+2a, to 3&c— Jy+a. 


SECTION m- 


SUBTRACTION- 

Art. 81. ADDITION is bringing quantities together, W. 
find their amount. On the contrary, SuBTaACTioN is fikd- 

INO THfi DIFFERENCE OF TWO QUANTITIES, OR SEtS OF QUAN- 
TITIESJ 

Particular rules might be gi^en, for the several cases in 
subtraction. But it is more convenient to have one general 
rule, founded on the principle, that talcing away a positive 
quantity, from an algebraic expression, is the same in efiect, 
as annmng an eoual nega^ii^e quantity ; and taking away a 
negative quan||tj^s the same, as annexing an equal positive 
one. ^ A 

Suppose +|r|^^ be sqbtracted from «+&• 

TaJi:ing away 7^, from a +6, leaves a. 

And annexiri^ -^6; to a+Jj gives a +6— 6. 

But by axiom l^h, a +6— 6 is equal to a 
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That is, taking away di positive term, from an algebraic ex- 
pression, is the same in efiect, as ann^ng an equal negative 
term* , 
Again, suppose -^b is to he subtracted from a— 6 
Taking away —6, from a— 6, leaves a 

And annexing +^9 to a— i, gives a— i+6 

But a— J+6 is equal to a 

That is, taking away a negative term, is equivalent to an' 
nexing a positive one. If an estate is encumbered with a 
debt; to cancel this debt, is to add so much to the value of 
the estate* Subtracting an item from one side of a book ac- 
count, will produce the same alteration in the balance, as 
adding an equal sum to the opposite side. 
To place this in another point of view. 
If m is added to &, the sum is by the notation, h+my 
But if m is subtracted from i, the remainder is b-^m ^ 
So if m and h are each added to i, the sum is i+m-f-A 
Bttt if m and h are each subtracted from 6, the re- 
mainder is 6— m— A 
The only difference then between adding a positive quan- 
tity and subtracting it, is, that the sign is changed from -f 
to — • 

Again, if m-^n is sabtracted from 6, the remainder is, 

b-^m+n* 
For the less the quantity subtracted, the greater will be the 
remainder. But in the expression m~w, m is diminished by 
n ; theirefore, 6— m must be increased by n ; so as to become 
b^m+n : that is, m—n is subtracted from 6, by changing 
+m into — w, and — n into -Hw, and then writing them after 
*, as* in addition. The 'explanation will be the same, if 
there are several quantities^ which have the negative sign. 
Hence, 

83. To feuform subtraction in algebra, change the 

SIGNS OF ALL THE (QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM + TO — ., OR FROM — TO +, 
AND THEN PROCElff) AS IN ADDITION. 

The signs are to be changed, in the svbtrahend. only. 

Those in the mhiuend are not to be altered. Although the 

rule here given is adapted to every case of subtraction ; yet 

there may be an advantage in giving some of the examples 

^^^^^yglglg^g^ct classes. 

83. In the first place, the signs may be alike, and the min-* 
uend greater than the subtrahend. 
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From +2S Ub 14da —28 —164 — UAst 

Subtract +16 126 6da —16 —126 — Gda 


Difference +12 46 8da -12 —46 -8da 

Here, in the first example, the + before 16 is supposed 
to be changed into — , and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two' next examples are 
subtracted in the same way. In the three last, the — in the 
subtrahend, is supposed to be changed into +* It may be 
well for ilie learner, at first, to write out the examples ; and 
actually to change the signs, instead of merely conceiving 
them to be changed. When he has become familiar with 
the operation, he can save himself the trouble of transcrib- 

This case is the same as subtraction in arithmetic. The 
two next cases do hot occur in common arithmetic. 

84. In the second place, the signs may be alike, and the 
minuend less thaii the subtrahend. 

From +166 126 Bda —16 —126 — Sda 

Sub. +286 166 14<fa -28 —166 —14da 


".*- 


Dif. -126 -46 — 8<?a +12 46 Sda 

The same quantities are given here, as in the preceding 
article, for the purpose of comparing ii^eia together. But 
the minuend and subtrahend ar^ made to change places* 
The mode of subtracting is the same. In this class, a greater 
quantity is taken from a less : in the preceding, a less from a 
greater* By comparing tfaem, it .will be seen, that there is 
no difference in the answers^ except that the signs are oppo- 
site. Thus 166—126 is the same as 126—166, except that 
one is +46, and the otBer —46 : That is, a greater quantity 
subtracted from a less, gives the same re Alt, as a less sub- 
tracted from a greater, except that the one is positive, and 
the other negative. See art. 58 and 59. 

85. In the third place, the signs may be dnlike. 

From +28 +166 +Uda —28 -^166 — 14rfa 
Sub. -16 —126 — eda +16 +126 + 6da 


Dif. +44 .286' 20rfa -44 -286 -2(Wa 
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From these examples, it will be seen that tlie difference 
between a positive and a negative quantity, may be greater 
than either of the two quantities. In a. thermometer, the 
difference between 28 d(^rees a,bove cjrpher, and 16 below, 
is 44 degrees. The di&rence between gaining 1000 dol- 
l^r& in trade, and losing 500, is equivalent to 1500 dollars. 

96» Subtraction may be proved^ as in arithmetic, by ad- 
ding the remainder to flie subtrahend. The sum ought to 
be equal to the minuend, upon the obvious principle, that 
the difference of two quantities added to one of them, is e- 
qual to tiie other. This serves not only to correct any par*' 
ticttlar^rrour^ but to verify the gaieral rule. 

From Sxy—l h+Sbx Xy— ah ni^lhy 

Sub. — ay+7 3A~9fta? £Ay— 6aA Bnd-^ by 

Dif. 3x^—8 '-^^Jiy+Sah 

From 3a6m— xy — 17+4tfa: ax+ lb Zah'^-axy 

Sub. — 7aJ«+6a:!y —20— ax — 4aa:+156 — TaA+aa?y 

I I II I II wmmmmmmmmmmmmmmmtm. i — . ■ i ii i i.i ii ■ >ii . „ 

Rem* lOoftm— 7a?y Sax-^ 86 

87» When there are several terms alike, they may be re- 
duced as in addition. 

1- From ai, subtract 3am+ aw -I- 7aw+2am+ 6am. 
Ans. aft— Saw— am— 7am— 2am— 6am s=a6— 19am.(Art.72.) 

2. From y, subtract —a— a— a— a. 
Ans. y+a+a-|-a-l-a=y-|-4a. 

3. From oo?— ie+3aa:+76c, subtract 4&c—2a^+frc+4ftr« 

Ans. aa?— 6c-|-3ar+76c— 46cH-2aa?— Jc— 4aa?=2ar-|-Jc» 
(Art. 78.) 

4. From ad+^dc-^bx, subtract Sad+lbx-^dc+ad* 

88. When th« letters in the minuend are different from 
those in the subtrahend, the latter are subtracted, by first 
changing^ the signs, and then placing the several terms one 
after another, as in addition. (Art. 79.) 

From 3ai+8— my-l-tOlj subtract a?— rfr+4Ay— ima?. 
Aus. -3a6+8— my+d/l— a:+rfr— 4Ay+6ffWf. 
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88.b* The sign — , placed before the marks of parmthegis 
which include a nund>er of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included, should be changed* 

Thus a— (b-^c+d) signifies that tiie quantities b, -«c, and 
+c^9 are to be subtracted front a. The expression will then 
become a— 6+c— rf. 

2. 13ad+;vy+d— (7ad— a:y+rf+Afn— ry) =6ai+2a:y— 
nffi-f-ry. 

8. 7aic— 8+7a?— (3a6c— 8~£fcH-r)c=:4aJc+7a?+ifc— r. 

4. 3a£2+A— 2y— (7y+3&— ma?+4aJ— %— ckQss 

5. 6aw— rfy+8— (l«+3rfy— 8+om— c-f r)=s 

6. 7ay— 2a?+6-(4+fcr-ajf+a?+36)=: 

88.C. On the other hand, when a number of quantities are 
introduced within the marks of parenthesis, with — immedi- 
ately preceding ; the siens must be changed. 

Thus — m+6-rfa?+^=— («»— 6+<fe— 3&) 


SECTION IV. 


MULTIPLICATION.* 

Art. 89. jIN addition, one quantity is connected with 
another. It is frequently the case, that tiie quantities brought 
t(^ether are equal ; that is, a ^piantity is added to iiseif* 
As a+a=s2a a+a+a+asi4a 

This repeated addition of a quantity to itself, is what was 

oj^nally called multiplication. But the term, as it is now 

< 

* Nenton^s Univena] Arithmetic, p. 4. Maseres oa the Nera|fTQ Sign, 
Sec. II. CamuB* Arithmetic, Book 11. Chap. 3. Eulei^s Algeb^. Sec. L 
and 11. Chap 3. Simpson^s Algebra, Sec. IV. Maclaurio, Sanndci-s^ 
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used| has ainore extensive signification. We have freqaent'^ 
occasion to repeat, not only ^e whole of a quantity, bat a 
certain /7oHton of it. If the stock of an incorporated com-^ 
pany is divided into shares, one man may own ten of them, 
another five, and another a part only of a share, say two 
fifths. When a dividend is made, of a certain sum on a 
share, the first is entitled to ten times this sum, the second to 
Jive times, and the third to only two fifths of it. As the ap- 
portioning of the dividend, in each of these instances, is up- 
on the same principle, it is called multiplication in the last, 
as well as in the two first. 

Again, suppose a man is obligated to pay an annuity of 100 
dollars a year. As this is to be svbtracted from his estate, it 
may be represented by —a. As it is to be subtracted year 
after year, it will become, in four years,— a— a— a— a= — 4«. 
This repeated subtraction is also called multiplication. Ac- 
cording to this view of the subject ; 

90. Multiplying by a whole number is taking tr;e 
multiplicand as many times, as there are units in the 
multiplier. 

Multiplying by 1, is taking the multipUcand once, as a. 
Multiplying by 2, is taking the multiplicand twice, bs a+a. 
Multiplying by 3, is taking the multiplicand three times, a& 
a+a+a, 4rc. 

Multiplying by a fraction is taking a certain por- 
tion OF THE multiplicand A3 MANY TIMES, AS THERE ARE 
LIKE PORTIONS OF AN UNIT IN THE MULTIPLIER.^ 

Multiplying by |, is taking |^ of the multiplicand, once, as i a* 
Multiplying by f , is taking | of the multiplicand, twice, as 

^a+^a. 
Multiplying by f , is taking } of the multiplicand three times. 

Hence, if the multiplier is a unit, the product is equal to 
the multiplicand : If the multiplier is greater than a unit, 
the product is greater than the multipUcand : And if the 
multiplier is less than a unit, the product is less than the 
multiplicand. 

Multiplication by a negative quantity, has the same 
relation to multiplication by a positive quantity, 

WHICH SUBTRACTION* HAS TO ADDITION. In the ODC, tfic 

sum of the repetitions of the multiplicand is to be added, 
to the other.quantities with which this multiplier is connec* 
tt'i. In the other, the sum of these repetitions is to be sulh 

* Sec Note C. 
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traded from the other quantities* This subtraction is per- 
formed at the time of multiplying, by changing the sign of 
the product. See Art. 107 and 108» 

91. Every multiplier is to be considered a number. We 
sometimes speak of multiplying by a given weighty or meas- 
nre^ a sum of money, c$rc. But this is abbreviated language. 
If construed literally, it is absurd. Multiplying is taking 
either the whole or a part of a quantity, a certain number of 
times. To say that one quantity is repeated as many times, 
as another is heavy , is nonsense. But if a part of the weight 
of a body be fixed upon as a unit, a quantity may be multi- 
plied by a number equal to the number of theseparts con- ^ 
tained in the body. If a diamond is sold by weight, a par-* 
ticular price may be agreed upon for each grain. A grain is 
here the tmit ; and it is evident that the value of the dia- 
mond, is equal to the given price repeated as many times, 
as there are grains in the whole weight. We say concisely, 
that the price is multiplied by the weight ^ meaning that it 
IS multiplied by a number equal to the number of grains in ' 
the weight. In a similar manner, any quantity whatever 
may be supposed to be made tip of parts, each being consid- 
ered a unit, and any number of these may become a multi- 
plier. 

92. As multipljring is taking the whole or a part of a 
quantity a certain number of times, it is evident that the 
product must be of the same nature as the multiplicand. 

If the multiplicand is an abstract number; the product 
will be a number. 

If the multiplicand is weight, the product Ivill be weight. 
If the multiplicand is a line, the product will be a line. i?e- 
peating a quantity do«8 not alter its nature. It is frequently 
said, that tiie product of two lines is a surface, and that the 
product of three lines is a solid. But these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multiplication o{ fractions will be the subject of 
a future section. We have first to attend to multiplication 
by positive whole numbers. This, according to the defini- 
tion (Art. 90.) is taking the multiplicand as many times, as 
there are units in the multiplier. Suppose a is to be multi- 
plied by b, and that b stands for 3. There are, then, three 
units in the multiplier b. The multiplicand must therefore 
be taken three times ; thus, a4-a+fl=3cr, or la. 

6 


34 ALGSPRA. 

So that, muliiplying two Utters together is nothing more^ 
than writing them one after the oth^r^ either with, or without 
the sign of multiplication between Uiem. Thus b mutipli* 
^d into c, is 5 X c, or be. And x into y, is a; X y, or a?,y, or «y. 

94. If more than two letters are to be multiplied, they 
must be connected in the same manner. Thus a into b and 
c, is cba. For by the last article, a into 6, is ba. This pro- 
duct is now to be multiplied into c. If c stands for $, then 
ba is to be taken five times, thus, 

ba+ba+ba+ba-^^ba=i5baf ovcba. 
The same explanation may be applied to any number of 
letters. Thus am into xy, is €mxy^ And bh into mrxy is 
bhmrx* 

95« It is immaterial in what order the letters are arranged. 
The product ba is the same as ab. Three times five is equal 
to five times three. Let the number 5 be represented by as 
many points, in a horizontal line ; and the number 3, by as 
many points in a perpendictdar Une. 


Here it is evident that the whole number of points is equals 
either to the number in the horizontal row three times r^eat- 
ed, or to the number in the perpendictdar ro^ ^ve times re- 
peated ; that is, to 5 X 3, or 3 X 5. This explanation may be 
extended to a series of factors consisting of any numbers 
whatever. For the product of two of the factors may be 
considered as one number. This may be placed before or 
after a third factor : the product of three, before or after a 
fourth, &;c. 

Thus 24=4x6 or 6x4^4x3x2 or 4x2x3 or 2x3x4- 

The product of a, b, e, and d, is abed, or acdb^ or dcba, or bade. 

It will generally be convenient, however, to place the letters 
in alphabetical order. 

96. When the letters have numerical co-efficients, 
these must be multiplied together, and prefixed to 
the product op the letters. 

Thus 3a into 26 is 6a&. For if a into b is a&, then 3 times 
a into 6, ig evidently Sab : and if, instead of multiplying by 
6, we multiply by tmce 6, the product must be twice as great, 
that is 2 X3a6 or 6a J. 
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■" 

Mult. 
Into 

Prod. 

9iA 
Say 

^abxy 

1% Sik 2ad 
2fKc my I3hing 

Zdhmy 

Ihdh 

X 

Say 

Bmx 


ndhx 



97. If either of the faetors consist of figures anly^ these 
must be multiplied into the co-efficients and letters of the 
other factors. 

Thus Sab into 4, is 1 2ai. And 36 into 2x, is 73a?. And 
24 into Ay, is 24hy» 

98. If the multiplicand is a compound quantity, each of its 
terms must be multiplied into the multipUer. Thus b+c+d 
into a is ab+ac+ad. For the whole of the multiplicand is 
to be taken as many times, as there are units in the multi- 
plier. If then a stands for 3, the repetitions of the multipli- 
cand are 

b+c+d 
i+c+rf 
b+c+d 


And their sum is Sb+Sc+Sd^ that is, ab+ac+ad. 

Mult. d+2xff 2A+m 3&/4-1 2hm+S^dr 

Into 36 Sdy my 4b 


Prod. 3id+Skxy 3hlmy+my 


99. The preceding instances must not be confounded 
with those in which several factors are connected by the 
sign X , or by a point. In the latter case, the multiplier is 
to be written before the other factors ToithoiU being repeated. 
The prodtuct of 6 x d into a, is ab x <2, and not abxad. For 
bxdis bd^ and this into a, is cM. (Art. 94.) The expression 
6x1^ is not to be considered, like b+d, n, compound quantity 
consisting of two terms. Different terms are always separa- 
ted by + or —. (Art. 36.) The product o{ bxhxmxy 
into a, is axbxhxmxy or abhmy. But b+h+m+y into 
«, is (d)+ah+am+ay. 

100. If both the factors are compound quantities, each 
term in the mult^lier must he miUtiplied into each in the mul- 
tiplicand. 

Thus ai-6 into c+d is ac+ad+bc+bd. 
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For the units in the multiplier a+i are equal to the units 
in a added to the units in b. Therefore the product produ- 
ced by a, must be added to the product produced by 6. 
The product of c+d into a is ac-^ad ^ a 90 
The product of c+<^ into b is bc+b4 5 
The product of c+d into a +6 is therefore ac+ad+bc+bd. 

Mult. 3x+d 4«y+2i a+1 

Into ^a+hm Sc +rx 3a?+4 


Prod. 6aa7+2a</+3Ama;-|-cfAm 3«a?+3a;+4«+4. 


Mult. 2A+7 into ed+1. Prod. 12rfA+42rf+2A+7. 
Mult, dy+rx+h into 6m+4+7y. Prod, 
Mult. 7+6J+arfinto 3r+4+2A. Prod. 

101. When several terms in the product are aUke^ it will 
be expedient to set one under the other, and then to unite 
them, by the rules for the reduction in addition* 

Mult, b+a i+c+2 a+ y+1 

Into 6+a b+c+S 3i+2a;+7 


bb+ab M+&C+2& 

+ab+aa be 4-cc+2c 

+ 3b +3C+6 


Frod.i6+2a5+«« bb+ibc+5b+cc+5c+S 


Mult. 3a + rf+ 4 into 2a + 3d+ 1 . Prod. 
Mult, b+cd+2 into 3 J + 4cd+ 7. Prod. 
Mult. 3i+2a;+A into axdx2x. Prod. 

103. It will be easy to see that when the multiplier and 
multiplicand consist of any qua^ntity repeated as a factor, this 
lactor will be repeated in the product, as many times as in 
the multipher and multiplicand together. 

Mult, ax ax a Here a is repeated thrpe times as a factor. 
Into ax a Here it is repeated tzoice. 

Prod, axaxaxaxa. Here it is repeated Jive times* 


rr 


The product of bbbb into bbb, is bbbbhbb. 
The product of ^x X 3a? X 4x into dx x Qx, is 2a; X Su; X 4.(; 
XlbxX^x. 
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t04. But the mtmeral co'effidents of several fellow-fiictore 
gnay be brought together by multiplication. 

Thus 2ax36 into 4ax56 is 3ax36x4ox5&, or 120aabb. 

For the co-efficients ^re factors^ (Art. 41.) and it is imma- 
terial in what order these are arranged. (Art. 95.) So that 

2ax3ix 4ax 56 «=2x 3x4x5 xaxaxfcxJ=120aa66* 

The product of 3a X 4&& into Sm x 6y, is XOabhmy. 

The product of 4bx^d into 2j?+ 1, is 48bdx+ 24bd. 

105. The examples in multiplication thus far have been 
'iconfined to positive quantities. It will now be necessary to 
consider in what manner the result will be affected, by mul- 
tiplying positive and negative quantities together. We shaU 
find, 

That + into 4- produces + 

— into + — 
-I- into — — 

— into — + 

All [these may be comprised in one general rule, which it 
-will be important to have always familiar. If the signs of 

THC factors are ALIKE, THE SIGN O^ THE PRODUCT WILL BE 
AFFIRMATIVE ; BUT IF THE SIGNS OF THE FACTORS ARE UN- 
LIKE, THE SIGN OF THE PRODUCT WILL BE NEGATIVE. 

106. The first case, that of + into +j needs no farther 
illustration. The second is — into -I-, that is, the multipli- 
cand is negative, and the multiplier positive. Here —a in- 
to -f 4 is —4a. For the repetitions of the multiplicand are, 

— a— a— a— a=— 4a. 

Mult, i— 3a 2a— m A— 3d— 4 a— 2— 7d— a? 

Into 6y 3A+a? 2y 36+ A 

Prod. 66y— 18ay 2Ay— 6dy— 8y 


107. In the two preceding cases, the affirmative sign pre- 
fixed to the multiplier shows, that the repetitions of the mul- 
tiplicand are to be added, to the other quantities with which 
the multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to flie multiplier, indicates Siat the 
sum of the repetitions of the multiplicand are to be srAtrac' 
ttd from the a&er quantities. (Art^ 90.) And this subtrac- 
tion is performed, at the time of multiplying, by making the 
ffign of the product opposite to that of the multiplicand. 
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Tints +a into ->4) is —4a, For the repetitions of the mul- 
tiplicand are. 

But tUs sum is to be svhtraeted^ from ttie other quantities 
with which the multiplier is connected. It will then become 
-4«* (Art.S3.> 

TbttSy in the expression b^{A X a\ it is manifest that Ax a 
9 to be subtractea from &• Now 4 xa is 40, that is, •4-4a» 
But, to subtract this from i, the sign + must be changed into 
— . • So that 6— (4Xo) is 6— 4a. And ax —4 is there- 
fore ^4a. 

Again, siqppose the multiplicand is a, and the multiplier 
(6— 4)# As (6— 4) is equal to 2, the product will be equal 
to 3a* This is h$s than ^e product of 6 into a. To obtain 
then the product of the compound multiplier (6—4) into a» 
we must subtract the product of the negative part, from that 
of the positive part* 

Mtiitipl|iDg a > - .. ^ ( Multiplying a 

Into 6-4 r^ ^^ ^^^^ ^^ } Into 2 


And the product 6a —4a, is the same as the product 2a* 
Therefore a into —4, is— 4a. 

But if the multiplier had been (6+4), the two products 
must have been aaded^ 

Multiplying « ? is the same as i Multiplying a 
Into 6+4 1 ^^ ^^ ^^"*® ^^ I Into 10 

'And the prod* 6a+4a is the same as the product 10a 

This shows at once the difference between multiplying by 
a positive factor, and multiplying by a negative one* In the 
former case, the sum of the repetitions of the multiplicand 
is to be added to, in the latter, subtracted frofn, the other 
quantities, with wMch the multiplier is connected. For eve- 
ry negative qmtntity must be supposed to have a reference 
to some other which is positive ; though the two may not al- 
ways stand in connection, when the multiplication is to be 
performed* 

Malt, a+6 Sdy+k(ic+2 3h +3 

Into 6—* mr^ab ad^& 


Prod. (A+bb-ax^bx 3ac?A+3ad-18A-i8 

108. If two negatives be multiplied together, the product 
will be affirmative :— 4 X — a= + 4ff. In this case, as in the 
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pr ecjeding, the repetitions of the multipficand are to be ^- 
tradedj because the multiplier has the negative sign. These 
repetitions, if the multiphcand is —a, and the multiplier — 4, 
are —a —a —«—«=— 4a. Bijt this is to be subtracted by 
changing the sign. It then becomes +4a* 

Suppose — o is multiplied into (6— 4). As 6— 4:s2, the 
product is evidently, twke the multiplicand, that 19 ^2a* 
But if we multiply —a into 6 and 4 separately ; — « into 6 
is ^Ba^ and ^a into 4 is — 4a« (Art. 106.) As, in the mol* 
tiplier, 4 is to be subtracted from 6 ; so, in ttie product, —4a 
must be subtracted from -^6a. Now —4a becomes by sub- 
traction +4a. The whole product then is — 6a+4«, which 
is equal to —2a. Or thus, 

Multiplying -« > . ., \ Multiplying -a 

Into 6-45*^ ^^^ ^^^^ ^ I Into 2 

And the prod. — 6a+4a, is equal to the product —3a. 

It is often considered a ereat mystery, that the product of 
two negatives should be affirmative. But it amounts to no- 
thing more than this, that the subtraction of a negative quan- 
tity, is equivalent to the addition of an affirmative one ; (Art. 
81,) and, therefore, that the repeaitd subtraction of a nega- 
tive quantity, is equivalent to a repeaicJ addition of an ^Snn- 
ative one. Taking off from a man's hands a debt of ten 
, dollars every montih, is adding ten dollars a month to the val- 
ue of his property. 

Mult, a— 4 3d— Ay— 2x Say— 6 

Into 34-6 46-7 6a?-- 1 


Prod. 3a&-12ft-6a-|-24 


18axy— 662;— 3ay-)-& 


Multiply 3ad— aA— 7 into 4— rfy— ir. 
Multiply 2hy+ 3m— 1 into 4d— 2a?H- 3. 

109. As a negative multiplier changes the sign of the 
quantity which it multiplies ; if &ere are several negative 
factors to be multiplied together, 

The twofint will make the product positive ; 
The third will make it negative ; 
The fourth will make it poHtive, &c. 
Thus —ax— &=+«* ) C two (actors 

+a6x— CSS- aftc f ., j x i» ^ three.. 

-«icx-(I=+oJci I the product of j ^^' 

+ abed X — c = — abcde \ . f fivt. 
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That is, the product of any even number of negative fectors 
is poHtive ; but the product of any odd number of negatiye 
factors is negative^ 

Thus — ax— aasoa And— aX— ox— tfX — flacflflaa 

—ax —ax — a=;— aaa -^-aX-ax -ax -« X -^ass-^aaaaa 

The product of several factors which are all positive^ is- 
invariably positive. 

110. Positive and negative tenns may '^frequently balance 
each other,' so as to disappear in the product. (Art. 77.) A 
star is sometimes put in tibe place of the deficient term. 

Mult, a— 6 «im— yy aa+ab+hh i 

Into a+b mm+yy a-^b 


aa-^ab aaa+aab+abb 

+aft— ii —-aab—jxbb-^bbb' 


Prod, aa * --bb aaa * * — JJi 


111. For m^ny purposes, it is sufficient tnerely to indicate' 
the multiplication of compound quantities, without actually 
multiplying the several terms. Thus the product of 
a+b+c into h+m+yy is {a+b+c} x (A+w^+y), (Art 40.) 
The product of 

a+m into h+x and d+y, is {a+m)x{h+x) x {d+y). 
By this method of representing multiplication, an important 
advantage is often gained, in preserving the factors distinct 
from each other. 

When the several terms are multiplied in form, the ex- 
pression is said to be expanded. Thus 

(a+b) X (c+<0 becomes when expanded ac+ad+bc+bd» 

112. With a given multiplicand, the less the multiplier, 
the less will be the product. If then the multiplier be redu- 
ced to nothings Hje product will be nothing. Thm ax 0=0. 
And if be one of any number of fellow-factors, the product 
of the whole will be nothing. 

Thus abxcx SdxO=^bcdx 0=0. 
And (a-f-6)x(c+rf)x(A-rTO)xO=:0. ' 

113. Although, for titie sake of illustrating the diiTerent 
points in multiplication, the subject has been drawn out into 

a considerable number of particulars ; yet it will scarcely be * 
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necessary for the learner, after be has become familiar with 
the examples, to burden his memory with any thing more 
than the following general rule. 

Multiply the letters and co-efficieitts of each term 
IN the multiplicand, into the letters and co-efficients 

OF each term in the multiplier ; AND PREFIX, TO EACH 
term of THE PRODUCT, THE SIGN RE<%UIRED BT THE PRINCI- 
PLE, THAT LIKE SIGNS PRODUCE +> AND DIFFERENT SIGNS •— • 

Mult 0+36— 2 into 4a-66— 4. 
Mult, 4abxx^2 into 3my— 1+A. 
Mult ilah-^y) X 4 into 4^xSx5xd. 
Mult (6a6-A<2+1)x2 into (8+4«-l)xif. 
Mult 3ay+y— 4+Ainto (d+aB)x(&+y). 
Mult 6ax-(4A-d) into (6+ 1) X {h+ !)• 
Mult 7ay— l+Ax(rf-»)into— (r+3— 4m).^ 
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Art. 114, J.N multiplication, we have two factors given, 
and are required to find fheir product. By multiplying the 
factors 4 and 6, we obtain the product 34* But.it is fre- 
quently necessary to reverse this process*^ The number 
24, and one of the factors may be given, to enable us to find 
the other* The operation by which tlus is efiected, is called 
Divisiim. We obtain the number 4, by dividing 24 by 6* 
The quantity to be divided is called the dividend ; the given 
factor, the divisor ; and that which is required, the quotient 

115. Division is finding a quotient, which multiplied 

INTO the divisor WILL PRODUCE THE DIVIDEND*^ 

^ * The remainder is here supposed to be fftcludexl ih fh^e quotient, ai U 
cojnmpnly the case ia algebra. 

7 • . . 
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In multiplicSition, the multiplier is always a number. (Art- 
91.) And the product is a quantity of the same kind, as the 
multiplicand. (Art. 92.) The product of 3 rods into 4, ia. 
12 rods. When we come to division, the product and either 
of the factors may he given, to find the other : that is, 

The divisor may be a number, and then the quotient will 
be a quantity of the same kind as the dividend ; or 

The divisor may be a quantity of the same kind as the div- 
idend ; and then the quotient will be a number. 

Thus 12 rodf5-T-4=3 rods. But 12 rods-r-S rods =4 

And 12 rodsrr 24=$ rod^ And 1 2 rods-r- 24 radss^i 

Tn the first case, the divisor, being a number, shows inta 
how many parts the dividend is to be separated ; and the quo- 
tient shows what these parts are. 
« If 12 rods be divided into 3 parts, each will be 4 rods long* 
And if 12 rods be divided into 24 parts, each will be half ai 
rod long» 

In the other case, if the divisor is less than the dividend, 
the former shows into what parts the latter is to be divided ;: 
and the quotient shows how many of these parts are contain- 
ed in the dividend. In other words, division in this cases 
consists in finding how often one quantity is contained in an^ 
other* 

Aline of 3 rods, is contained in one of 12 rods, four timp. 

But if the divisor is greater than the dividend, and yet a 
quantity of the same kind^ the quotient shows what pari of 
llie divisor is equal to the dividend. 

Thus one hayT of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient may be found, by resolving, the 
dividend into two such factors, that one of therti shall be the 
divisor. The other will of course, be the quotient. 

Suppose abd is to be divided by a. The factors^ and bd 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the quotient. Hence, 

When the divisor is found as a factor, in the divi- 
dend, THE DIVISION IS PERFORMED, BY CANCELLING THIS PAci 
TOR. 

Divide CO? dk drx hmy d/ixy abed abxy 
By c d dr hm dy b ax 

Quot. X X hx by 
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In eacb of ttiese examples, the letters which are commosi 
to the divisor and dividend, ^re 3et asi^e, and the other let- 
ters form the quotient. It will be seen at once, that the 
product of 4^e quotieQt ^pd divisor is equal to the dividend. 

117* If a letter is repeated in the dividend, care must he 
taken &at the factor rejected be only equal to the divisor. 

Div. aab hhx aadddx aammyy aaaxxxk yyy 
By u If ad amy aaxx yy 

Quot ab a4dx axh 


In such instances, it is obvious that we are not to reject 
tvery letter in the dividend which is the same with one in 
the divisor. 

118. If the dividend consists of any factors whatever ^ ex- 
ptuggiuGig we of them is dividing by it 

Div, a(6-4.rf) a{b+d) (i+a?)(c+d) {b+y)x{d-h)x 
"By a b+d 6+a? d— A 

Quot 64-<2 a c+d {b+y)x^ 


In all the^e insjtauces the product of the quotient and divi- 
sor is equal to the dividend by Art. 111. 

li9« In performing multiplicAion, if the factors contain 
numeral figures j these are mmtiplied into eskch other. (Art. 
96.) Thus 3a into 76 is 21a6« Now if this process is to be 
reversed^ it is evident that dividing the number in the pro- 
duct, by the number in one of the factors, will give the mem- 
ber in the other factor. The quotient of 21ai-r3ais 76. 
Hence, 

. In division, if there are numeral ao-^cients prefixed to the 
letters, the co^efficient of the dividenamust be divided^ by the 
cO'effident of the divisor* 

Div. 6a6 ISdxy ^5dhr 12oey 34drx 20Am 
By 26 4dx dh 6 34 m 


JUT. 


Quot. 3a ^5r drx 


1 20. When a simple factor is multiplied into a compound 
one, the former enters into every term of the latter. (Art. 
98.) Thus a into b+d^ii ab+ad* Such a product is easi- 
ly resolved again into its original factors* 
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Thus ab+adszax{b+d) 

ab+ac+ah=sa x (b+c+h) 

amh+amx+amffss:umx(h+x+y) 

4adf+ 8aA+ 12am+4ay=4a x (rf+2A+3w+y)' 

Now if the whole quantity be divided by one of these fac- 
tors, according to Art. 118, die quotient will be the other 
factor* 

* 

Thus (a6+ad)-ra=6+rf. And (ab+ai)^{b+d)=sa. 
Hence, 

If the divisor is contained in every term of a compound div- 
idend, it must be cancelled in each^ 

Div. ab+ac bdh+bdy aah+ay drx+dhx+dxy 

By a bd a dx 

Quot. b+c ah+y 


And if there are co-efficientsy these must be divided, in 
each term also. 

Div. Bai+12ac lOdry+lQd Uhx+B SBdm+Ud^a 

By 3a 2d 4 7d 


mumft 


Quot. 26+ 4c Shx+2 


121. On the other hand, if a compound expression contain- 
ing any factor in every term, be divided by the other quarUities 
connected by their signs, the quotient will be thatfactoTm See 
fhe first part of the preceding article. 

Div. ab+ac+ah amh-\'amx'^^^amy Aab+Bay ahm+ahy 
Dy i+c+A h+x+y b+2y m+y 

Quot. a 4a 


122. In division, as well as in multiplication, fhe caution 
inust be observed, not to confound terms with factors. See 
Art. 99^ 

Thus (ab+ac)^a^b+c. (Art 120.) 
But .(aAxaaJ-T-a=«a6c-rass5a6c. 
And (ai+ac]-r(6-^c|c=:a. (Art- 121.) 
But {abKitc)rr{bxc)siaabC'7-bcs^aa0 
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123* In division, the sake rule is to be observed bbspec- 

VING THE SIGNS, AS IN MULTIPLICATION ; THAT IS, IF THE 
3DIVIS0R AND DIVIDEND ARE BOTH FOSITITE, OR BOTH NEGA- 
TIVE, T|IE <IU0TI£NT MUST BE POSITIVE : IF ONE IS POSITIVE 
AND THE OTHER NEGATIVE, THE QUOTIENT MUST BE NEGATIVE* 
<Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and quotient must be the same as the cUvidend* 

If +ax+ft= + a6 J f +aft-r+6=+« 

—ax +*=-*«* f a,^«.J — a&-r+fc=— a 

+aX-6=-afc r ^^^ ) ^ab^^b^+a 

— aX— 4=+aft J (^ +ab-i — i=— a 

Div. abx 8a— 1 Coy 3av— 6ay 6am xdh 
By —a —2a 3a —2a 


Qiiot, — ia? — 4+5y -Smxdksii-'Shdin 

124: If THE LETTERS OF THE DIVISOR ARE NOT TO BE 
FOUND IN THE DIVIDEND, THE DIVISION IS EXPRESSED BY WRI- 
TING THE DIVISOR UNDER THE DIVIDEND, IN THE FORM OF A 
VULGAR FRACTION* 

Thus xyrra^—\ and (d— a?)-j — A=--t — 

This is a method of denoting division, rather than an actu- 
al performing pf the operation* But the purposes of division 
may frequently be answered, by these fractional expressions. 
As they are of the same nature with other vulgar fractions, 
they may be added, subtracted, multiplied, &c. See the next 
Section. 

125* When the dividend is a compound quantity, the di- 
visor may either be placed under the whole dividend, as in the 
preceding instances, or it may be repeated under each term, 
taken separately. There are occasions when it will be con- 
venient to exchange one of these forms of expression for the 
x)tiier. 

6-f-c b c 
Ifhus b+c divided by a?, is either , ot; — + — . 

a+b 
And a+& divided by 2, is either ^g-' that is, half the 
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a b 
fimnaf aandd; or-^ -i*-^ diat is, the sum of half a mi 

Iialf bm For it is evident that half the sum of two or more 

quantities, is equal to the sum of their halves* And the same 

principle is applicable, to a third, iburtti, fifth, or any other 

portion of the dividend, 

^ * a— 6 a h 

Sf€^m9 a-^h&tnAei by 2, is ^ther*^^, or "q'—'q". 

For half the d^erenee of two quantities, is equal to the 
difference of their halves* - 

a—9b+h a ^ h Sa^-c 3a c 


m m m m — x —a — ar. 

128* If some of the letters in the divisor are in each term 
of the dividend, the fractional £xpl^e8sion inay he rendered 
more siiqple, by rejecting equal iactor$ Irom the numeralor 
^r)A denominator* 

Div* ai Mx ahm-^Satf ab+hx Sam 

Bj ffc % ab by 2aiy 


mmm 


ab b hmSy am 


Qaot.~oi^ 


ac c o acjf 


■^■^ 


These reductions are made up<m the principle, that a 
^ren divisor is ocmtained in a given dividend, just as many 
times, as douMe the divisor in double tibe dividend ; triple 
the divisor m triple tiie dividend, «$^c» See &e reduction of 
firactiMis* 

1 27, If the divisor is in some of the terms of the dividend, 
but not in all ; those which contain the divisor may be divi- 
ded as m Art* 116, and 4he others set down in the fonn of a c 
fraction^ ' 

o&-H^ ab d d . 

Ttei(«*+«)-Hai8eilher— ^,or^ -¥"0x1+—. 

Div. dxy-^fTx-^hi 2aA+ai?+af *m+3y 2my+rfA 
By a a ---b ^%n 

hd Sy 

Quot. <?y+r-— -"^+TIi" 


« 


immm 


128. Tbe quotient of any quantity divided by Uself or Us 
equal, is obviously a tmit^ 

^^ a Sax ^ S ^ <{44— d& 

Thus -=1. And3^=l. Andj^rrl. And^^j^g^s^U 

Div. ax+x 3W— 3rf 4aapy— 4a+8arf 3a6+3— 6w 
By a? 3«2 4a 3 

Quot. a+1 a:y~l+2rf 


Cor. If the dividend is greater than the divisor, the quo- 
tient must be greater than a %mii : But if the dividend is less- 
than the divisor, the quotient must be less than a unit. 

PROMISCPOUS EXAMPLES. 

}. Divide t2^}f+Qmbx^l^hm+24b,hy e6. 
' 2. Divide 16a— 12+8y+4— 20ada?+m,by 4. 

3. Divide (a— 2A)x(3m+y)xar, by (a— 2A)x(3m+y). 

4. Divide aW— 4a(Z+3ay— a, by Ad— 4df+3y— 1. 

5. Divide aa?— ry+acT— 4f»y— 6+a, by —a. 

6. Divide ai«y+3»»y— nwcy+ofl*— <^y by — dimy* 

7. Divide arrf— 6o+2r— Ad+6,by 2afd. 
6. Divide 6«a?— 8+2xy+4— 6Ay, by 4a«y. 

129. From the nature of division it is evident, that the 
value of tbe quotient depends both on the divisor and the 
dividend. With a given- divisor, the greater the dividend, 
the greater the quotient. And with a given dividend, <he 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra, particularly Aie subjects of 
fractions, ratios, and proportion, it will be important to be 
able to determine what ch^ige will be produced in tbe quo- 
dent, by increasing or diimidshing ei^er the divisor or the 
dividend- 

If the giTen dividend be 24, ^^d the divisor 6 ; the quo- 
tient will be 4. But (his siune dividend may be supposed to 
be multiplied or divided by some other nHmber, before it is 
divided' by 6. Or the dwisor may be multiplied or divided 
by some other nun^r, before it is used in dividing 24. In 
each of these cases, the quotient will be altered. 

ISO. In the first place, if the given divisor is contained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained. 

In douhle that dividend, twice as many times ; 
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In triple the dividend, thrice as magy times, &c. 

That is, if the divisor remains the same, multiplying the 
dividend by any quantity, is, in effect, mvltiplying the quotient 
by that quantity. 
Thus, if the constant divisor is 6, then 24-r 6 =4 the quotient. 

Multiplying the dividend by 2, 2 X 24-r- 6 s2 x 4 

Multiplying by any number n nx24-r-6s=nx 4 

131. Secondly, if the given divisor is contained in the giv- 
en dividend a certain number of times, the same divisor is 
contained. 

In half that dividend, half as many times ; 
In one third of the dividend, one third as many times, &c* 
That is, if the divisor remains the same, dividing the divi" 
dend by any other quantity, is, in effect, dividing the quotient 
hy that quantity. 

Thus 24-^6s=4 

Dividing the dividend by 2, ^244- 6 =^ 

Dividing by n, ^244- 6ssi4. 

132. Thirdly, if the given divisor is contained in the giv« 
en dividend a certain number of times, then, in the same 
dividend. 

Twice that divisor is contained only half as many times ; 

Three times the divisor is contained, one third as many times* 

That is, if the dividend remains the same, multiplying the 

divisor by any quantity, is, in efiect, dividing the qu/otient by 

that quantity. 

Thus 24-r6=4 

Multiplying the divisor by 2, 24-^ 2 x 6 =f 

Multiplying by n , 24-t-»x6=*. 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend. 

Half that divisor is contained, twice as many times. 

One third of the divisor is contained thrice as many times ; 

That is, if the dividend remains the same, dividing the di- 
visor by any other quantity, is, in effect, multiplying the quo^ 
iient by that quantity. * 

Thus 244-6=4 

Dividing the divisor by 2, 244- ^6 =2 x 4 

Dividing by n, 244- iJ6 =;n x 4 

For the method of performing division, when the divisor 
and dividend are both compound quantities^ see one of the 
following sections* 
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FRACTIONS.* 

Art. 154. EXPRESSIONS in the formtof fractions oc- 
cur more frequently in algebra than in arithmetic. Most in- 
stances in division belong to this class. Indeed the numera- 
tor of every fraction majr be considered as a dividend^ of 
which the denominator is a divisor. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral unit is suppo- 
sed to be divided ; and the numerator shows how many of 
these parts belong to the fraction. But it makes no differ- 
ence, whether the whole of the numerator is divided by the 
denominator ; or only one of the integral units is divided, 
and then the quotient taken as many times, as the number of 
units in the numerator. Thus | is the same as |+7+}* A 
fourth part of three dollars, is equal to three fourths of one 
dollar. 

135. The value of a fraction, is the quotient of the nume-, 
rator divided by the denominator* 

6 ab 

Thus the value of T ** 3* '^^ value of -7- is a. 

From this it is evident, that whatever changes are made ki 
the terms of a fraction ; if the quotient is not altered, the 
value remains the same. For any fraction, therefore, we 
may substitute any olker fraction which will give the same 
quotient. ^"^ 

_. 4 10 4ha Bdrx 6+2 

Thus T=l"=24S=45;5^=i+I^^- For the quotient 
in each of these instances is 2. 

136. As the value of a fraction is the quotient of the nu- 
merator divided by the denominator, it is evident, from Art. 
128, that when the numerator is equal to the denominator, 
the value of the fraction is a unit^ when the numerator is 

* Horsley's Math^matiGf, Canwi' Arifbmetic, Kaerion, Euler; Saun- 
<lt^rson, and Ludlam. 
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less tl^n the denominator, the value is less than a unit; and' 
when the .numerator is greater than the denonjinator, the 
if^ahie is greater than a unit* •§ 

The calculations in^ fractions depend on a few general 
principles, which will here be stated in connection with each 
other. 

1 37. If the denominati^r of a fraction remains the same, 
multiplying the numerator by any quantity j is multiplying the 
VALU£ by that quantity ; and dividing ike nuameTatgry is divi- 
ding the value. For the numerator and denominator are a 
dividend and divisor, of which the value of the fraction is 
tiie quotient And by Art. 1 30 and 131, multiplying the div- 
idend is in efiect multiplying the ijuotient, and dividing the 
dividend is dividing the quotient 

^ , ^ ah Sab 7abd Jai „ 

Thus> in the fractions — , ■— , """"> ~r"> &c. 

The quotients or values are 6, 3ft, Ihdf, |6, &c. 

Here it will be seen that, while the denominator is not al- 
tered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator* 

Cor. With a given denominator, the greater fee numera- 
tor, the greater will be the value of the nraction ; and, on the 
other hand, the greater the value, the greater the numer- 
ator* 

1 38. If the numerator remains the same, multiplying the dc- 

nominator by any quantity j is dividing the value by that qiian- 

tity ; and dividing the denominator, is multiplying the value* 

For multiplying the divisor is dividing the quotitot ; andf 

dividing the divisor i^ multiplying the quotient. (Art. 132, 

133.) 

^ 24aJ 24a6 24ai 24a5 

In the fractions -gj~, -j^, —^, -y-, &c. 

The values are 4a, 2a, 8a, 24a, ire* 

Gor. With a given numerator, the greater the denomina- 
tor, the less will be the value of tKe fraction ; and the less 
the value, the greater the denominator. 

139. From the two last articles it follows, that dividing the 
numerator by any quantity, will have the same ^ect on the 
value of tiie fraction, as multiplying the denominator by that 
quantity ^ and multiplying the numerator will, have the same 
^fiect, as dividing the denominator. 
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140.. It is also cTident, from the preceding articles^ that 

IT THE NDMiERATOR AND DENOMINATOR BE BOTH MULTIPLIED, 

OR BOTH Divided, by the «ame quantity, the value of 

THE -FRACTION WILL NOT BE ALTERED* 

these instances the quotient is x. i 

141. Aaf integral quantify may, without altering its val- 
ue, be thrown into the form of a fraction, by multiplying the 
quantity into the proposed denominator^ and taking the pro- 
duct for a numerator* 

u ah ad'{'idi 6adh w 

Thus a 3s-j-="j;"=";^^="65r» ^* ^^^ "^^ quotient 

of each of these is a. 

dx+hx 2drr+^dr 


So d+kss . And r+ 1 


i^Wli^*«~<— 4^— •«•■ 


1 42. There is nothing perhaps, in the calcnlation of alge- 
braic fractions, which occasions more perplexity to a loani- 
^r, than the positive and negative signs. The changes in 
these are so freqpient, that it is necessary to become familiar 
with the principles on which they are made* The use of 
the sign which is prefixed to the dividing line, is to show 
wheAer the value of the whole fraction is to be added to, or 
subtracted from, the other quantities with which it is con- 
nected. (Art. 43.) This sign, therefore, has an influence on 
the several terms taken collectively* But in the numerator 
and denominator, each sign affects only the single term to 
. which it is applied* 

ah 
The value of -j" is a. (Art. 136J) But this will become 

negative, if the sign — be prefixed to the^ fraction. 

Thu8y+y«=y+«. Baty-y=y-a. 

So that changing the sign which is before the whole frac- 
tion, has the elect of changii^ the valtie jfrom positive to 
negative, or from negative to positive- 
Next, suppose the a^ or signs of ttie numerator to be 
^changed* 

By Art. 123, yss+a. But--^3=— a. 


r 
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And J = + «—€• But 7 ras*-a-|;C« 

That ifi, by chaDging all the skns of the numerator, the 
value of die fraction is changed from positive to negative, or 
the contrary. 

Again, suppose the sign of Hie denominator to be changed. 
As before -r-ss+fl. But 37=:— a. 

143. We have, then, this general proposition; If the 

SIGN PREFIXED TO A FRACTION^ OR ALL THE S^ONS OF THE NU- 
MERATOR, OR ALL THE SIGNS OF THE DENOMINATOR BE CHANG- 
ED ] THE VALUE OF THE FRACTION WILL BE CHANGED, FROM 
POSITIVE TO NEGATIVE, OR FROM NEGATIVE TO POSITIVE. 

From this is derived another important principle. As 
each of the changes mentioned here is from positive to neg- 
ative, or the contrary ; if any two of them be made at the 
same time, they will balance each other. 

Thus, by changing the sign of the numerator, 

ab '^ab 

-^zs;+a becomes "~T~~=s—c. 

But, by changing both the numerator and denominator, it 

< —aft 
becomes ';iT"=+Oj where the positive value is restored, 

Bj changing the sign before the fraction, 
ai ab 

y+y =^y+^ becomes y-^-^^zy-^a. 

But, by changing the sign of the numerator also, it be- 

comes y """"T" where the quotient —a is to be subtracted 

from y, or which is the same thing, (Art 81,) +« is to be 
added, making ^-(- a as at first. Hence, 

144. If all the signs both of the numerator and de- 
nominator, OR THE SIGNS OF ONE OF THESE WITH THE SIGN 

PREFIXED TO THE WHOLE FRACTION, BE CHANGED AT THE 
SAME TIME, THE VALUE OF THE FRACTION WILL NOT BE AL- 
TERED. 
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6 ^ -.6 -^6 6 

And _2= 2 "^""2 -""-.g"*""^* 

Hence the quotient in division may be set down in differ- 

a — c a c 
cut ways. Thus (a— c)-r-6, is either 'T"+"I~j ^^T'^'T* 

The latter method is the most common* See the exam- 
ples in Art. 127* 

REDUCTION OF FRACTIONS. 

145* From the principles which have been stated, are de- 
rived the rales for Ihe Reduction of fractions, which are sub- 
stantially the same in algebra, as in arithmetic. 

>« A r&ACTION MAY BE BXDVCEJ} TO LOWER TERMS, BT DIVI- 
DING BOTH THE NUMERATOR AND DENOMINATOR, BT ANT <^UAN- 
TITT WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

According to Art. 140, this will not alter the value of the 
fraction. 

ab a Bdm dm 7m 1 

Thus-T="-^. Andirj7=:"7^. And;; — =— . 
CO c ody Ay 7tnr r 

In the last example, both parts of the fraction are divided 
by flie numerator. ' 

a+bc 1 am+ey a 

. If a letter is in every term both of the numerator and de- 
nominator, it may be cancelled j for this is dwiding by that 
letter. (Art. 120.) 

3am+ay ^ Sm+y dry+dy r+1 * 

^™® ad+ah - d+h ^^%-rfy=A-l- 

If the numerator and denominator be divided by the 
greatest common measure^ it is evident that the fraction will 
be reduced to the lowest terms. For the method of finding 
the greatest common measure, see Sec. xvi. 

^ 14^. Fractions or DIFFERENT DENOMINATORS MAT BE RE- ' 1 

DUCED TO A COMMON DENOMINATOR, BY MULTIPLYING EACH 
NUMERATOR INTO ALL THE DENOMINATORS ^^XCEPT ITS OWN, 


i 
I 


A.. 
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FOR A NEW NUMERATOR ; AND ALL THE DENOMINATORS TO- 
GETHER, FOR A COMMON DENOMINATOR. 

($ c m 

Ex. 1. Reducey , and ^, and — to a common denomin- 
ator* 

the three numerators. 

bxdx y^hdy the common -denominator. 

ady bey bdm 

TTie fractions reduced are j^j a»d j^j ^^ 'yty'^ 

Here it will be seen, that flie redtiction consists in multi- 
plying the numerator and denoHiinator o| each fraction, into 
all t& other denominators* This does not alter the value. 
(Art. 140.) 

dr , 2A ^0 

2. Reduce ^, and — , and — . 

2 a r+l 

S. Reduce "ij"-, and — -, and TTI* 

1 1 • 

4. Reduce -^qij, and -^^. 

After the fractions have been reduced to a common de- 
nominator, they may be brought to lower terms, by the rule 
in the last article^ if there is any quantity, which will divide 
the denominator, smd aU the numerators, without a remain- 
der* 

An integer and a fraction are easily reduced to a common 
denominator. (Art. 141.) 

• i a b ac b 

Thus a and — are equal to -j- and '-", or — and — . 

h d , amy bmy hy dm 

And a^ b. — , — are eousd to — *^, — « *~*^, t"* 
^ 'w»' y '^^ ^^^'^ ^^ my ^ my^ my^^ my 

147. To REDUCE AN IMPROPER FRACTION TO A MIXED 
41UANTITY, DIVIDE THE NUMERATOR BT THE DENOMINATOR, RS 

in Art. 127. 

ii6+6flt,+» d 

Thus J ssa+m+y . 
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Rdhice ' , to a mixed quantity. 

For the reduction of a mixed ^Mntity to an improper 
fraction, see Art. Id0» And for the reduction of a ewnp<rand 
fraction to a pimple one, see Art* 16(X 

ADDITiON OF FRACTIONS. 

t4S. In addkig fractions, we may either write &em oner 
after the other, with their signs, as in the ad^UtieDi oT inte- 
gers, or we may incorporate them into a single fraction, by 
the following rule : 

Reduce the fractions to a cOMicoK/bfiKOHiwATOR, make 

THE SIGNS BEFORE THEM ALL POSITIVE, AND THEN ADD THEISr 
RiFMERATORS. « 

The common denominator shows into what parts the inte- 
gral unit is supposed to be divided ; and the numerators show 
tiie number of these parts belonging to each ot the fractions^ 
(Art. 134.) Therefore the numerators ^aAren /o^eiA€r show 
the whole number of parts in all the fractions* 

_^211 ^^^1*1 

Thusy=-y+"^ And ::r-s:-^4--y4-'V> 

™ . 2 3- 1 1 1 1 1 5 

Therefore y4-y=Y+Y+ y+y+y=y. 

TTie numerators are added, according to the rules for the 
addition of integers. (Art. 69, &c.) It is obvious that the 
sum is to be placed over tile conimon denonunator. To a- 
void the perplexity which might be occasioned by the signs, 
' a will be expedient to make tho%e prefixed to the fractions 
uniformly positive. But in doing this, care must be taken 
not to alter the value. This will be preserved^ if all the 
signs m the numerator, are changed at the same tifhe with 
that before the fraction* (Art. 141.) 

2 4 • 2+4 6 

Ex. 1. Add rg and ig^ of a pound* Ans. yg- or jg* 

It is as evident that •;%, and tV of ^ pound, are ^ of a: 
pound, as that 2 (Minces, and 4 ounces, are 6 ounces* 

ft c 

2, Add -g- and "j^. First reduce them to a common denom- 
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__ Old be ad'-^bc 

inator. They will then be t^ and o and their sum — rj~* 
3. Given -^ and — q^ , to find their sum. 

a 6— f» a — 6+wt ajf-^-bd+dm 

4» "rand — > ss'j-^f' ' .^ ■ ■ ■» » . 

a d —am ^y — am+rfy aw— ify 

a b gg— afr+a&+&6 aa+W 

^- M^^*a^=aa+aA— ai-Aft^"^^^^- (Art- 77.) 

—a —A —4 —16 

7. Add -^ to ^JZ:^.* 8. Add -g- to y^^. Ans. — 6, 

149. For many purposes, it is sufficient to add fractions in 
the same manner as integers are added, by writing them one 
after another with their signs. (Art. 69.) 

a 3 <{ a 3 ^ 

Thus the sumof ^andy and -'■^, is y+y-a;;^. 

In the same manner, fractions and integers may be added. 

The sum of a and -j; and 3m and — — , is a+3j»+— - — • 

y T * y ^ 

1 50. Or the integer may he incorporated with the fraction, 
by converting the former into a fraction, and then adding the 
numerators. See Art. 141. 

_, ^ i .' a 6 am 6 am+b 

The sum of a and — • is — + — = — + — =— — - 

m' I m mm m 



^ . , *+«^ 3rfm-3dfy+A+i 

The sum of 3a and - — 7. is — ^—; ; — 

m — y' OT— y 

Incorporating an integer with a fraction, is the same as 
redvdng a mixed quantity to an improper fraction. For a 
mixed quantity is an integer and a fraction. In arithmetic, 
these are geneially placed together, without any sign be* 


^ 

1 
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tween tiietR* Bat in algebra, they are distiiict terms* Thus 
3 f is 2 and |, which is the same as 2-|^|. 

1 ^ ab+1 

Ex. 1. Rediice <»+"r to an improper firaction. Ans, — ^ — • 

r hm'-dm'\-dh-'dd^r 
% Red«ic« w+il— h^* ^^" h^ ' 

d 6+d ^ , h 

3. Redace I + y* Ans. -y*. 4» Reduce 1— "jj^* 

c 2rf-4 

5, Reduce 4+ -J—. 6. Reduce 3+ ^^ > 

SUBTRACTION OF FRACTIONS. 

151. The methods of performing subtraction in algebrai 
depend on the principle, that adding a negative quantity is 
equivalent to subtracting a positire one ; andr. v» (Art. 81.) 
For the subtraction of fractions, then, we have the following 
simple ruk. Changs the fraction to be subtractbDi 

FROM POSITIVE TO NEGATIVE, OR THE CONTRARY, AND THEN 

PROCEED AS IN ADDITION. (Art. 148.) In making the requir- 
ed change, it will be expedient to alter, in some instances, the 
signs oi the numerator, and in others, the sign before the di- 
viding line, (Art« 143^) so as to leave the latter dwaysaffirm- 
ative. 

a h 

Ex. 1. From-r, subtract—. 

A -A 

First change—, the fraction to be subtracted, to •—- . 

Secondly, reduce the two fractions to a common denomin- 

^ am -6A 

ator, maiaffig -7-7- and -r— . 

Thirdly, the sum of the numeratcMs am— M, placed over 

the common denominator, gives the answer, — r -• 

ei-f-y h ad+dv^hr 
% From— ^, subtract -J"* Ans. ^ ^ 

^ a d'^b ajz-^dm+bin^ 

3. Frono — subtract—. Ans. — . 
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a+3d ^^ 3o— 2d ^ 17d^da ' 

4. From —7- , subtract — 5 — -* Ans. — — — ^ 

b—d h hy—dy+bm 

5. From -——subtract — — . Ans-. . 

m y my 

a+1 d— 1 3 4 

6» From —j~ subtract ■-— . ?• From ~ subtract -t-« 

152. Fractions may also be subtracted, like integers,, by 
setting them down, after their signs are changed, without re- 
ducing them to a common denominator. 

h h+d h h+d 

From — subtract — — — . Ans. — + • 

m y my 

In the same manner, an integer may be subtracted from a 
fraction, or a fraction from an integer* 

b b 

From a subtract — . Ans. «— ~. 

mm 

153. Or the integer may be incorporated with the frac- 
tion, as in Art. 150. 

A h h'—my \ 

Ex. 1. From — subtract 971. Ans. — — m= * 

y y y 

b h acd+bd-^hc 

2. From 4a + — subtract 3a— -r. Ans. ^ • 

6— c c— 5 d+^b—^e 

3. From l+""j~" subtract ""T"-. Ans. -j — - * 

d-^b d+b 

3. Froma+3A— — 2" subtract 3a— A+""T~* 

MULTIPLICATION OF FRACTIONS. 

154. By the. definition of multiplication, multiplying by a 
fraction is taking a pa^t of the multiplicand, as many times, 
as there are like parts of an unit in the multiplier. (Art. 90.) 
Now the denominator of a fraction shows into what parts the 
integral unit is supposed to be ditided ; and the numerator 1 

shows how many of those parts belong to the given fraction. 
In multiplying by a fraction, therefore, the multiplicand is to j 

be divided into such parts, as are denoted by the denomina- J 

tor ; and iliien one of these parts is to be repeated, as many 
times, as is required by the numerator. 
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3 

Suppose a is to be multiplied bjrr. 

'^ a 

A fourth part of a is — . 

a a a Sa 
This taken 3 times is T'^'T ''" T ^T* ^^^' ^^^*) 

a ^ 3 

Again, suppose -r is to be multiplied by—. 

a a 

One fourth of -r- is 77. (Art. 138.) 

a a a Sa 
This taken 3 times is 46+ 46+46= 46 

the product required. 

In a similar manner, any fractional multiplicand may be 
divided into parts, by multiplying the denominator ; and one 
of the parts may be repeated, by multiplying the numerator. 
We have then flie following rule : 

155. To MULTIPLY PRACTIONS, MULTIPLT THE NUMERA- 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DENO- 
MINATORS TOGETHER, FOL ;EW DENOMINATOR. 

36 IS^ „ 36rf 

Ex. 1. Multiply— mto ^. Product g^. 

a+d 4h 4ah+4dh 

2. Multiply — into ;j^. Product "T^J^". 

<, TLT If; 1 (^+^)X^ . , ^ « . (fl+m)x4fe 

3. Multiply 3 ^toj^^ Product ^^^^^^y 

a+h 4— m 1 3 

4. Mult. 3^:^ into —^:^. 5. Mutt. ^:^ into 3. 

156. The method of multiplying is the same, when there 
are more than two fractions to be multiplied together. 

a c m acm 

1. Multiply together -r-, ■^, and "• Product -rj-. 

a c ' ac m acm 

For "5" X "j" is, by the last article 7^, and this into —is -j^* 

„ , . .2a A-d! 6 1 2abh--2abd 

?. Multiply-,— ,-,andi:i:y. Product ,^^.,^y. 
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S, Mult -^, y and ;q^. 4. Mult. ^, jq:^, and y. 

157. The multiplication may sometimes be shortened, by 
rejecting equal factors, from the numerators and denomi- 
nators. 

___.,«. h , «? « dh 

1 . Multiply — mto — and -7-. Product — . 

^ ^ y ^ 

Here a being in one of the numerators, and in one of the 

denominators, may be omitted* If it be retmned, the pro- 

adh 
duct will .be ■— • But this reduced to bwer terms, by 

dh 
Art. 145, will become — as before* 

ad nt oh nh 

2. Multiply — into — and ^j* Product -g-. 

It is necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators* In the last example, a being in two of the 
numerators, and in only one of the denominators, must be 
retained in one of the nume^'^tors. 

a+d ^^Iv^ am+dm 

S. Multiply -— into -^^% Product — -^ — 

Here, though the same letter a is in one of the numera- 
tors, and in one of the denominators, yet as it is not in evtry 
term of the numerator, it must not be cancelled* 

am+d h 3r* 

4. Multiply T — into — and 7~. 

If any difficulty is found, in making these contractions, it 
will be better to perform the multiplication, without omitting 
any of the factors^ and to reduce lie product to lower terms 
afterwards. 

158. When a fraction and an integer are multiplied to- 
gether, the nvmerator of the fraction is multiplied into the 
integer. The denominator is not altered 5 except in casc« 
where division of the denominator is substituted for multipli- 
cation of the numerator, according to Art. 139. 
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« 


m am 
ThusoXy=— • 


a am mn 

Fora=Y; andyxys— . 

a 


X A+1 hrx+rx 1 

So '^ X -J X "T~"= — 3^ — • And a x •t"=-t-. Hence, 

1 59. A FRACTION IS MULTIPLIED INTO A QUANTITY EQUAL 
TO ITS DENOMINATOR, BIT CANCELLING THE DENOMINATOR* 

^ « , ^ a ^ ah 

Thus J- X i =«. For y X fc == y . But the letter fc, be- 
ing in both the numerator and denominator, may be set 
aside* (Art. 14^*) 

^ Sm ^ ^ h+3d 

So^;Z7;x(a— y)=3m. And jv^x(3+m)=A+3i 

On the same principle, a fraction is multipUed into any 
factor in its denoninator, by cancelling that factor* 

a €M a h h 

160. From the definition of multipKcalion by a fraction, 
it follows that what is commonly called a compound fraction,^ 

3 a 
is the product of two or more fractio&B* Thus "T of "r is 

Z a 3 a la 

—X y* For -r of -T", is x<^f X taken three times, that is, 


a a a a 3 

4r"^46 "^46 • ^* *^^ '® ^'^ ^^BSKie as y multiplied by — 

(Art. 154.) 

Hence, reducing a compound fraction to n simph one^ ii th 
same^ as multiplying fractions into each other. 


3 a 

Eic 1. Reduce -y of cri^* ^^ 

2 4 b+h 

2. Reduce -5-of — of -x: — z« Ans. 

3* Reduce y of — of "gUT* Ans, 


2a 


7i+14* 

30a— 15m' 
1 


168-21rf 


*6y a compound fraction is meant^a fraction of a fraction, and not a 
fraction whose numerator or denominator vf a compound quantity. 


(I 
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161. The expressions fa, |6, ^y, &c. are equivalent to 

2a b Ay 2 

g-, -T", "y", For fa is f of a, which is equal to -x- x a= 

2a h 

y . (Art. 1580 Soi6=Jxi=-y. 

DIVISION OP FRACTIONS. 

162. To DIVIDE ONE FRACTION 6T ANOTHER, INVERT THE 
DIVISOR, AND THEN PROCEED AS IN MULTIPLICATION. (Art. 
155.) 

a c ad ad 

Ex. 1 . Divide -r- by -j. Ans. -r x — =t-. 

To understand the reason of the rule, let it be premised, 
that the product of any fraction into the same fraction invert- 
ed is always a unit. A 

a h ab . , <? A+V 

Th««TX-^=^=I- A«»d^x-/=l. (Art. 128.) 

. But a quantity is not altered by multiplying it by a unit. 
Therefore if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product. 
win be equal to the dividend. Now, by the definition, art. 
115, ^^ division is finding a quotient, which multiplied into 
the divisor will produce tihe dividend." And as the dividend 
multiplied ioto the divisor inverted is such a quantity, the 
quotient is ttuly found by the rule. 

This explanation will probably be best understood,. by at- 
tending to the examples. In several which Kbllow, the proof 
of the division will be given, by multiplying the quotient in- 
to the divisor. This will present, at one view, the dividend 
multiplied into the inverted divisor, and into the divisor it^ 
self. 

m Sk ^ y ^y 

2. Divide 2^ by-. Ans. 2^X31^=6^. 

^'■<**»^- 6dA >^ y = 2rf *^ dividend. 

3. Divide -7- by y Ans. -jr- X Ydr~ldr' 

' ' xy+du 5d x + d 
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4ih 4hr 4dh a ad 

4. Divide ~ by — • Ans. ~ X 7^;=-. 

^ ^ ad Ahr 4dh , ,. ., , 

Proof. — X — = — the dividend. 

rx a X , 

^ 36df 18A 36dr lOy 4dy 

5. Divide — by j^. Ans. -^ X Y8A=~r- 

ab+1 a6— 1 h—my 3 

6. Divide -^ by — ^. 7. Divide —j— by ^qpy* 

163. When a fraction is divided by an integer, the denomr 
inator of the fractiort i& mnltiplied into the integer. 

a a 

Thus the quotient of-r- divided by m, is r-. ■ 

m ^ a m a i a 

For »« = — ; and by the last article, T" -^ "T ="r X — =I^« 

11 1 1 3 3 1 

So — 7-7-/i=-- — iX"7"=^3n! — rr« And "t-t* 6 ssTrr^"^* 

a— 6 a— 6 A , ah^hh 4 24 8 . 

In fractions, multiplication is made to perform the o&ce 
of division ; because division in the usual form often leaves 
a troublesome remainder : but there is no remainder in mul- 
tiplication. In many cases, there are methods of shortening 
the operation. But these will be suggested by practice, 
without the aid of particular rules. 

• • 

164. By the definition, art. 49, " the reciprocal of a quan- 
tity, is the quotient arising from dividing a unit by that 
quantity." , , 

a ^ a b b 

Therefore, the reciprocal of -y, is 1 -r- -r-= 1 X —" = -.That is, 

The re:Cwrocal of a fraction is the fraction inverted* 

b m-h^ 1 

Thus the reciprocal of ^^rr' is — r-- ; the reciprocal of — 

is -J- or 3y ; the reciprocal of Jl is 4. Hence the reciprocal 

of a fraction whose numerator is 1, is the denominator of 
the fraction. 

11 
Thus the reciprocal of— is a ; of — r-r. is a +6, &c. 
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165. A fraction sometimes occurs in the imaerator or cFe- 


l« 


nominator of another fraction, as -r-. It is often convenient^ 

in the course of a calculation^ to trsn^r such a fraction^ 
from the numerator to the denominator of the principal 
fraction, or the contrary. That this may be done, without 
altering flie value, if the fraction transferred he mv^rtedj is 
evident, from the following principles : 

First, Dividing by a fraction, is the same as muUipl^g by 
the fraction inverted* (Art. 162.) 

Secondly, Dividing the mxmerator of a fraction has the 
same ejflTect on the value, as multiplying the denominator ; and 
multiplying the numerftior has 1^ scuxvc c£!^t, as dividing 
the denominator. (Art. 139*) 


|a _ a 


Thus in the expression — the numerator of— is multi^ 

pUed into |. But the value will be ^e same, i^ instead of w 
multiplying the numerator, we divide the denominator by |, 
that is, multiply the denominator by 


5 


Therefore — = r-. So — = — ► 

a; f» J«i m 

frf d d a-^x la-^ix^ 

I66« Multiplying the rmnerator is in eiSect multiplying the 
value of the fraction. (Art. 137.) On this principle, a frac- 
tion may be cleared of a fractional co-efficient which occurs 
in its numerator. 

|a 3 a 3a \a I a a 

. ', ih+ix 1 h+x h+x ^x 3x 

_ 30 3 a 4a 

On the other hand, ^^^x — =. — ^ 

' IX 1 X X 

^ , a I a \a 4a 

And ~=-^X— =— . And 


3y"" Z^ y'^y* " bd-^-bx'^d+x" 

167. But multiplying the denominator, by another fractian. 
is in effect dividing the value ; (Art. 138.) that is, it is multi-- 
plying the value by the fraction inverted* The principal 
fraction may therefore be cleared of a fractional co-efficient, 
which occurs in its dQXtominator. 


i 
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ft 


SIMPLE EilUATIONS. 65 

t 
' a a 3 a 5 5a a 7a 

, a+A 9a+9h 3h 21& 

Ana-; — = — - — . And 7- =-7-7. 

7a a 
On the other hand^ —=7-. 

167.&. The numerator or the denominator of a fraction, 
may be itself a fraction. The expression may be reduced 
to a more simple form, on the principles which have been 
applied in the preceding cases. 


Tbu8 


a 

b a c ad 


» c 

"■b 

d 


X 


y 

h - 

X 

"Ay* 


d "^ be 


^ *F T Yir 

And — r~ = r-* And =: — . 

in m 

n 
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SECTION VII. 


SIMPLE equations- 
Art. 168. jL he subjects of the precedii^ sections are 

introductory to what n^iay be considered the peculiar pro- 

viiice of algebra, the investigation of the values of unknown 

quantities, by means of equations* 

An equation is a proposition, expressing in algebraic 

character£^, the sc^vality between one dvantitt or set 

10 
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OP QUANTITIES AND ANOTHER, OR BETWEEN DIFFERENT EX- 
PRESSIONS FOR THE SAME QUANTITY.* ThuS a? + a=6 + C, is 

an equation, in which the sum of x and o, is equal to the sum 
of b and c. The quantities on the two sides of the sign of 
equaUty, are sometimes called the memhers of the equation ; 
the several terms on the left constituting the Jirst member, 
and those on the right, the second member* 

169. The object aimed at, in what is called the resolution 
or reduction of an equation, is to find the value of the ?m- 
known quantity. In the first statement of the conditions of 
a problem, the known and unknown quantities are frequent- 
ly thrown promiscuously together. To find the value of 
that which is required, it is necessary to bring it to stand by *. , 
itself, while all the others are on the opposite side of the 
equation. But, in doing this, care must be taken not to de- 
stroy the .equation, by rendering the two members unequal. ^^ 
Many xhanges may be made in the arrangement of the " ^P 

• terms, without affecting the equality of the sides. 

170. The reduction or an equation consists, then, in 

BRINGING THE UNKNOWN QUANTITY BY ITSELF, ON ONE SIDE| 
AND ALL THE KNOWN QUANTITIES ON THE OTHE[R SIDE, WITH- 
OUT DESTROYING THE EQUATION. 

To effect this, it is evident that one of the members must 
^^ be as much increased or diminished as the other. • If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal ; , — 

If the same or equal quantities be added to each. Ax. 1. 
If the ^ame or equal quantities be subtracted from each. Ax.*2. 
If each be multiplied by the same or equal quantities. Ax. 3. 
If each be divided by the same or equal quantities. Ax. 4. 

171. It may be farther observed that, in general, if the 
unknown quantity is connected with othere by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the- 
equation is reduced»by subtraction. .If one is multiplied by ^ 
the other, the reduction is effected by division, &c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The known quantities may be ex- 
pressed either by letters or figures. The unknown quantity 
13 represented by one of the last letters of the alphabet, gen- 
ciaDy, X, y, or z. (Art. 27.) The principal redactions to 

* See Note D. 
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« 

be coAdidered in this section, are those which aoi effected 
hj transposition^ nmltiplicationj Siud* division. These ought 
to be made perfectly familiar, as one or more of them will 
be necessary^ in the resolution of almost every equation, 

TRANSPOSITION. 

172. In the equation 

a— 7=9, 

the number 7 being connected with the unknown quanti- 
ty a; by the sign — , the one is subtracted from the other. To 
reduce the equation by a contrary process, let 7 be added to 
both sides. It then becomes 

a?— 7 + 7=9+7. 

The equality of the members is preserved, because one is as 
much increased as the other. (Axiom 1.) But on one side, 
we have —7 and +7. As these are equal, and have contra- 
ry signs, they balance each other ^ and may be canceled. (Art. 
77.) The equation will then be 

a;=9+7. 

Here the value of x is found. It is shown to be equal to 
9+7, that is to 16. Tlie equation is therefore reduced. 
The unknown quantity is on one side by itself, and all the 
known quantities on the other side« 

In the s&me manner, if ac— 6=a ** 

Adding b to both sides x— 6+6=a+6 

And cancelling (—•&+ 6) a?=a+6* 

, Here it will be seen that the last equation is the same as 
the first, except that b is on the opposite side, with a contra- 
ry sign. 

JText suppose y+c=d. 

Here c is added to the unknown quantity y. To reduce the 
equation by a contrary process, let c be subtracted from both 
sides, that is, let — c be applied to both sides. . We then have 

The equality of the members is not affected, because one is 
as much diminished as the other. When (+c—c) is cancel- 
led, the equation is reduced, and is 

This is the same as y+c=rf, except that c has been 
transposed, and has received a contrary sign. We hence 
obtain the following general rule : 
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173. miEN KNOWN QUANTITIES ARE CONNXCTEI) WITH THB 
UNKNOWN QUANTITY BY THE SION + OR — , THE EQUATION IS 
REDUCED BY TRANSPOSING THE KNOWN QUANTITIES TO TH£ 
OTHER SIDE, AND PREFIXING THE CONTRARY SIGN. 

Ihis is called reducing an equation by addition or sttbtrac- 
tion^ because it is, in effect, adding or subtracting certain 
quantities, to or from, each of the members. 

Ex. 1. Reduce the equation a+36— m=?ft— rf 

Transposing +36, we have a— m=A— d— 36 

And transposing —m, a;=A— rf— 36+m 

174. When several terms on the same side of an equation 
are alike^ they may be united in one, by the rules for reduc- 
tion in addition. (Art. 72 and 74.) 

Ex. 2. Reduce the equation aj+56— 4ii«^76 

Transposing 56 — 4A a? = 76 — 66 + 4 A 

Uniting 76— 56 in one term a? =26 +4 A. 

175. The unknown quantity must also be transposed^ 
whenever it»is on both sides of the equation. It is not ma- 
terial on which side it is finally placed. For if a; = 3 ; it is 
evident that 3= a:* It may be well however, to bring it on 
that side, where it will have the affirmative sign, when the 
equation is reduced* ^ 

Ex. 3. Reduce the equation 2x+2h=h+d+3x 

By transposition 2A — A— 'd= 3x — 2cc 

And' A — c2=x. 

1 76. When the same term, with the same sign, is on opposite 
ndes of the equation, instead of transposing, we may expvnge 
it from each. For this is only subtracting the same quantity 
from equal quantities. (Ax. 2.) 

Ex. 4. Reduce the equation a;+3A+rf=6+3A+7rf 

Expunging 3A a5+d=6+7rf 

And a?=6+6rf. 

177. As all the terms of an equation may be transposed, 
or supposed to be transposed ; and it is immaterial which 
member is written first ; it is evident that the sigm of all the 
terms may he changed, without afiecting the equaUty. 

Thus, if we have a— 6=d— a 

Then by transposition — d+ac=— x+5 

Or, inverting the members — aj+6 = — d+«- 

178* If all the terms on one side of an equation be trans- 
posed, each member will be equal to 0. 
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Thus, if a?+ft=rf, then a?+6— «?=:0. 

It is frequently convenient to reduce an equation to this 
form, in which the positive and negative terms balance each 
other. In the example just given, a; +6 is balanced by — i/* 
For in the first of the two equations, x+b is equal to d. 

Ex. 5. Reduce a+2x— 8=6— 4+a?+o. 

6. Reduce y+a6—Am=a+2y—ai+ Am. 

7. Reduce A+30+7a?=8—6A+6a?—d+6. 

8. Reduce iA+21—4a+<?=1 2— 3aj+d—7iA. 

REDUCTION OF EQUATIONS BY MULTIPLICATION. 

179. The unknown quantity, instead of being connected 
"With a known quantity by the sign + or •^, may be divided 

X 

by it, as in flie equation — =6. 

Here the reduction can not be made, as in the preceding 
instances, by transposition. But if both members be malii^ 
plied by a, (Art. 170,) the equation will become 

X'sszab* 

For a fraction is multiplied into its denominator^ hy remov* 
ing the denominator. TTiis has been proved from the prop- 
erties of fractions. (Art. 159.) It is also evident from the 
sixth axiom. 

ax 3a? {a+h)xx dx+5fi or.. . 

rhus «=— =-^= TT — = J , g 5 &c. Form each 

a 3 a+b d+B ' 

of these instances, x is both multipUed and divided by the 

same quantity ; and this makes no alteration in the value. 

Hence, 

180. When the unknown quantity is divided by a 
known quantity, the equation is ri&duced by multiply- 
ing each side by this known quantity. 

The same transpositions are to be made in this case, as in 
the preceding examples. It must be observed also, that 
every term of the equation is to be multiplied. For the sev- 
eral terms in^ each member constitute a compound multipli- 
cand, which is to be multiplied according to art. 98. 

Ex. 1. Reduce the equation — +a^b+d 

Multiplying both sides by c 

The product is x-^ac^bc+cd 

And x^bc+cd-^ac* 
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a:— 4 

2. Reduce flic equation -^+5=20 

Multiplying by 6 ap — 4 + 30 = 1 20 

And x=120+4— 30=94. 

3, Reduce the equation -—r+dssh 

Multiplying by a +i (Art. 100.) x+ad+bd:^ah+bh 
And x=saA+6A— ad— 6rf. 

181. When the unknown quantity is in the deTwminaior of 
a fraction, £he reduction is made in a similar manner, by mul- 
tiplying the equation by this denominator* 

6 
Ex. 4« Reduce the equation ^^^ +7=8 

Multiplying by 10-a? 6+70-ra:=80-8a? 

And a; =4. 

182. Though it is not generally necessary j yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of known quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction 
which contains the unknown quantity. 

«, , ^ , X d h 

Take for example — = -7"+— 

• . ad oh 

Multiplying by a xs='-r+ — . 

abh 
Multiplying by b bx =atf+ — 

Multiplying by c bcx :=:acd'\-abh* 

Or we may multiply by the product of all the denomina 

tors at once. 

X d h 
In the same equation — = -j- + — 

obex -abed abck 
Multiplying by abc —^ =c --^ + —^ 

Then by cancelling from each tenn^ 'tile letter which is 
common to its numerator and denominator, (Art. 145,) we 
have icx=acrf+ctiA, as before. Hence, 

183. An equation mat be cleared op practions by mul- 

TIPLYmG EACH SIPE INTO ALL THE DENOMINATOR^* 
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Tfans the equation 
Is the same as 


' X b c h 

a "^ d g m 
dgmx sstAgjm+adeni'^adgh* 

x 2 4 6 
And <iie equation -^-s y+ "5" "^T 

Is the same as 30a; =40+ 48 + 1 80. 

In clearing an equation of fractions, it will be necessary 

to observe, that the sign — • prefixed to any fraction, denotes 

that die whole value is to be subtracted, (Art 142,) which is 

done by changing the signs of all the terms in the numera* 

tor. 

^^ a-^-d 3i— 2Am— 6n 
The eqhation — --=c— 

Is the same as «r— dr=s:crac— 36«+2^«»+6nx* 

REDUCTION OF EQUATIONS BY DIVISION. 
184« When THE unknown quantity is multiplied into 

▲NT known Q,UANTITT, THE EQUATION IS REDUCED BY DIVI- 
DING BOTH SIDES BT THIS KNOWN QUANTITY. (Ax. 4,) 


Ex. 1« Reduce the equation 
By transposition 

Dividing bj a 

3« Reduce the equation 
Clearing of fractions 

Dividing by 2cA 


aa?=Brf+3A— & 

rf+3A-ft 

ass • 

a 

' ^ a d 

ah^cd+Ahch 
^^ 2ch • 


1 85. If the unknown quantity has co-efficients in several 
terms, the equation must be divided by all these co-efficients, 
connected by their signs, according to art. 121. 

Ex. 3. Reduce the equation Sac— 6*==a— rf 

That is, (Art. 120.) ^ (3-6)xa?=<4r-rf 

a— J 
Dividing by 3—6 ac= ^ZIj 

Ex. 4; Reduce the equation aa;4-«=A— 4 

Dividing by o + 1 t^ ^^IfJ 
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Ex. 5. Reduce the equation ag— "-v— =s 

Clearing of fractions 4Aa;— 4cr=ai+d!&— 4ft 

Dividing by 4^1—4 »= — JkZZZ, — 

186. If anj quantity, either known or unknown, is found 
as a factor in every term^ the equation may be divided by it. 
On the other hand, if any quantity is a divisor in every term, 
the equation may be multiplied by it, In this way, the &c* 
tor or divisor will be removed, so as to render the expression 
more simple. 

Ex. 6. Reduce the equation ax+3ab:=^6ad+a 

Dividing by a x+ 36=6rf+ 1 

And. a?=6rf+l-3i 

„ , , x+1 If h-d 
7. Reduce the equation — ~="~r" 

Multiplying by x (Art. 1 59.) a?+l— ft=:A— d 

And ^=A— d+6— !• 

8. Reduce the equation a? x (a+ft)— a— 6=dx (a+6) 

Dividing by a+6 (Art* 1 1 8.) a; — 1 =={2 . ' 
And xszd+1. 


187* Sometimes me conditions of a problem are at first 
stated, not in an equation, but by means of a proportion. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, so far 
as to admit the principle that ^' when four quantities are in 
geometrical proportion, the product of the two extremes is 
equal to the product of the two means :'' a principle which 
is at the foundation of the Rule of Three in arithmetic* 
See Webber's Arithmetic. 

•# Thus, if a:i::c:cf, Thenarf=Jc' 

Andif 3:4::6:8; And3x8=4x6. Hence, 

188. A PBOPOBTION IS CONVERTED INTO AN EQUATION, BT 
MAKING THE PRODUCT OF THE EXTREMES, ONE SIDE OF THE 
EQUATION ^ AND THE PRODUCT OF THE MEANS, THE OTHER 
SIDE. 
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£x. !• Reduce to an equation ax :b:: chid. 

The product of the extremes is adx 

The product of the means is bch 

The equation is, therefore adx=hch. 

2. Reduce to an equation a+l zei: h-^m :y* 

The equation is ay + iy = ci — cm, 

189. On the other hand, an equation may be conver- 

Tlf.V into a FROPORTHMSIj BT RESOLVINO ONE SIDE OF THE- 
EQUATION INTO TWO FAfCTORS, FOR THE MIDDU: TERXS OF THE 
PROPORTION ; AND THEOXJSIR SIDE INTO TWO FACTORS, FOR 
THE EXTREMES. 

As a quantity may often he resolved into different pairs of 
£bctors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proporticm' abcs=dth 

The side aid may be resolved into axbc,ovabx c, or ac X b. 
And deh may be reiolved into dxehj or dexh or dh x €. 

Therefore aidi I'ek : be And acidh: :eib 

And abide ::h:c And acidiiehi b 4^0. 

For, in each. of these instances, ttie product of the ex- 
tremes is d^, and the product of the means €?<&• 

2. Reduce to a proportion ax+bxsscd^ek 

The first member may be resolved into x x {a+ b) 

And the second into c x (d— A) 

Therefore xicii d--h : h+b And d^^ : a? : : a+ 6 : c, &c. 

190. If for any term or terms in an equation, any other 

expression of the same value be substituted, it is manifest 

that the equality of the sides will not be affected. 

64 
Thus, instead of 16, we may write 2x8 or-j*? or 25— 9, &c. 

For these are only different forms of e!q>ression for the 
same quantity. 

191. Jt will generally be well to have the several &tep«y in 
the reduction of equations, succeed each otiier in the follow- 
order. 

First, Clear the equation of fractions. (Art 183.) 
Secondly, Transpose and unite the terms. (Arts. 178^ 4, 5.) 
Thirdly, Divide by the co-eflScients of the unknown quan- 
tity. (Arts. 1 84, 5.) 
.11 
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Examples. 

3x 5x . 

U Reduce the equation — +6=— + 7 

Clearing of fractions 24aj + 1 92 = 20x + 224 

Transp. and uniting terms 4a; =32 

Dividing by 4 fc=s8. 

X XX 

2. Reduce the equation '-^+ A = -r- — . — +d 

Clearing of fractions bcx+abx — acx s=abcd^abch 

_. .,. "^^ ' abcd^abch 

3. Reduce 40— 6a; — 16 = 120— 14a?. Ans. a:=12. 

^ , X— 3 X a?-19 93 

4. Reduce— y+— =20— — ^ Ans.a:=~. 

/p • <U CD ' "t I /f 

c>. Reduce —+-7- =20— -7- 6. Reduce —4=5. 

♦ 

?• Reduce— Tl— 2=8. 8, Reduce —7-1 = I . 

XX X X X 7 

9. Reduce a?+ "2 +y = n. 10. Reduce ^+3-—-^^ lO' 

a?— 5 284— a? 

11. Reduce — 7— +6a?= r — . 

^ , 2a?^6 llaJ-37 

12. Reduce ar+ — r— =5+ 5 — • 

^ . 6a?— 4 18— 4r 

13. Reduce — ^ —2= — « +a?. 

^ ^ ar-11 5a;-5 97-7a; 

14. Reduce 21+ — rg — = — g — + 5 — , 

57—4 5a?+14 1 
16. Reduce 3a?— -^—4== — r — — 

• 7a?+5 16+4a? 3a?+9 

16. Reduce — ^ — — " — 7 +6= — ^ — • 

17— 3a? 4«+2 7a'+14 
17,Reduce g — — — ^ :=:^5'-^ex+ ^ — . 

3;v— 3 20— a? 6:^-8 4a:— 4 

iS.Reduce a;— — z — +4= — 5 — — — = — + — r — . 
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Bx+7 7x— 13 2a?+4 


19. Reduce -y-+ 6^+3- 3 

5x+4 '18-a? 
^. Reduce "^t; — : — :;; — : : 7 : 4. 


SOLUTION OP PROBLEMS. 

192. In the solution of problems, by means of equations, 
two^^things are necessary : First, to translate the statement 
of the question from common to algebraic language, in such 
a manner as to form an equation : Secondly, to reduce this 
equation to a state in which the unknown quantity will stand 
by itself, and its value be given in known terms, on the oppo- 
site side. The manner in which the latter^s effected, has 
alreafly been considered. The former will probably occasioo 
more perplexity to a beginner ; because the conditions of 
questions are so various in their nature, that the proper meth- 
od of stating them cannot be easily learned, like the reduc* 
tion of equations, by a system of definite rules. Practice 
however will soon remove a great part of the diffiouky. 

103. It is one of the principal peculiarities of an algebra- 
id solution, that the ijudntity sought is itself introduced into 
the operation. This enables us to make a statement of the 
conditions, in the same form, as thougW the problem were al- 
ready solv:ed. Nothing'then remains to be done, but to rc" 
duce the equation, and to find the aggregate value of the 
known quaiHities. (Art. 53.) As these ^re equal to the un- 
known quantity on the other side of the equation, the value 
of that also is determined, and therefore the problem is 
solved. 

Problem 1. A man being asked how much he gave for his 
watch, replied ; If you multiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remain* 
der will be equal to 220 dollars. 

To solve this, we must first translate the conditions of the 
problem, into such algebraic expressions, as will form an e- 
quation. 

Let the price of the watch be represented by x 
This price is to be mult'd by 4, which makes 4x 
To the product, 70 is to be added, making 4r-l- 70 

From this, 50 is ip be isubtracted; making 4t+ 70—50 
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Here we have a number of the conditions, expressed in 
algebraic terms ; but have as yet no equation* We must ob- 
serve then, that by^the last condition of the problem, the 
preceding terms are said to be equal to 320« 

We have, therefore, this equation 4a; +70—50=220. 

Which reduced gives x = 50» 

Here the value of x is found to be 50 dollars, which is the 
price of the watch. * 

194. To prove whether we have obtained the true value 
of the letter which represents the unknown quantity, we have 
only to substitute this value, for the letter itself, in the equa- 
tion which contaiils the first statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer ihus satisfies 
the conditions proposed, it is the quantity sought. Thus, in 
the preceding example, 

The original equation is 4a? -h 70 — 50 = 220 

Substituting 50 for x, it becomes 4 X 50 H- 70 - 50 = 220 
'That is, , ' J 220=220. 

Prob, 2. What number is that, to which, if its half be ad- 
ded, and from the sum 20 be subtracted, the remainder will 
be a fourth part of the number itself? 

In stating questions of this kind, where fractions are con- 
cerned, it should be recollected^ that ^x is the same as 

X 2x 

— ; that |i=y, &c.^ (Art* 161.) 

In this problem, let x be put for the number required. 

XX 

Then by the conditions proposed, x+~'^20^— 

And reducing the equation xg=ilSm 

16 16 

Proof 1 6 + -g- — 20 = Y- 

Prob. 3. A father divides his estate among his three sons^ 
in such a manner, that. 

The first has $1000 less than half of the whole ; 
The second has 800 less than one third of the v^iole ; 
The third has 600 less than a fourth of the whole ; 
What is the value of the estate ? 
If the whole estate be represented by a?, then the several 

X' X X 

4iaros win bc'cV — tOOO, and -y— 800, and -7— 600. 
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And as these constitute the whole estate, they are togeth- 
ttfr equal to x. 

Wchave then this equation y- 100O+y-800+-j-6OO=ra;. 

Which reduced gives it=i28800. 

28800 28800 28800 

Proof —^ -1000+— 3— -800+ --J- -600=28800. 

♦ 

195. To avoid an unnecessary introduction of unknown 

quantities in.t#i^.an equation, it may be well to observe, in Ihis 
place, that when the svm or difference of two quantities is 
given, both of them may be expressed by means of the 
same letter. For if one of the two quantities be subtracted 
from iheir sum, it is evident the remainder will be equal to 
the other. And if the difference of two quantities be sub- 
tracted from the greater, the remainder will be the less* 

Thus, if the sum of the two numbers be 20 

And if one of them be represented by x 

The other will be equal to 20 — x. 

Prob. 4. Divide 48 into two such parts, that if the less 
be divided by 4, and the greater by 6, the sum of the quo- 
tients will be 9. 

Here, if ^r be put for the smaller part, the greater will be 

48— a?. 

X 48 — X 
By the conditions of the problem . . — + — ^ 5=9. 

Therefore a 3= 1 2, the less. 

And 48 — 0? = 36, the greater* 

196. Letters may be employed to express the kwnon quan- 
tities in an equation, as well as the unknown. A particular 
value is assigned to the numbers, when they are introduced 
into the calculation : and s^t the close, the numbers are re- 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and the 
fium be divided by 125 ; the quotient will be equal to 7392 
divided by 462. What is that number ? 

Let xs= the number required. 

a =5 720 rf=7392 

6 = 125 ^ A=462 


'\ 
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Then by the conditions of the problem 
Therefore 


Restoringthe numbers, a:: 


(125 X 7392)-(720 X 462) 


462 


b =T^ • 

bd^ah 
= 1280. 


197. When the resolution of an equation bri^j^ out a ncg- 
ative answer, it shows that the value of the unknown quanti- 
ty is contrary to the quantities which, in the st^itS^ent of the 
question, are considered positive. See Negative Quantities. 
(Art. 54, &UC.) 

Prob. 6. A merchant gains or loses, in a bai^ain, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end, he finds he has gained 2Q0 dol- 
lars, by the three together. Hpw much did he gain or lose 
by the first ? 

In this example, as the profit and loss are opposite ill their 
nature, they must be distinguished by contrary signs. (Art. 
57.) If the profit is marked +, the loss must be — . 

Let a?= the sum required. 

Then according to the statement a; + 350 —60 =3 200 

And 0?=— 90 

The negative sign prefixed to the answer, shows that there 
was a loss in the first bargain ; and therefore that the proper 
sign of X is negative also. But this being determined by the 
answer^ the omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 6. and has finally 1 1 degrees of south latitude. 
What was her latitude at starting ? 

Let X =: the latitude sought. 

Then marking the northings +5 and the southings — ; 

By the statement a;+4-13+17-19=-ll 

And a:=0. 

The answer here shows that the place from which tlie sliip 
started was on the equator, where the latitude is nothing* 

Prob. 8. If a certain number is divided by 12, the quotient . 
dividend, and divisor added together, will amount to € j 
What 15 the n»imber ? ^. 
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Let"x=s title number soa^t. 


a? 


Then . |^+a?+ 12=64 

624 " ' 
And ^ ^^^13^^^' 

Prob. 9* An estate is divided amoi^ four children, in such/ 
a manner, Ibat 

The first has 200 dollars more than \ of the whole. 
The second has 340 dollars more than } of. the whole, 
The third has 300 dollars more than \ of; the whole, 
The fourth has 400 dollars more than \ of the whole. 

What is the value of the estate ? Ans. 4800 dollars. 

Prob. 10. What is that number which is as mhcK lest 
than 500, as a fifth part of it is greater than 40 ? Ans# 450* 

Prab. 11. There are two numbers whose difference is 40, 
and which are to each other as 6 to 5. What are the num- 
bers ? Ans. 240 ant 200. 

• ^^ * ' 

Prob. 12. Three persons, A^ fi, and C draw prizes in a 
lottery. A drawsi-200 dollars ; B draws as much as A^ to- 
gether with a third of what C draws ; and C draws as much 
as A and B lioth. What is the amount of the three prizes ? 

Ans. 1200 dollars. 

Prob. 13. What number is that, which is to 12 incireased 
by three times the number, as 2 to 9 ? Ans. 8. 

Prob. 14« A ship and a boat are descending a river at the 
sanoe time. The ship passes a certain fort, wnen the boat is 
13 miles below. The ship descends five miles, while the 
boat descends three. At what distance below &e fort, will 
they be together ? Ans. 32 J miles. 

Prob. 15. What number is ttet, a sixth part of which ex- 
ceeds an ei^th part of it by 20 ? , Ans» 4B0. 

Prob. 16. Divide a prize of 2000 dollars into two $ucli 
parts, that one of them shall be to the other, as 9 : 7. 

Ans. The parts are 1 125, and 875* 

Prob. 17. What sum of money is that, i^hode third part, 
fourth part, aajiji fifth part, added together, amount to 91 
doHavs ? " r Ans. 120 dollars. 


1 ^- • '\ 


1 

I 

I 

I 








rv" 


80 ALG£BRA. 

Prob* 18. Two travellers,^ and fi, 360 miles apart^ trav- 
el towards each other till they meet, ./j's progress is 10 
miles an hour, and B^a 8. How far does each travel before 
they meet? Ajis. ^ goes 200 miles, and B 160. 

Prob. 19. A man spent one third of liis life in England, 
one fourth of it in Scotland, and the remainder of it, which 
was 20 years, in the United States. To whal^age did he 
live ? Ans. To the afge of 48. 

Prob. 20. What number is that, i of which is greater 
than i of it by 96 ? 

Prob. 21. A p6st is ^ in the earth, ^ in the water, and 13 
feet above the water. What i$ the length of the post ? 

Ans. 35 feet. 

Prob. 22. What number is that, to which 10 being added^ 
? of the sum will be 66 ? ^,^ , / 4i 

Prob. 23. Of the trees in an orchard, f are apple trees, 
1^ pear^^trees, and the remainder peach trees, which are 20 
more than \ of the whole. What is the whole number in 
the orchard? Ans. 800. 

iProb. 24. A gentleman bought several gallons of wine 
for 94 dollars ; and after using 7 gallons himself, sold \ of 
the remainder for 20 dollars. How many gallons had he 
at first? Ans. 47. 

Prob. 25. A and B have the same income, A contracts 
an annual debt amounting to | of it ; B lives upon f of it • 
at the end of 10 years, B lends to A enough to pay off his 
debts, and has 160 dollars to spare. What is the. income o/ 
each ? Ans? 280 dollars. 

Prob. 26. A gentleman lived single \ of his whole life ; 
and after having been mabried 5 years more than y of his 
life, he had a son who died 4 years before him, and who 
reached only half the age of his father. To what age did 
the father live ? ' Ans. 84. 

Prob. 27. What number is that, to which, if \. i , aud I of 

it be added, tihe sum will be 73 ? 

• . , ■ ^ . ^ ■ 

Prob. 28. A person, after spending 100 dollars tt^i'fe thsui 
\ o{ hi^ income, had remaining 34- dollars moiT tlmn * oi 
M. Required bis income. t' - 
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Prob. 29« In the composition of a quantity of gunpowder. 
The nitre was 10 lb. more than | of the whole, 
The sulphuT 4^ lb. less than | of the whole. 
The charcoal 2 lb. less than ^ of the nitre. 

What was the amount of gunpowder ? Ans. 69 lb. 

Prob. 30. A cask which held 146 gallons, ttras filled with 
a mixtare of brandy, wine, and water. There were 15 gal- 
ions of wine more than of brandy, and as much water as the 
brandy and wine together. ' What quantity %.us there of 
each? 

Prob.*3lMFour persons purchased a farm in company ff)r 
^ 4755 dollars; of which B paid three times as much as Jx \ 
C paid a? much as A and B ;« and D paid as much as C and 
B. What did each pay ? Ans. 317, 951, 1268, 2219. 

■ 

Prob. 32. It is required to divide the number 99 into five' 
such parts, that the ^rst may exceed the second by 3, 
be less than the third by 10, greater than the fourth by 9, 
and less than &e fifth by 16. 
k Let x-ss the first part. 

Then a?— 3= the second, a; —9== the fourth, 

a; +10= the third, a?+16= the fifths 

Therefore a?+aj— 3+0?+ 10+a;—9+a?+ 16=99. 

Andx = 17. 

Prob. 33. A father divided a small sum among four %om. 
The third had 9 shillings more than the fourth ; 
The second had 12 shillings more than the tlip^ ; 
The first had 18 shillings more than the second ; 
' And the whole sum was 6 shillings more than? times 
the sum which the youngest received. 
What was the sum divided ? Ans. 153. 

Prob. 34. A farmer had two flocks of sh^ep, each contain- 
ing the same number. Having sold from one of these 39, 
and from the other 93, he finds twice as many remaining in 
the one, as in the other. How many did each i »ck origin- 
ally contain ? />//^ / "-^i K 

f^rob, 35. An express, travelling at the rate o^ CO miles a 
dayvhad been dispatched 5 days, when a second Y/t.>, sent after 
\ him, trav^lfing 75 miles a day. In what time t/Vill the ohg 

I ovcrtaJtelhf^. other? Ans. *^0 days. 

: Pir3l^|a T^gl^ of A is doubleth?^ of jB,' the age of 
£ tripfe^imat of ^|^a3ftd the sum of all ihch. '^e.-^ I'^O, vH'laat 
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Prob. 37. Two pieces of clath, of the same price by the 
yard, but of different lengths, were bought, the one for five 
pounds, the other for 6^. If 10 be added to the length of 
each, the sums will be as 5 to 6» Required the length of 
each piece. 

Prob. 38. A and B began trade with equal sums of mon- 
ey. The first year, A gained forty pounds, and B lost 40. 
The second year, A lost \ of what he had at the end of tibie 
first, and B gained 40 pounds less than twice the sum which 
A had lost. B had then twice as much money as A, What 
sum did each begin with ? Ans. 2fk pounds* 

Prob. 39. Wliat number is that, which beinjiek erally ad- 
ded to 36 and 52, will make the former sun» to tUl^latter, as 
3 to 4 ? 

Prob. 40. A gentleman bought a chaise, horse, and har- " 
riessj for 360 dollars. The horse cost twice as much as the 
harness ; and the chaise cost twice as much as the harness 
and horse together. What was the price of each ? 

Prob. 41. Out of a cask of wine, &om which had leaked 
\ part, 21 gallons were afterwards drawn; when the cask 
was found to be half full. How much did it hold ? - * '^ 

Prob. 42. A man has 6 sons, each ^ of whom: is 4*yeai'&. 
*>lder than his next younger brother ; and the eldest is three 
times as old as the youngest. What is the age of each ? 

Prob. 43» Divide the number 49 into two such parts, 
tliat the greater increased by 6, shall be to the less diminish- 
ed by IJ, as 9 to 2. <^ / ^ / 

Prob. 44. What two numbers are as 2 to 3; to each of 
which, if 4 be added, the sums will be as 5 to 7 ? <; 

Prob. 45. A person bought two casks of porteir, one of 
which held just 3 times as much as the othbr ; from each of 
these he drew 4 gallons, and thea found tliat there were 4 
times as many gallons remaining in the larger, as in the oth- 
er. How many gallons were there in each ? 

Prob. 46. Divide the number 68 into two such parts, tliat 
the difference between the greater and 84, shall be equal to 
3 tiifies the difference between the less and 40. * 

Prob. 47. Four places are situated .in die order of the 
letters A^ B. C, D. The distance feom A to D, is 34 tailes. 
Tifc dir^tan* e from A to B b to the distance from C to \& ^s 

i? t> 3. And } of Tae distance from .4 to fi, addetj ta bulf 
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the distance from C to D, is three times the distance from 
B to C. What are the respective distances ? 
Ads. Fit»n^toBsl2;fromfitoC=4; fromCtoD=r:18. 

Proh. 48. Divide die number 36 into 3 such parts, that ^ 
of the first, i of the second, and } of the thiid, shal> be e- 
^ual to each other. 

Prob. 49* A merchant supported himself 3 years for 50 
pounds a year, and at the end of each year, added to that 
part of his stock which was* not thus expended, a sum 
equal to one third of this part. At the end of the third 
year, his original stock was doubled. What was that stock ? 

Ans. 740 pounds. 

Prob. 50. A general having lost a battle, found that he 
had only half of his army, + 3600 men, left fit for action ; 
\ of the army +600 being wounded; and the rest, who 
were } of the whole, either slain, taken prisoners, or missing. 
Of how mmy men did his army copsist ? Ans* 24000. 

For the solution of many algebraic problems, an acquain* 
lance with the calculations of powers and radical quantities 
is required. It will therefore be necessary to attend to 
these, before finishing the subject of equations. 
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INVOLUTION AND POWERS. 

Art. 198. ▼? HEN a quantitt is vultiflisd into it. 

^EX/*'5 THE PRODUCT IS CALLED A POWER* 

Thus 2x2=4, the square oi* second power of 2. 

* 2 X 2 X 2=8, flie cube or third power. 
2 X 2 X 2 X 2= 16, the fourth power, &c. 

So 10x10= H)0, the second power of 1 0. 

lOx 10 X 10=1000, the tiKird power. 

lOx lOx lOx lOsslOOOO, the fourth power, &c. 
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And, 0Xa==:aa, the second power of a. 

a X a X a ^aauy the third powen 
axaxax a^aaaa^ the fourth power, &c. 

199. The original quantity itself, though not, like the 
powers proceeding from it, produced hy multiplication, is. 
nevertheless called the Jirst power. It is also called the root 
of the other powers, because it is that from which they are 
all derived. 

200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or &ctors of which the 
powers are composed, an abridged method of notation is 
generally adopted. TTie root is written only once ; and then 
a number or letter is placed at the right hand, and a little 
elevated^ to signify how many times the root is employed as 
a factor, to produce the power. This number or letter is 
called the index or exponent of the power. Thus a* is put ^ 
for a X a or aa, because the root a is twice repeated as a fac- 

» tor, to produce the power aa. And a^ stands for aaa ; for 
here a is repeated three times as a factor. 

The index of Hie first power is 1 ; but this is commonly 
omiited. Thus a^ is the same as a. 

201. Exponents must not be confounded with co-efficients. 
A co-efficient shows how often a quantity is taken as a part 
of a whole. An exponent shows how often a quantity is 
iaken as a factor in $ products 

Thus 4a=a+ff+a+a. But a*=axaxaxa. 

202. The scheme of notation by exponents has the pe- 
culiar advantage of enabling us to express an unknown pow- 
er. For this purpose the index is a letter, instead of a nu- 
merical figure. In the solution of a problem, a quantity 
may occur, which we know to be some power of another 
quantity. But it may not be yet ascertained whether it is 
a square, a cube, or some higher power. Thus in the ex- 
pression o*, the index x denotes that a is involved to some 
power, though it does not determine what power. So 6"* 
and cf" are powers of 6 and d ; and are read the mth power 
of b, and the nth power of rf. IVhen the value of the in- 
dex is found, a number is generally substituted for-the letter. 
Thus, if m=3, then b'^=b^ ; but if m=5, then b^:=b^. 

203. The method of expressing powers by exponents is 
lalso of great advantiage in the case of compound quantities* 


\ 


\ 


■^ 
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Thma+b+dfoT a+b+d^ or (a+i+d)S is (a+b+d)x 
(a+b+d) X {a+b+d) that is, the cube of (a+b+d). But 
this involved at length would be 
«^+3a« b+Sa^'d+Sab^ +6aid+ 3ad^ -f 6^ + Sb^d+3bd^+d^. 

204. If we take a series* of powers whose indices increase 
-or decrease by 1 , we *hall find that the powers themselves 
increase by a common multiplier, or decrease by a common 
diimor ; and that this multiplier or divisor is the original 
quantity from which the powers are raised. 

Thus in the series aaaaaj aaaa^ aaa, aa^ «; 

Or a'' a* «' «"* »' 5 

the indices counted from right to left are 1 , 2, 3, 4, 5 ; and 
the common difference between them is a iMiit. If we begin 
on the right, and multiply by a, we produce the several pow- 
ers, in succession, from right to left. 

Thus axa:=a^ the 2d term. And a3Xo=o*. 

a^Xa—a^ the 3d term. a^xa:=ia\ &c. 

If we begin on the left, and divide by a, • 

We have a^-r-a^a'^. And a'-T-a=fl«. 

205. But this division may be carried still farther; and 
we shall then obtain a new set of quantities. 

a 1 1 ' 

Thu8a-^a=— =1. (Art. 128.) And— -r-a=— .(Art.163.) 

The whole series then 

Is aaaaa, aaaa, aaa, aa, a, 1, "T, ~5 "ZZZ^t <yc. 

111. 

Or aS a*, a% «S a, 1,—, ^, ^5 &c. 

Here the quantities on the right of 1, are the reciprocals 
of those on the left. (Art. 49.) The former, therefore, rtiay 
be properly called reciprocal powers of a ; while the latter 
may be termed, for distinction sake, direct powers of «• It 
may be aided, that the powers on the left are also the re- 
ciprocals of those on the right. 

* Note. The terra series is applied to a number of quantities succeeding 
each other, in some regular order. It is not confined to any particular law 
^f increase or decrease. 


la ,1 

For 14-— ==lX-T-=3a. (Art. 162.) And 14-— a=a^ 

1 a^ 1 ^ 

l4-^«^lXy=:a>. l4-^=raS&c. 

206. The same plan of notation is applicable to com- 
pound quantities. Thus from a+b^vre have the series, 

(a+hy, («+i)S (a+b), I, ^, ^~, ^-^3, 4-<^. 

207. For the convenience of calculation, another. fonn of 
notation is given to reciprocal powers. 

1 1 _, 11 

According tO'fiiig, IT^^l^'^ ^ • ^^ aaa^'a^^^''^ ' 

And to make the indices a complete series, with 1 for the 

a 
common difference, the term~ or I, which is considered as 

no power, is written a^. 

Tbe powers both direct and reciprocal^ then, ^ 

_ « 1 f I 1 

Instead (Tf aaaa^aaa, aa, a, -, -, -, — , ^^, &c. 

Will be a*, o% «», aS a', «"■% a-»,o-*, a"*, &c. 

Or «+%«+%«+•, a+S a% a-Sa-%a"^, a-%&c. 

And the indices taken by themselves will be, 

+4, +3, +2, +1, 0, -1, -2, -3, -4, &c. 

208. The root of a power may be expressed by more let- 
ters than one* 

Thus aaxaa, or aaf is the second power of aa* 
And aaxaaxaa^ or aa\^ is the third power of aa, &c. 

Hence a certain power of one quantity, may be a differ- 
ent power of another quantity. Thus «* is the second pow- 
er of c^, and the fourth power of «• 

209. All the powers of 1 are the same. For 1x1, or 
1x1x1, &c. is still I. 

* See Note E- 


^ 
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INVOLUTION. 


210. Involution is finding any power of a quantity, by 
multiplying it into itself. The reason of the following gen- 
eral rule is manifest, from the nature of powers. 

Multiply the quantity into itself, till it is taken 
as a factor, as many times as there are units in the in- 
dex of the power to which the quantity is to be rais- 


ED. 


This rule comprehends all the instances which can occur- 
in involution. But it will be proper to give an explanation 
of the manner in which it is applied to particular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power; or by repeatix^ it as many times, as 
there are units in that index. 

The 4th power of a, is a* or aaaa. (Art. 198.) 

The 6th power of y, is y* or yyyyyy* 

The nth power of op, is »" or xxoa . • • a times repeated* 

2 1 2. The method of involviiig a quantity which consists of 
several factors^ depends on the principle, that the power of 
the product of several factorg is equal to the product of their 
powers. 

Thus {at/Y = a^yi . For by art 3 1 ^ {eyY soy X ay. 
But ayxays=ayays=(myy=a^y^. 
So (6mx)3s=femx X bmx X bmx =ibbbmmmxxx=tb^m^xK 
And {ady)^=sadyxadyxady . . . n timesaa^JV- 

In finding the power of a product, therefore, we may ei- 
ther involve the whole at once ; or we may involve each of 
the factors separately, and then multiply their several powd- 
ers into each other. 

Ex. 1. The 4th power of <%, is (rfAy)S or J*A*y*. 
2. TTie 3d power of 46, is {4b)\ or 4*i*, or 646». 
S, TTie nth power of Sad, is (6ad)*j or 6*a**rf*. 
4. The 3d power of 3m x %, is(3m X 2y) ^, OT2lm^ X 8y *• 

213. A compound quantity, consisting of terms connec- 
ted by + and *-, is involved by an actual multiplication of 
^its several parts. Thus, • 
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(a+^)'=«+^j the first power. 


(a+&)*=a3 + 2a6+6*, the second power of (a +6), 


+ a^6+2a6«+63 


(a+6)3=:a»+3a«6+3a62+J3^ the third poweh 
a + 6 


fl*+3aH+3a36«+a6» 


(a+6)*=a*+4a»6+6a«6«+4a65+6S the 4th power, &e- 

2. The square of a— J, is a^ — 2a6+6*. 

3. The cube of a+1, is a^ +3a^ + 3c+l. 

4. The square a+t-hAjisa*+2a6+2aA+6'+26A+A** 

5. Required the cube of a+2rf+3. 

6. Required the 4th power bf ft +2. 
?• Required the 5th power of a?+ K 
8. Required the 6th power of 1 — 6# 

214. The squares of ftinomzflr/ and re^iJiia/ quantities oc- 
^ur so frequently in algebraic processes, that it is important 
to make them famiUar. 

If we multiply a+& into itself, and also a— A, 

We have a+A * And a—A 

a+A a— A 


a*+aA a^ —ah 

+aA+A« -aA+A8 


a«+2aA+A». a^— 2aA+A«. 

Here it will be seen that, in each case, the first and last 
terms are squares of a and A ; and that the middle term is 
twice the product of a into A. H«nce the squares of bino- 
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mid' and residual quantities, without multiplying each of the 
ttrmR separately, may be found, by the following proposi- 
tion.* 

The square of a binomial, the terms ojt which are 

BOTH POSITIVE, IS E^UAL TO THE SQUARE OF THE FIRST TERM, 
+ TWICE THE PRODUCT OF THE TWO TERMS ; + THE SQUARE 
OF THE LAST TERM. 

And the square of a residual qitaOifity, is equal to the square 
of the first term, — twice the product of the two terms, + 
the square of the last term. 

Ex. 1. The square of 2a+b, isr 4«* +4a6+ft*. 

2. The square of A+1, is A*+2A+1. 

3. The square of ab+ed, is a*b^-+2abcd+(?d^^ 

4. The square of 6y-h3, is 36y*+ 36^+9. 

5. The square of 3rf— A, is dd^-^Sdk+h^ 

6. The square of a^lj is a*^— 2«+l. 

For the method of finding the higher powers of binomi- 
als, see one of the succeeding sections. 

215. For many purposes, it will be sufficient to express 
the powers of compound quantities by exponents, without an 

actual multiplication. 

III >iiiiiii«f f 

Thus the square of a+S? fe «-f^j*) or(a+by. Aft. 203. 
The nth power of 6c+8+a?;.is (6^+8+a)«. 

4 * 

In cases of this kind, the vinculum must be drawn over alt 
the terms of wMch the compound quantity consists. 

216. But if the root consists of several factors, the vincu- 
lum which is used in expressing thq power, may either ex- 
tend over the whole ; or may be applied to each of the fac- 
tors separately, as convenience may require. 

Thus the square of «+6 x c+d, is either 

a+by,c+d\ or a+6|*xc+<l|*. 

For the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of their 
squares. But one of these is equal to the other. (Art. 212.) 


The cube of axA+rf, is (axb-^-df, ova^x(b+d) 


3 

« 


* Eaclid'8 Elements, Book ir. Prop. 4, 
13 
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217. When a quantity whose po^er has been expressed^ 
by a vinculum and an index, is afterwards involved by an i^c* 
tual multiplication of the terms, it is said to be expanded. 

Thus (a+ft)*, when expanded, beconaes a*+2a6+6*. 
And (a+ 6+ A)*, becomes a^ +2ab+2ah+h^ +2bh+h\ 

218. With respect to the sign wliich is to be prefixed to 
quantities involved, it is important to observe, that when the 

ROOT IS POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA-- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE* 

For the proof of this, see art« 109* 

The 2d power of — a is +a^ 
The 3d power is — a^ 

The 4th power is +a* 

The 5th power is —a*, &c. 

219. Hence any odd power has the same sign as its root. 
But an even power is positive, whether its root is positive or 
negative. 

Thus +ax +a—a^ 

And —ax — a=ra^ 

220. A QUANTITY WHICH IS ALi^EADV A POWER, IS INVOLV- 
ED BY MULTIPLYING ITS INDEX, INTO THE INDEX OP THE POW- 
ER TO WHICH IT IS TO BE RAISED. 

1. The 3d power of a^, is a^'^^ssa^ 

For a^ =aa : and the cube of aa is aaxaax aa ^=^aaaaaa:=^a^ ; 
which is the 6th power of a, but the 3d power of a^. 

For a farther illustration of this rule, see arts. 233, 4. 

2. The 4th power of a»Ja, is ^3X4 jaX4 _^ia ^s^ 

3. The 3d power of Aa^x^ is ^Aa^x^. 

4. The 4th power of ^a^.xZx^d, is 16a** xSla;^^*, 

5. The 5th power of {a+hy^ is (a+6)'^ 

6. The nth power of a^, is as". 

7. The nth power of (a?— y)**, is (a;— y)*"\ 

8. oHiT=««+2aVH.Je. (Art. 214.) 

9. a^xb^^^W^Xb^. 10. {a^b^h''y,:=:an^h^\ 

m 


4 


y 
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221. The rule is equally applicable to powers whose ex- 
ponents are negative. 

Ex. 1. The 3d power of a"', is a"*^' =«""•• 
For ar^=: — . (Art. 207.) And the 3d power of this is 
111 1 1 


aa cut aa aacuma a» 


a» 


2. The 4th power a* J"', is a'6""**, orTri* 

3. The cube of 2a?" y-*", is Sx^*^*"*". 

4. The square of 6*a;"S is 6*a;~*. 

1 

$. The nth power of a?"*, is a"^", or -^sr- 

222. It must be observed here, as in art. 21 8, that if the 
sign which is prefixed to the power be — , it must be changed 
to +, whenever the index becomes an even number. 

Ex. 1. The square of —a*, is +a*. For the square of 
—a', is —a* X —a*, which, according to the rules for the 
signs in multiplication, is +a*. * 

2. Buttheci/6cof -a',is-a^ For-a' x-a^ X-a'=-fl'. 

3. The square of —a?", is +3?'". 

4. The nth power of —a', is _a'\ 

Here the power will be positive or negative, according as 
the number which n represents is even or odd. 

223. A FRACTION IS INVOLVED, BY INVOLVING BOTH THE 
NUMERATOR, AND THE DENOMINATOR* 

a »* 

1. The square of yis j^. For, by the rule for the mtil- 

plication of fractions, (Art. 155.) 

a a aa a^ 

1 11 1 

2. The 2d, 3d, and nth powers of—, arc -j , -j and ^. 

2aT* 8a?3r« 

3. The cube of -3—, is ^^. 

x^r a;>V 


4. The nth power of — ^, is 


fl^'» / ay 


n»tVP** 
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5. The square of — ^^qi^y, — , is — (i+iy— • 

6. The cube of ^^,3 - , isr ^» > (Art. 221.) 

224. Examples of binomials j in which one of the terms is 
a fraction. 

], Find the square of x+^j and ^— tt^ as in art 214. 


¥ 


2 4a 4 

2. The square of «+"3"> is a* +'3"+'9"* 

b 5« 

5. The square of x+-^^ is «* +6a;+-7. 

6 . ^ 2te i« 
4. The square of ac——, is x* — "ir+~«* 


225. It has been shown, (Art. 165,) ihat a fractional co^ 
efficient may be transferred, from the numerator to the de- 
nominator of a fraction, or from the denominator to the nu- 
merator. By recurring to the scheme of notation for recip- 
rocal powers, (Art. 207,) it will be seen that any factor 
may also be transferred, if the sign of its index be changed* 

ax^* - 

1. Thus, in the fraction — , we may transfer x from the 

y 

numerator to the denominator. 

aar^ a ^ a 1 a 
For- =_x«-»«-x^=^. 

a 

2. In the fraction r-j, we may transfer y from the de- 
nominator to the numerator. 

^ a a 1 a . ay^ 
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At* d _6 6y^ 

226* In the same maimer, we may transfer a fector which 
lias a positive index in the numerator, or a negative index 
ip the denominator* 

ax^ a 
1. Th^s-T-ssT^. For x^ is the reciprocal of a:"*, 

1 ax^ c 

(Arts. 205, 207,) that is, a?' — "p^* Therefore -y ="2p5. 

227. Hence, the denominator of any fraction may be en* 
tirely removed, or the numerator may be reduced to a unit, 
witliout altering the value of the expression* 

a 1 
1. Thus -T-s-T-zi, or «o""*. 

x*ar^ 1 


ADDITION AND SUBTRACTION OF POWERS. 

228. It is obvious that powers may be added, like other 
quantities, by writtng ihem one after another, Tsrith their signs* 
(Art. 69-) 

Thus the sum of a^ and A*, is a^+b*. 

And the sum of a* —J" and A' — rf*, is «* — 4"+A* — rf*. 

229. The same powers of the same letters are tike quanti" 
iies ; (Art. 45,) and their co-efficients may be added or sub- 
tracted, as in arts* 72 and 74. 

Thus the sum of 2a» and 3a*, is 5a*. 

. It is as evident that twic^ the square of a, and three times 
the square of a, are five times the square of er, as that twice 
a and three times a, are five times a. 




To — 3a:«y* 
Add— 2x«^* 


36*" 


Sum— 5a?*^* 
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3a*j(" 


6a»A« 




230. But powers of different letters, and different powers 
of the 5ame /c^^er, must be added by writing them down with 
their signs. 

The sum of a* and a^, is a* +a^. 

It is evident that the square of a, and the cube of a, are 
^leither twice the square of a, nor twice the cube of a. 

The sum of a^b"" and 3a*6% is a«6« +3a«A«. 

231. Subtraction of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed according to art. 82. 

From 2a* —36'' 3hH^ a^b*" 5 

Sub- -6a* 46'* 4A*6« a^b"* 2 


(a-A)« 


Diff. 


8a* 


— A«6« 


3(a-A)« 


MULTIPLICATION OF POWERS. 


232. Powers may be multiplied, Hke other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multipUcation between ttiem. (Art. 93.) 

Thus the product of ct^ into 6*, is a^i*, or aaabb. 
Mult, x-^ h^b"'' 3ay dA^a?"* a'iy 

into oT a* -2a? 46y* o^i^y 


Prod. a*^a? 


m^— » 


Ga^xif^ 


a^b^y^a^b^y 


m 

The product in the last example, may be abridged, by 
bringing together the letters which are repeated. 

It will then become -^ . . a^b^y^. 

The reason of this will be evident, by recurrialg to the 
series of powers in art. 207, viz. ^^ ^ 

a+«, a+3, 0+^, a+% a°, (^\ a"^, a"^ a"*, kc. 

Or, which is the same, 

111 1 


aaaa, aaa, aa, a, 


'' T' 


aa' 


aaa' 


aaaa 


, &:C4; 


V* 
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By comparing the several tenns with each other, it will 
be seen that if any two or more of them he multiplied to- 
gether, their product will be a power whose exponent is the 
sum of the exponents of the factors. 

Thus a^ xa^ =aaxaaa-s=iaaaaa^a^ . 

Here 5, the exponent of the product, is equal to 2+3, the 
stun of the exponents of the factors. 

So a*» xa'"=a"*^. 

For a", is a taken for a factor as many times, as there are 
units in n ; 

And a**, is a taken for a factor as many times, as there are 
units in m ; 

Therefore the product must be a taken for a factor as ma- 
ny times as there are units in both m and n. Henge, 

233. Powers of the same root hat be multiplied, by 
adding their exponents. 

Thus a^>xa^:=^a^^^:=^a^. And x« Xx» Xa?=a;^+*+^=a?«- 
Mult. 4a" 3x* J*y» a»6«y» (6+A~y)« 

Into 2a* 2a?* h^y a^h^y b+h—y 

Prod. 8a*« 6«y* (i+A-.y)«+i 

Mult. x^+x^y+3Dy^ +y^ into a?— y. Ans. a?*— y*. 
Mult. 4a:*y-h3xy— 1 into 2x* —a?. 
Mult. x^+x^5 into ^od^+x+1» 

234. The rule is equally applicable to powers whose ex- 
ponents are negative. 

. ^ 11 1 

1. Thus ar^xar^=ar^ That is ~- x = 

aa aaa aaaaa 

1 1 1 

2. y-«xy-"=y-'»— • Thatis^^x-;;;=^^. 

3. -a-*xa-^ = -a-"*. 4. a-^Xa^^a^-^^^a'. 
5. ar^xa^=:ar'". 6. y-^xy*=y°=l. 

235. If a-|-6 be muldplied into a— i> the product will be 
o*-6*: (Art. 110,) that is, 
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The product op the sum and difference or two quan- 
tities, IS equal to the difference of their squares. 

This is another instance of the facility with which gefi- 
eral truths are demonstrated in algebra. See arts. 23 and 
77. 

If the sum and difference of the squares be multiplied, 
the product will be equal to the difference of the fourth 
powers, &c. 

Thus (a — ^} X {a +y) = a' — y*. 

(a* — y*) X (tt* +y*)=a® — y*, &c. 

DiyiSION OF POWERS. 

236. Powers may be divided, like other quantities, by re- 
jecting from the dividend a factor equal to the divisor ; or 
hy placing the divisor under the dividend, in the form of a 
fraction. * ^ 

Thus the quotient of a»6* divided by 6», is a^. (Art 116.) 

Divide 9ay 126V a«6+3ay dx(a-A+y)3 

By -3a^ 26^ o' (a-A+y^ 

Quot. ~3y* 6+3y^ d 


V3 


a 


5 


The quotient of a* divided by a*, is ^. But this is equal 

to ^ . For, in the series 

a+^ «+^ a« «+S a\ a-\ a-^ a"^, a"^, &c. 

if any term be divided by another, the index of the quotient 
will be equal to the difference between the index of the divi- 
dend, and that of the divisor. 




Thus o * ^ o' =-^^ i= t- And tT-^ a" =^ =o' 
Hence, 

237. A POWER MAY be DIVIDED BY ANOTHER POWER OP 
the SAME ROOT, BY SUBTRACTING THE INDEX OP THE DIVISOR 


FROM THAT OF THE DIVIDEND. 
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And a**»Aiat=:o»***>=a\ That is -r~=fl*. 

And «"-r »•=«"-■««'>« 1. That is -5=1. 

Divide y*» i« 8a«+« o«+* ISCi+y)** 

By ^'^ 6» 4(ir «» 3(ft+y)" 


3 


Quot y* Sir 4(6+y) 

238# The rule is e^ttalfjr appficahle to powers ^tose ex- 
ponents are rugatioe^ 

1. The quotient of «r* by fl"^, is cr*« 

1 ^ I' 1 oaa aaa t 

^^^^ aaaaa'^aaa^ aaaaa ^ ^ ^ atUMa'^ aa* 

1 1 a?» I 

2. -a?-*^x-«= -X-*. That is 11^-^^=— ;;i ^'Z^* 

1 A 

3. &»-rA-^=A***=:A». ThatisA•-r■^-=A»XY=A^ 

9. (5+a;)«^(H-«)«(i+«)*^^ 

The multiplication and division of powers by adding and 
subtracting their indices, should be made very familiar ; as 
they have numerous and important applications, in the high- 
er branches of algebra. 

EXAMPLES OF FRACtlONS GONTAimNG POWERS. 

239. In the section otf fractions, the following examples 
w^re omitted, for the sake of avoiding an anticipation of 
the subject of powers. 

1. Reduce •^- to lower terms. Ans« -^r-. 

„ 5a^ 5aaaa 5aa 
*^^^lii^=1^="~F- (Art. 145.) 
6a;» Qx 

2. ivjeauce -jj^ to lower terms. Ans. y <>r 2jp. 

14 
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3. Reduce — r-:j — to lower teims* Ans, — = — . 

4. Reduce 6 ' 4-4 ti^ ^^ lower terms. , 

4rt"— 6«y+3y' 
Ans. g , 2^ obtained by dividing each term by Say. 

5. -Reduce — and -;z4 , to a common denominator. 

(|3 fl— • y 

ft' Xa"-* is a""^, the first numerator. (Art. 146.) 

a^ X ft""* is a° == 1 , the second numerator. 

a^ X a"^ is fl-^, the common denominator. 

^ tf-* 1 

The fractions reduced are therefore —ij, and —3. 

6. Reduce r-y and — , to a common denominator. 

2ft8 5fl* 2ft* 5 

Ans. ~ and 5;,"?, or^ and -5- (Art. 145.) 

3a;* dx Sdx^ Zd 

^. Multiply ^ into ^^. Ans.-g^^-g^. 

Z. Multiply ^4 , into — ^. ' 

ft« + l ft*-l 

.9. Multiply -^~, into ^:p^. 

10. Multiply -1:5, into — -, and "-rj. 

ft tv y ' 

. . ft* ft' ft*y* ft 

1 1 . Divide - f by -7 . Ans. "TTt =^ . . ^ 

ft^— a;* ap*— .£j"^ 

12. Divide -^—^ — , by : . 

13. Divide — ^~ by -y-^ 

A^-l d«+l 

14. Divide ^jl^M ~k^* 


SECTION IX. 


EVOLUTION AND RADICAL QUANTITIES.* 

* Art. 240. 1.F a quantity is multiplied into itself, the pro- 
duct is a power. . On the contrary, if a quantity is resolved 
into any number of equal factors^ each of these is a root of 
that quantity. 

Thus i is a root of hhh ; because bhh may be resolved in- 
to the three equal factors ^, and 6, and 6. 

In subtraction, a quantity is resolved into two parts* 

In division, a quantity is resolved into two factors. 

In evolution, a quantity is resolved into equal factors. 

241. A ROOT OP A. QUANTITY, THEN, IS A FACTOR, WHICH 
UUI.TIFLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT QUANTITY. 

The number of times the root must be taken as a factor, 
to produce the given quantity, is^denoted by the name of 
the root^ 

Thus 2 is the 4th Iftot of 16 ; because 2x2x2x2=16, 
wher^ 2 is taken four tinxes as a factor, to produce 16. 

So a' is the square root of a* ; for a« x a* =0** . (Art. 233.) 

And a* is the cube root of a ^ ; fora* xa* xa*=a*. 

And a is the 6th root of a^ ; for axaxaxaxaxa=a^. 

Powers and roots are correlative terms. If one quantity 
is a power of another, the latter is a root of the former. 
As 6* is the cube of fc ; 5 is the cube root of 6*. 

242. There are two methods in use, for expressing the 
A'oots of quantities, one by means of the radical sign ^, and 
the other by a fractional index. The latter is generally to 
l>e preferred. But the former has its uses on particular oc- 
casions. 

* Newton's Arithmetic, Maclaurip, EmersoD, Euler, Saunderson, and 
Simpson. 
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When a root is expressed by the radical sign, the sign 
is placed over the given quantity, in this manner, V^* 

Thij|s *^,a is the 2d or square root of a. 

^ ^a is the 3d or cube root* 

V« is the nth root. 

And V« +y is the nth root of a+y. 

243. The figure placed over the radical s^n, denotes the 
number of factors into which the given quantity is resolved; 
in other words, the number of times the root must be taken 
as a factor, to pi^uee tjie given quantityt * 

So that » V« X *\/rt=a. 

And ^y/a X ^y/a x ^yfa^a. 

And V^XV<* ••• '^ times =:a. 

The figure for the square roi^t is commonly oioitled ; yfa 
being put for ^-y/a. Whenever, therefore, me radical sign 
is used without a jGgure,.the square root is to be understood* 

244« When a figure or letter is prefixed to the radical sign^ 
without any character between them \ the two cjpiantitjies are 
to be considered as midtiplied togeHier. 

Thus 2^a, is 2 X v^a, that is, 2 multiplied into ihe root of 
a, or, which is the same thing, twice the root of a. 

And xyfb^ is X X yfb^ or x times the root of b. 

When no co-efficient is prefixed ^ the radical* sign, 1 is 
always to be understood \ -J a being tft same as 1 ^a, Ihat 
is, once the root of a. 

245* The method of expressing roots by radical signs, 
has no very apparent connection with the other parts of flie 
scheme of algebraic notation^ But the plan of 'indicating 
them \rj fractional indices, is derived directly from the mode 
<^ expressing powers by irUegrai indices* To explain this, 
let a^ be a given quantity* If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of a*. 

Thus the square root of a*, is a'. For; according to the 
definition, (Art. 241,) the square root of a*, is a factor, which 
multiplied into itself will produce a". But a^Xa^=a*. 
(Art. 233.) Therefore, a^ is the square, root of «•* . The 
index of the given quantity a*, is here divided into the two 
ieqiial parts 3 and 3. Of course, the quantity itself is resolv- 
ed into the two equal factors a^ and a^. 
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The cube root of a^ is a'. For a* xa* xa* =so*. 

Here the index is divided into three equal parts^ and the 
quantity itself resolved into three equal factors. 

The fiiquare root of a« is a* or a. ' For axa:=:a^» 

By extendi]^ the same plan of notation, fractional indices 
are obtained. 

^ Thus, in taking the 6<}uare root of a^ or a, the index 1 i$ 
^vided into the two equal parts i and i ; and the root is a'« 
On the same principle. 

The cube root of a, is a^ss^y/a. 

X 

The i»th root, iso*=:V«»^« 

And the nth root of a+x, is (a+a?)« = Va+x, 

246. In all these cases, the denominator of the fractional 
inde^ expresses the number of factprs into which the . given 
quantity is resolved. 

So that a^Xi^Xfrs^a. Andd" Xa". .. .n times ssa. 

247. It follows from this plan of notation, that 

a*Xc*=a*"'"*. Fora*"^*=so' or a. 

a*xa*X#=a*"''*"^^=aS &c. 

-where the multiplication is perfoimed in the same manner, as 
the multiplication of powers, (Art. 233,) that is, by adding 
the indicesm 

248. Every root as well as every power of 1 is 1 . (Art. 
209.) For a root is a factor which multiplied into itself will 
produce the given quantity. But no &ctor except 1 can pro- 
.duce 1, by being multiplied into itself. 

So that 1" , 1, ^^1, VI; &c. ^e all equal. 

249. Negative indices are used in the notation of roots, as 
:well as of powers. See art^ 207. 

Thu8-T;=a""2 — =c'^3 T==« ". 
a* 0' a« 
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POWERS OF ROOTS. 

250. It has been shown in what manner any power or root 
may be expressed by means of an index. The index of a 
power is a whole number. That of a root is a fraction whose 
numerator is 1 . There is also another class of quantities, . 
which may be considered, either as powers of roots, or roots 
of powers. 

Suppose €? is multiplied into itself, so as to be repeated 
three times as a factor. 

The product a* +*"^^ or a^ (Art. 247,) is evidently the 

cube of a*, that is, the cube of the square root of a. This 
fractional index denotes, therefore, a power of a root* The 
denominator expresses the root, and the numerator the powd- 
er- The denominator shows into how many equal factors or 
ro6ts the given quantity is resolved; and the numerator 
shows how many of these roots are to be multiplied to- 
gether. 

Thus a^ is the 4th power of the cube root of c. 

The denominator shows that a is resolved into the three 

factors or roots a^, and a^, and a^. And the numerator 
shows that four of these are to be multipUed together ; which 

will produce the fourth power of a^ ; that is, 

X X .X 1 4 

3 

251. As a^ is a power of a root, so it is a root of a power » 
Let a be raised to the third power a^. The square root of 

3 

this is a^. For the root of a^ is a quantity which multiplied 
into itself will produce fl^. 

3 X 1 X 

But according to art. 247, a^=za^xa^Xa^ ; and this 
multiplied into itself, (Art. 103,) is 

X X X X X X 
3^ 

Therefore a* is the square root of the cube of a. 

In the same manner, it may be shown that a** is the wth 
power of the nth root of a ; or the nih root of the mth pow- 
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er : that is, a root of a power ii equal to the same power of 
the some, root^ For instance, the fourth power of the cube 
root of a, is the same, as the oube root 6f the fourth pow- 
er of a. 

252. Roots, as well as powers, of the same letter, may be 
multiplied by acUin^ their exponents* (Art 247.) It will be 
easy to see, that the same principle may be extended to 
powers of roots, when the exponents have a common de- 
nominator* 

Thus a^ X a^ =a^'^'^ =a^. 

J. 
For the first numerator shows how often dr is taken as a 

factor to produce cr. (Art.^ 250.) 

And the second numerator shows how often a^ is taken as 

5. 
a factor to produce a . 

The sum of the numerators, therefore, shows how ofteft 
the root must be taken, for the product* (Art. 103.) 

Or thus, a^=:a^xa^. 


And aJ =a^ X a' x a^. 

Therefore a^xaJ=^aJ XaJxa^ xa^ Xa^=a^. 

253. The value of a quantity is not altered, by applying 
to it a fractional in<|ex whose numerator and denominator 
are equal* 

3 3 n 

Thus (i=a^=a^=a« For the denominator shows that 
« is resolved into a certain number of factors ; and the nu- 


ft. 


merator shows that all these factors are included in a^ 

3 111 , 

Thus d^ =sa^ xa^X o^, which is equal to a. 

n i X X 

And • a^=^a^ X a" xa^ . . . . n times. 

. On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression 
may be rendered more simple by rejecting the index. 

n 

Instead of a«, we may write a. 

* 254, The index of a power or root may be exchanged, 
for any other index of the same value. 

Instead of o^, we may put «^. 


ul . 
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^ 
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* * 

C<nv in the latter of these expressionflf a is sapposed to be 

. resolved into iwke as many factors as ih the former ; ud the 

numerator shows that thict jsa many of these factors ture 16 

be multiplied t(^ether« So that the whole value is not ^- 

tered. 

Thus aj^=a? s=a?^, &c. that is, the square of the cube 
root is theisame,as the fourth potior of me sixth foot, the 
iixth power ol^ the 9th root, &c. 

4 e an 

So a*ssa^=a?~a«. For the value of each of these 
indices is 2. (Art. 135.) 

355. From the preceding article, it will be easily seen, that 

ri fractional index may be expressed in dedmah • 

1. Thus a^ssa^^ or a^*' ; that is, the square root is ^ual 
to the 5th power of the tenth root. 

2. a* ^a^^^ or ii**** ' ; that is,^ the fourth root is eqnat t^ 
the 25th power of the 100th root. 

7 Xi 

In many cases however, the decimal can be only an ap- 
proximatian to the true index. 

Thus a^=:a^*^ nearly. aJ^a^ *^^^ veiy nearly. 

In this manner, the approximation may be carried to any 
degree of exactness which is required. 

Thus «*±=a i^*^. a ' r^a*-*^^*". 

These decimal indices form a very important class of num- 
bers, called logarithms. 

It is frequently convenient to vary the notation of potrer* 
of roots, by makitfg use of a Jidnculum, or the radical sign V* 
In doii^ this, we must keep in mind, <kat the power of a 
root is the san^, as the root of a power ; (Art. 251,) and ^ 
so, that the denominator of a fractional exponent expressed 
a root^ and the numerator^ a power. (Art. 250.) 

Instead, therefore, of a^, we may write (a**)*, or (a*) , * 


f 


HJ . 


». _ .. f ^. 


The first of these three forms, denotes the square of the 
cube root of a ; and each of the two last, tfa« cube root of 
the square of a. 
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Anda+p^=a+y*l =^a+y,*. 

EVOLUTION. 

• •« 
257. Evolution is the opposite of involution. One is 

finding a power of a quantity, by multiplying it into itself. 

The other is finding a root, by resolving a quantity into 

equal factors. A quantity is resolved into any number of 

^equal factors, by dividing its index into as many equal parts, 

(Art. 245.) 

Evolution may be performed, then, by the following geur 
eral rule ; 

Divide the index op the quantity, by the number ex- 
9ressina the root to be found. 

Or, place over the quantity the radical sign belonging to 
the required root* 

1. Thus the cube root of a'^ is a^. For^a xa* xa^=:a^^ 

Here 6, the index of the given quantity, is divided by 3, 
the number expressing the cube root. 

2. The cube root of a or a*, is a' or l/a. 

X 1 L 

For a^xa^x a^, or l/ax^^ax \/a—a. (Arts. 243, 246 ) 

3. The 5th root of aft, is {ahy or \/ab^ 

4. The nth root of a*, is a^ or ;j/a^. 

5. The 7th root of 2d- a?, is (2d-a?)^ or \/2d-x. 

8. The 5tb root of a— «| , iso— «!* or'^ a— «| . 

7. The cube jpot of a^, is a^ (Art. J€3,) 

S. The 4ih root of a^* is a""^. 

• ^. The cube root of a^ is a^. 

10. Tkenth root ef rc'^, is t**, 
15 
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258. According to the rule just given, the cube root o£ 
the square root is found, by dividing the index ^ by 3, as in 
example 7th. But instead of dividing by 3, we may multi- 
ply by |. For J-7-3=i-r-|=ixl. (Art. 162.) 

Ill 

So — -T-7i= — X — . Therefore the wth root of the ntK 
m m n 


root of a k equal to a " ^» 


-m 


That is, a ^1 =a« ^'"==a"'"- 

• 

Here the two fractional indices are reduced to one by 
multiplication. 

It is sometimes necessary to reverse this process ; to resolve 
an index into two factors, 

1 

Thus x^ -x^ ^ ^ =a?^' That is, the 8th root of at is 
equal to the square root of the 4th root. 


I. 

u 


So a+*r=a+C^"=«+C 

It may be necessary to observe, that resolving the index 
into factors, is not the same as resolving the quantity into 
fetctors. The latter is effected, by dividing the index into 

parts, 

259. The rule in art. 257, may be applied to every case 
in evolution. But when the quantity whose root is to be 
found, is composed of several factors, there will frequently 
be an advantage in taking the root of each of the factors 
separately. 

This is done upon the principle, that the root of the pro- 
duct of several factors, is equal to the product of their roots ^ 

Thus V«&=a/« X v/6f For each member of the equation, 
if involved, will give the same power. 

The square of ^/ah is.afe^ ■ (Art. 241.) 

The square of ^a X y/b, is y/aX\/aXy/hx y/h. (Ait. 102.) 

But y/ax-s/CL^^a. (Art. 241.) And v/6^ y/b^h. 

Therefore the square oi-^a x y/bzsn^/a Xy/aXy/bX'^h =«5^. 

which is also the square of -^/ab. , 

' i . X i 

On the same principle, {aiy =rt'' i" . 
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Whea, therefore, a quantity consists of several factors, we 

may either extract the root of the whole together 5 or we 

may find the root of the factors separately, and then multiply 

them into each other. 

1 1 1 
Ex. 1. The cuhe root of ay, is either {(xy)^ or x^ y*. 

2. The 5th root of Sy, is v^% or ^3 x f/y* 

3. The 6th root of abh, is {abk)^, or Jb^hK 

4. The cuhe root of 8J, is (84)^; or 25*^. 

5. The nth root of a;"^, is, f^*^^)" or ocy^. 

260. The root of a fraction is equal to the root>9f 

THE numerator DIVIDED BY THE ROOT OF THE DENOMINATOR. 


1 11 

a a^ _ a^ a a 


1. Thus the square root of -r ="~i For -i x -t= r 

^ b^ b^ bi ^ 




3. Sothen&rootof T-=~« For-TX~T*''ntimes=-r', 

3. The square root of—, is ""7=. 4. -^1- — .^i— -• 

^ «y' Vay ^xy-^^ 

261. For determining what sifn to prefix to a root, it i$ 
important to observe, that 

An odd root of any quantity has the same sign as THE 
QUANTITY ITSELF ; 

An EVEN ROOT OF AN AFFIRMATIVE QUANTITY IS AMBIG- 
UOUS ; •• 

An even root of a negative quantity is impossible. 

That the 3d, 5th, 7th, or any other odd root of a quantity 
must have the same sign as tjhe quantity itself, m evident 
from art. 219. 

ft 

262. But an even root of an affirmative quantity, may be 
either affirmative»or negative. For the quantity may be 
produced from the one, as well as from ih^ other. (Art. 
219.) 

Thus the square root of a^ i^ +a or —a. 


'« 
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An even root of an affirmative quantity is, therefore, said 
to be ambiguous^ and is marked with botii + and — * 

Thus the square root of 36, is "^ ^/~^. 

The 4th root of «, is__a;^. 

The ambiguity does not exist, liowever, when, from the 
nature of the case, or a previous multiplication, it is known 
whether the power has actually been produced from a posi- 
tive, or from a negative quantity. See art. 299. 

263. But no even root of a negative quantity can be found. 

The square root of —a* is neither +a nor —a. 
♦.For +ax 4-d =+a*. And— ax '-'a=z'\-a^ also. 

• 

An even root of a negative quantity is, therefore, said to 
be impossible or imaginary. 

There are purposes to be answered, however, by applying 

the radical sign to negative quantities. The expression y/-^a 
is often to be found in algebraic processes. For, although 
we are unable to assign it a rank, among either positive or 
negative quantities ; yet we know that when multiplied in- 
to itself, its product is —a, because ^—^ is by notation a root 
of —a, that is, a quantity which multiplied into itself pro- 
duces —a. 

This may, at first view, seem *to be an exception to the 
general rule that the product of two negatives is affirmative. 

But it is to be considered, that ^ — a is not itself a nega- 
tive quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with that which is prefixed to the radical sign. The expres- 
sion v^— a is not equivalenlWo —y/a. The former is a root 
of T-fl5 5 but the latter is a root of +a : 

FosT -^y/ax — v/a= 4- /tfa=a. 

The root of —•«, however, may be ambiguous* It may be 

either -fV— c, or —yf—a. 

One of the. uses of imaginary expressions, is to indicate 
an impossible or absurd supposition, in t)|e statement of a 
problem. Suppose it be required to divide the number 14 
into two such parts, that their product shall be 60. If one 
of the parts be a;, the otfceF will be l^—x. And by the 
supposition 

.TX(l4-a?)=60, or 14a;— a:^ =60. 
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rvThis reduced, by the niles in the followiog section, will 
^ve a:=7+.^ — 11. 

As the value of x is here found to contain an imaginarj 
fixpression, we infer that there is an inconsistency in the 
statement of the problem : that the number 14 cannot be 
jdivided into any two parts whose product shall be 60,* 

264. The methods of extracting the roots of compound 
quantities ai'e to be considered in a future section. But 
there is one class of these, the squares of binomial and re- 
V sidual quantities, which it will be proper to attend to in this 
place. It has been shown, (Art. 214,) that the square of a 
biiaomial quantity consists of three terras^ two of which are 
complete powers, and the other is a double product of the 
roots of these powers. The square of a + ^j for instance, i^ 

two terms of which, a* and 6*, are complete powers, and 
2aJ is twice the product of a into fc, that is, of the root of «* 
into the root of 6*. 

Whenever, therefore, we meet witti a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign + • The other term disappears in the root. Thus, to 
find the square root of 
♦• a?2 + 2«y+y*5 

take the root of a?*, and the root of y*, and connect them 
by the sign +• The binomial root will then be x+y. 

In a residual quantity, the double product has the sign — 
prefixed, instead of +. The square of a— 6, for instance, 
is a'— 2a6+6'. (Art. 214.) And to obtain the root of a 
quantity cf this description, we have only to take the roots 
of the two complete powers, and connect them by the sign 
— . Thus the square root of a?* — 2xy+ y^ is x-^-y. Hence, 

265. To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OF THE TWO TERMS WHICH ARE COMPLETE 
POWERS, AND CONNECT THEM BY THE SIGN, WHICH IS PREFIX- 
ED TO THE OTHER TERM. •- 

Ex. 1. Find the root of a:'+2a?+l. 

The two terms which are complete powers afre x^ artd 1 . 
Their roots are a; and 1. (Art. 248.) 
The binomial root is, therefore, a?+l, 

> * Sec Note F. 
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% The square root of ap*— 2a:+l, is a— 4. (Art. 214.) 

3. The square root of a^+a+^^ is a+|. (Art. 224.) 

4. The square root of a^+^a+^j is a+|. 

6* b 

5. The square root of a^+ab+-T-j is a+'-z. 

6. The Square root of a' + — + ~l5 is «+ — . 

c c c 

266. A ROOT WHOSE VALUE CANNOT BE EXACTLY EXPRES- 
SED IN NUMBERS, IS CALLED A SURD. 

Thus V2 is a surd, because the square root of 2 cannot 
be expressed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity when taken alone, jet by multiplying it into itself, or 
by combining it with other quantities, we may produce ex- 
pressions whose value can be determined. There is there- 
fore a system of rules generally appropriated to surds. But 
as all quantities whatever, when under the same radical sign, 
or having the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them togeth- 
er, under the general name of Radical Qiuintitiea ; under- 
standing by this term, every quantity which is found under a 
radical sign, or which has a fractional index. 

267. Every quantity which is not a surd, is said to be m- 
fional. But for the purpose of distinguishing between radi- 
cals jind other quantitie&^ the term rational wiU be appUed,. 
hi this section, to those only which do not appear under a 
radical sign, and which have not a fractional index. 

REDUCTION OF RADICAL QUANTITIES. 

268. Before entering on the consideration of the rules for 
the addition, subtraction, multiplication, and division of rad- 
ical quantities, it will be necessary to attend to the methods 
of reducing them from one form to another. 

Firsty to reduce a rational quantity to the form of a. rad- 
ical ; 

Raise the quantity to a power of the same name as 

THE given root, AND TIIEW APPLY THE CORRESPONDING RADI- 
CAL SIGN OR INDEX. • 
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Ex« 1* Reduce a to the form of the nth roo|« 
The nth power of a is a*. (Art. 211.) 
Over this place the radical sign, and it becomes !J/ a\ 
It is thus reduced to the form of a radical quantity, with* 

5. 

oiit any alteration of its value. For ^a^=za^ =:a. 

2. Reduce 4 to the form of the cuhe root 

Ans. ^64 or (64)^. 

3. Reduce Sa to the form of the 4th root* 

• Ans. V^la^ 

4. Reduce ^b to the form of the square root. 

Ans. {^aH^)^. 


1 


5. Reduce 3 X«— a; to the form of the cube root; 

Ans. ^27xa— a?(*. See art. 212* 

6. Reduce a^ to the form of the cube root* 
The cube of a^ ig ^^6. (Art. 220.) 

And the cube root of a^ is y/a^ =a* 

In cases of this kind, where a power is to be reduced to* 
th^ form of the nth root, it must be raised to the nth power^ 
not of the given letter, but of the power of the letter. 

Thus in the example, a® is the cube^, not of a, but of a^* 

7. Reduce a^b^ to the form of the square root. 

8. Reduce d^ to the form of the ^th root. 

260% Secondly^ to reduce quantities which have different 
indices^ to others of the same value having a common index ; 

1 • Reduce the indices to a common denominator ; 

2. Involve each quantity, to the power expressed by the 
numerator of its reduced index. 

3* Take the root denoted by the common denominator. 

t 1 

Ex. 1. Reduce a/^ and b^ to a common index. 

1st. The indices \ and ^ reduced to a common denomiii; 
ator, are ^\ and j\, (Art 146.) 

2d. The quantities a and b involved to the powers expres 
sed by the two numerators, are a^ and 6*. 


^ 


112 ' ALGEBRA. 

3d. The root«denoted by the common denominator is t^. 

1_ — _i 

The answer, then, is a^l^^ g^nd^^j*^. 

The two quantities are thus reduced to a common indeir«. 
without any alteration in their values. 


For by art; 254, a^=za^^^ which by art. 258, =a'|^^. 
And universally a" =a»»» = a*") »»»• 

2. Reduce a^ and io? to a common index. 
The indices reduced to a common denominator are ^ 


and |. 


The quantities, then, are or and (6a?)'^, or a'|* and 6ta;*|«. 

1 — 1 J. 

3. Reduce a^ and ^ ". Ans. o^**]" and 6". 

JL X i — X 

4. Reduce a?"and^*". Ans. a?^ |*"« and ^^j"*". 

X . X X I 

5. Reduce 2* and 3^ Ans. 8* and9\ . 


6. Reduce (a+S)2 and («—y)'^» Ans. a+^ I anda?— y | 

XX s . X 

7. Reduce fl^ and J *. 8. Reduce x^ and 5*. 

270. When it is required to reduce a quantity to a givem 
index ; 

Divide the index of the quantity by the given index, placer 
the quotient over the quantity, and set the given index over 
the whole. 

This is merely resolving the original index into two fac- 
tors, according to art 258. % 

X 

Ex. 1. Reduce a^ to the index J^. • 

By art. 162, i^^=>xf =f =f. 
This is the index to be placed over a, whick then becomes* 


X X a 

a^ ; atid the given index set over this makes it o i > the an- 
swer: 

2. Reduce a* and a?*, to the common index ^. 
2-r-i=2x3=6, the first index X 
|-^ 3 =¥ X 3 =f , the second index V 

Therefore {a^Y and (*^)'^ are the quantities required. 
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3. Reduce 4' and 3^, to the common index ^« 
Answer. (4^)* and (3^)". 

271. Thirdly^ to remove a pari of a root from under 
the radical sign; . 

If the quantity can be resolved into two factors, one of 
which is an exact power of the same name with the root; 

FIND THE ROOT OF THIS POWER, AND PREFIX IT TO THE OTH- 
ER FACTOR, WITH THE RAPICAL SIGN BETWEEN THEM. 

TIms rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 259.) 

It will generally be best to resolve the radical quantity in- 
to such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from ^8. 
The greatest square which will divide 8 is 4. 
We may then resolve 8 into the factors 4 and 2. For 4 X 2 3=8* 

The root of this product is equal to the product of the 
roots of its factors ; that is, -y/S =1/4x^2* 

But ^4=r2. Instead of y/A^ therefore, we may substitute 
its equal 2. We then4)ave 2 x y/2 or 2^3* 
. This is commonly called reducing a radical quantity to its 
most simple terms. But the learner may not perhaps at once 
perceive, that 2^2 is a more simple expression than V^* 

2. Reduce y/a^x. Ans. va" x '\/a?=:aX\^Af=o V«« 

3. Reduce VIS. Ahs. V9x2=: V9xV2==3 V2. 

4. Reduce ^64Fc. Ans. ^64*» x^c=4«»/c. 

4 Ja^b a * fb 

$. Reduce V^ J Ans. ~ V "^ (Art. 260,) 

t. Reduce !J/a*5. Ans. a ^y/b, or aft*. 

7. Reduce (a^—a* 6) ^ Ana. a (a— ft)*. 

8. Reduce (54o»ft)'. Ans. 3a«(2ft)*. 


f>. Reduce VgSa^T. 10. Rednce i/a*-f-a'i 

16 


;f 


114 ALGEBRA. 

272. By a contrary process, the co-efficient of a radical 
quantity may be introduced under the radical sign*. 

1. Thusa V6=Va^ 

For a = " v'a" or a^. Art. 253.) And V«" X V* = V«"*- 

Here the co-efficient a is first raised to a power of the 
same name as the radical part, and is then introduced as a 
factor under the radical sign. 


2. fl(aj-6)^=(a3xx-6)^=:(a»a:-a«i)^. 

3. 2a6(2fl6»)^=:(16a*6«.)^ 

4 J?L/_i!f_\* t ^^^'^ \^ 

ADDITION AND SUBTRACTION OF RADICAL 

QUANTITIES. 

273. Radical quantities may be added like rational quan- 
tities, hy writing them one after another with their signs* (Art. 
69.) 

Thus the sum of y/a and -/J, is y/a+y/b* 

And the sum of a^— A"^ and a;*— y%isa — A^+a;*— y". 

But in many cases, several terms may be reduced to one' 
as in arts. 72 and 74. , 

The sum of 2 y/a and 2y/a is 2 ^Ja'\^^^fa^b^a. 

For it is evident that twice the root of «, and three times 
the root of a, are five times the root of o. Hence, 

274. When the quantities to be added have the same rad- 
ical part, under the same radical sign or ipdex ; add the ra- ' 
tional parts ^ and to the sum annex the radical farts. 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood* (Art, 244.) 

To 2V«y V« 3(0?+^)"^ 5bh^ ay/b^h 

Add l/ay -2v/a ^(^+h)^ 7bh^ yy/T^h 


»» ■! 


Sum 3V«y 7{x+hy (a+y)Xy/b-h 
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275. If the radical parts are originally different, they may 
€ometimes be made alike, by the reductions in the preceding 
articles. 

. 1. Add^fi to V50. Here the radical parts are not the 
«ame. But. by the reduction in art 271, ^8=2^2, and 
^50=5v2* The sum then is 7^2* 

2. Add V^16i to -/46. Ans. 4y/b + 2y/b=:6 y/b. 

3. AddVa^xto ^b*x. Ans.ay/x+b^ y/x^{a+b^)x -^x. 

IX I. 

4. Add (sea^yY to (25y)^ Ans. {6a +5) xy^ 

5. Add VI 80 to 3 V2a. 

276. But if the radical parts, after reduction, are different^ 
or have different exponents^ they cannot be united in the 
same term ; and must be added by writing them one after 
the other. 

The sum of 3y/b and 2V«, is 3y/b+2y/a. 

li is manifest that three times the root of 6, and twice the 
root of a, are neither five times the root of 6, nor five times 
the root of a, unless 6 and a are equal. 

The sum of \/a and ^a, is %/a+ \/a. 

The square root of a, and the cvhe root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subtraction of radical quantities is to be performed 
in the «ame manner as addition, except that the signs in the 
subtrahend are to be changed according to art. 82. 


From y/ay 
Sub. 3y/ay 

Biff. -^V ay 

1 

« 

4 Va+x 

3 Va + x 

3A* 
8A* 

a{x+y) 
b{x+y) ' 

—I. 
-2a ~ 

a " 




From ^50, subtract V8. Ans. V2-*,2 ^2=3^/2. (Art.275.) 

_ • 

From ^J*y, subtract y/by^. Ans. {b^y)x y/iy. 
From !J/a?, subtract ^x. 

MULTIPLICATION OF RADICAL QUANTITIES. 

278. Radical quantities may be multiplied, like other 
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quantitiei, by wiiting the factors one after another, either 
with or without the sign of multiplicatioQ between them^ 
(Art 93.) 

Thus liie product of V^ into y/b^ is y/aXy^b. 

The product of hJ into ^^ is A^y • 

But it is often expedient to bring the factors under the 
same radical sign. This may be done, if they are first redu- 
ced to a common index. 

Thus V^X Vy=V^y» For the root of the product of 
several factors is equal to the product of their roots. (Art. 
259.) Hence, 

2)^9. Quantities under the same radical sign or in- 
dex, MAY BE multiplied TOGETHER LIKE RATIONAL QUANTI- 
TIES, THE PRODUCT BEING PLACED UNDER THE COMMON RADI- 
CAL SIGN OR INDEX.* 

Multiply \/x into \/y, that is, x into y. 
The quantities reduced to the same index, (Art. 269,) are 
(x5)% and (y2)% and their product is (x^y^f=^^ Vaj«y», 

3 JL i 

x^ (b+hy x^ 


Mult. 
Into 


y/ix 

yfhy 

Prod. 

^a^ — w^ 


• 




(a^o?)^ (a«af»)'»'* 


Multiply y/^xh into -/2acJ. Prod. -/16a?* ft^s^ 4^6. 

In this manner the product of radical quantities often foe- 
■Comes rational. 

Thus the product of i/2 into ^18=^36=6. 

XX X 

And the product of {a^y^Y into {o^yY =(a*y*)* =ay. 

280. Roots of the same letter or quantity may be 
multiplied, by adding their fractional exponents. 

The exponents, like all other fractions, must he reduced 
to a common denominator, before they can be united in one 
term. (Art. 148.) 

* The case of an imaginary root of a oegatiTe quantity nay be consid- 
ered an exception. {Art. 263.) 


'.•^ . 
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Thus a*xo*=a*"'"^=a^'*'*=a*. 

The values of the roots are not altered, by reduciDg their 
iBidices to a common denominator* (Art. 354«) 

Therefore the first factor a^=zaJ 
And the second a*^=o^ 

But «'^=a* X a* X a*. (Art. 250.) 
I' I It 

The product therefore is a'^ x a* x a* x a* x a^:=^a^. 

And u> all instances of this nature, the common denomin- 
-ator of the indices denotes a certs^n root ; and the sum of 
the numerators shows how often this is to be repeated as a 
factor to produce the required product. 

i J. jn_ ^ mttt 

Thus a*'xa"'=a»w»xa'»"=sa«»«. 

1 A i i^ . ^1 


Mult. 3y* a^xa* (a+t)* (tf-y)" 


X 


2 1 


Into i^ a^ {a+b)^ («-»)*" » * 


.H 


Prod. 3y^ (a+b)^ 


3 — T 


o; 


The product of y^ into y * is y* * =y*. 
The product of a" into a""", is a" """=«? = 1. 
And x Xx^ =» ^ *s=a;0--i^ 

JL « 1 7 

The product of a* into o''=a^xa^=a • 

281. From the last example, it will be seen, that powers 
and roots may be multipUed by a common rule. This is one 
of the many advantages derived from the notation by frac- 
tional indices. Any quantities whatever may be reduced to 
the form of radicals, (Art. 268,) and may then be subjected 
to the same modes of operation. 

1 * -4- * -11 

Thus j3 ^ys^y^-rr^^ e ; 

i 4. J. n+l 

And xxw'^s:*' • "=:a;"5:^ 


^ 


vJ 

1 
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The product will become rational, whenever the numera- 
tor of the index can be exactly divided by the denominator. 

1 2 1 J. 

Thus a^xa^xa^^a^ =«*. 

And {a+byxia+bj^^^fa+by^za+b. 

3 9 8 

And a^ x a^ =a^ ^a. 

282. When radical quantities which are reduced to the 
utame index, have rational co-efficients, the rational 

PARTS MAY be MULTIPLIED TOGETHER, AND THEIR PRODUCT 
PREFIXED TO THE PRODUCT OF THE RADICAL PARTS. 

1. Multiply ay/b into Cy/d. 

The product of the rational parts is ac* 
The product of the radical parts is ^^bd^ 
And the whole product is acy/bd* 

For Uy/b is ax y/b. (Art. 244.)| And Cy/d is c X y/d* 

By art. 102, ox y/b into cXy/d, is aXy/bxcXy/d; or by 
changing the order of the factors, 

axcxy/bx y/d^ac X \/bd=zacy/bd. 

2. Multiply aoc^ into 6c?. 

When the radical parts are reduced to a common index, 

the factors become a(x^) and b(d^y^ 

The product then is ab (a?^rf*) . 

But in cases of this nature, we may save the trouble of 
reducing to a common index, by multiplying as in art. 278. 

Thus ax^ into bd^ is ax^bd^. 

J. ^JL 

Mult. a{b+xy ay/y^ ayfx ax ^ x ^3 

Into y{b-xy by/ky by/x by^- y 1/9 


I 


Prod. ay(b*—x^y aby/x^=abx Sxy 


283. If the rational quantities, instead of being co-effi- 
dents to the radical quantities, are connected with them hy 
the signs + and — , each 4erm in the multiplier must be 
multiplied into each in &e multiplicand, as in art. 100. 
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Multiply a+')/h 
Into c+ y/d 


de-\-cy/b 

a^d+y/bd 

ac+Cy/b+ay/d+\/bd. 
The product of a+y^y into 1 +ri/tf is 

1. Multiply 7a into l/b. Ans. Va'6*. 

2. Multiply 5^/5 into 3^8. Ans. 30v/10- 


3. Multiply 2V3 into 3 ^4. Ans. 6^432. 


6 
6 


4. Multiply v<<i into \/ab. Ans. Vo'iiM'. 

5. Multiply y^nto ^^ Ans. 7— 


\ 1 


i 


6. Multiply a(a—a?)^ into (c— <l)x(a;v)*. 

Ans. (ac— ad)x(a'a?— a«*)*. 

DIVISION OF RADICAL QUANTITIES. 

284. The division of radical quantities may be expressed^ 
by writing the divisor under the dividend, in the form of a 
fraction. 

I/O 

Thus the quotient of ^a divided by •/&, is -jr. 

And (a+A)^ divided by (6+«r)« is *^^^±*L. 

(b+xy 

In these instances, the radical sign or index is separately 
applied to the humerator and the denominator. But if the 
divisor and dividend are reduced to the same index or radi- 
cal sign, this may be applied to the whole quotient. 

Thus, Vo-T-;/^^^;,^^^"^* ^^^ ^^ ^^^^ ^^ * ^^^' 
tion is equal to the root of the numerator divided by the 
root of the denominator. (Art. 260.) 


1^ ALGEBRA. 

Again, yab-h^'i/b^'^a. For the product of thig quotient 
into the divisor is equal to the dividend, that is, 

Va X ij/fr = " ^/ab• Hence, 

285. Quantities under the same radical sign or isr^ 

DEX, MAT BE DIVIDED LIKE RATIONAL QUANTITIES, THE ^JOO- 
TIENT being placed UNDER THE COMMON RADICAL S|GN OR 
INDEX. 

Divide {x^y^Y by y^. 

These reduced to the same index are {^^y^Y and (y*)*^* 

1 S X 

And the quotient is {x ^Y ^x^ =ca?*. 

Divide t/6a»^ ^'J^ {a^+axf (a^h)^ (a*y*)* 
By v'S* Vdx o* (ar)~ (ay)* 


Quot. VSa^ {a^+xY (ay)* 


286. A ROOT IS DIVIDED BT ANOTHER ROOT OF THE SAME 
LETTER OR QUANTITY, BT SUBTRACTING THE INDEX OF THK 
DIVISOR FROM THAT OF THE DIVIDEND. 

Thus a*-r'a*=a*""*=a^""'"=5;a'^=a^- 

For a^ z=ia^:=za^ xa^xa^ and this divided by a^ ii 

X 

a 

* XX x«,.x 

In the same manner, it may be shown that cS^-^a^^^aS^ ". 

XX a. «»+fi a X 

Divide (3a)'^ {axf a^ (6+y)« (^'y')^ 
By a'' (flic)* a^ (6+y)" (r^y^)^ 


Quot. (3a)* a^ , (r^y^) * 


Powers and roo^5 may be brought promiscuously together, 
and divided according to the same rule. See art. 281. 


\ 




• 
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Thusa*-ra^=a*""^=a\ For a*xa^=ra^=a». 

So 3,"-ry'"=y« -• 

287. When radical quantities which are reduced to the 
same index have rational co-EpnciENTs, the rational 

PARTS MAY BE DIVIDED SEPARATELY, AND THEIR QUOTIENT 
PREFIXED TO THE QUOTIENT OP THE RADICAL PARTS. 

Thus acy/bd-T-a y/b=cy/d. .For this quotient multiplied 
into the divisor is equal to the dividend. 

Divide 24a;y/ay \Zdh/hx hy{a^x^Y 16^32 b^/xlJ 
Bj 6 'y/a ^hy/x ' yiax)"" 874 /y 

X 

4xy/y 6(o»x)~ b y/x 


Divide ab{x''by by a(a?)'. 

These reduced to the same index are ab{xHY and a(«')*. 

i i 

The quotient then is b{b) * = (6 « ) *. (Art. 272.) 

To save the trouble of reducing to a common index, the 
division may be expressed in th^ form of a fraction. 

ab(x*by 

The nuotient will then be x • 

(t{x^) 

t Ib^ 

1 . Divide 2 ^/bc by 3 ^/ac. Ans. | . y -r*- 

2. Divide 10 ^lOB by 5 ^4. Ans. 2 »V27=6. 

3. Divide 10 v^27 by 2^3. Ans. 15. 

4. Divide 8|/108 by 2/6. Ans. 12^2. 

5. Divide (a»i*/i»)* by rf». Ans. {aby. 

6. Divide (IGa^ — i2a»a?)* by 2a. Ans. (4a— 3a?)^ 

INVOLUTION OP RADICAL QUANTITIES. 

288. Radical quantities, like powers, are involved 

BY MUI4TIPLYING the index OP'THE ROOT INTO THE INDEX OF 
THE REQUIRED POWER. 

17 
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1. The sqtiare of a* saa* =:a'. For a* xa*=:a'. 

2. The cube of J =a* ^ ^ =a^. For a* x a* x a* =rt^. 


^Xn ^ 


3. And universally, the nth power of a**=:a*" ssa*". 

X i i 

For the nth power of,a*"=a'"xa"*. • • . n times^ and the 


n 


sum of tKe indices will then he « . 

X 1 B B 

4. The 5th power of a' y^, is a'j^. Or, by reducing the 
roots to a common index, 


(«»y«)«^^=(a'y»)*. 


X X 9 1 J. 

5. The cube of a "a;*" is a*»x"' or (a^3if*)nm. 


9 3. 4 6 

6. The square of q^x^^ is a';v^. 

X ^x3 ' 
The cube of a' is a ^ =ro^=a. 

i J? 
And the nth power of «", is a "=a. That is, 

239. A ROOT IS RAISED TO A POWER OF THE SAME NAME, 
BY REMOVING THE INDEX OR RADICAL SIGN. 

Thus the cube of ^/b+x, is b+x* 

X 

And the nth power of («— y)", is a—y. 

290. When the radical quantities have rational co'effidents, 
these must be also involved. 

1. The square a!J/a?, is a*!J/x*. 
For av'irxaV«a?=a*Va;^. 

X s. 

2. The nth power of a^x^, is o"*"a?*'. 

3. The square of a V*— y? is a* X (a:— y). 
5. The cube of 3a ^y, is 27a ^y. 

291. But if the radical quantities are connected with oth- 
ers by the signs + and — , they must be involved by a mul- 
tipUcation of the several terms, as in art. 213. 


1 


J 

a' 

■I 
■ 
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Ex. 1. Required the squares of a+ ^y and u—^y, 
a+y/y «— Vy 

a'+ay/y a^—ay/y 

ay^y+y —a^/y+y 

—————— » »• ■ ■ 

a * + 2ay/y +y a^ - ^a^/y +y 

2. Required the cube of a— ^6. 

3. Required the cube of 24+-/ x. 


293. It is unnecessary to give a separate rule for the cdb- 
ItUton of radicar quan^ties, that is, for finding the root of a 
quantity which is already a root. The operation is the same 
^ in other cases of evolution. The fractional index of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given quantity. (Art. 
257.) If there are rational co-efficients, the roots of thbse 
must also be extracted. 

Thus, the square root of a', is a^ ' =a . 


The cube root of a(a?y)*, is a^{ooy) 


J. 

6 


The nth root of aVby^ is "V « v^6y. 

293. It may be proper to observe, that dividing the frac- 
tional index of a root is the sam^ in effect, as multiplying the 
numbetfT which is placed over the radical sign. For this 
number corresponds with the denominator of the fractional 
index ; and a fraction is divided, by multiplying its denom- 
inator. 

- ^ 

Thus \/a—a^. \/a^cr 

On the other hand, multiplying the fractional index is e- 
quivalent to dividing the number which is placed over the 
radical sign. 

Thus the square of \/a or a^^ is \/a or a^ =aj. 
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293.i. In algebraic calculations, we have sometimes oc-' 
<casion to seek for a factor, which multiplied into a given 
^Vadical quantity, will render the product ratumal. In the 
case of a simple radical, such a factor is easily found. For 
if the nth root of any quantity, be multiplied by the same 
root raised to a power whose index is n— 1, the product will 
be the given quantity. 

Thus !J/J? X IJ/a:""* or a?" Xx*V =x« =x. 

And ix+yyx{x+y) « =x+y. 

So ^aXy/a=:a» And ^/ax^a^ o^X/a^^a, 

And Vox Va'=aj <$^c. And fa+6)*X (a+6)' =a46* 

1 3 

And ix+yr X (j?+yj^=a7+y. 

293.C. A factor which will produce a rational product, 
when multiplied into a binxmiia! mrd containing only the 
square root, may be found, by applying the principle, that 
the product of the sum and difference of two quantities, is 
eqiftil to the difference of their squares. (Art, 235.) The 
binomial itself, after the sign which connects the terms is 
changed from + to — , or from — to +, will be the factor 
required. 

Thus (V«+y6)x(>/a-V^)='/a^--V6^=a-&, which 
is free from radicals. 

S6(l+\/2)x(l— v/2) = l-2=-l. 

And (3-V2)x(3+2v/2)=l. 

When the compound surd consists of mo7'e than two terms, 
it may be reduced, by successive multiplications, first to a 
binomial surd, and then to a rational quantity. 

' Thus (VIO- V2-\/3)x(v'10+ V2+ V3) = 5-V6, a 
binomial surd- 

And (5-2^6)x (5+2^/6)=!. 

Therefore (>/ 10 -V2-A/3) multiplied into yi0+y/'^2y/+3) 
X(5+2>/6)=l. 

293.<2. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction* This may be 
effected, without altering the value of the fraction, if the 


% 


^- 
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namerator and denominator be both multiplied by a ;factor 
which will render either of them rational, as the ca^3e may 
require* 

1. If both parts of the fraction "^ be multiplied by \/a, 

-y/aXy/o, a . ' 

it will become -7~TrT~="~; — 5 in which the numerator is a 

yXXyfl yCtx^ 

rational quantity. 

Or if both parts of the given fraction be multiphed by -/^j 

Y fix 

it will become , in which the denominator is rational. 

2. The fraction r= IXr= TX^ • 

3. The fraction - ^ ^ ^ ^^^ 


w— 1 


a ax ^ ay/x^^ 
4. The fraction ^=^[ — 1!^:t^ 


5. The fraction j:;:^ =(3-^2)(3+V2)==r"7~- 

3 (3V5+v^2) , 

6. Thefracbon^^^5::;^=^^5_ ^2)( ^5+^2)==^^"^^' 

6 6x5* 6 

7. The fraction — =-rrr =T Vl25- ^ 

8. The fraction 

8 8x(i/3-^2-l)(~^2) 

V3+\/2+l'"(^/3+v/2+l)(i/3-V2-l)(-v^2)''^"^^^"^"^^^- 

2 

9. Reduce -jt: to a fraction having a rational denomin- 
ator. 

a — \/b 

10. Reduce "~TI7I to a fraction having a rational denom- 
inator. 

293.6. The arithmetical operation of finding the proxi- 
mate value of a fractional surd, may be shortened, byren- 
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• it , 




!i*?v- 




V • 




■*^4Ai^-J 


dering either the numerator or the denominator rational. 
The root of a fraction is equal to the root of the numera- 
tor. divided by the root of the denominator. (Art. 260.) 

l/a ya a 

Thus — ^=v;:j. But this may be reduced to ^^ ^ ?/a>'~^ 

f . (Art. 293.d.) 


or 


a 


y/a 


a 


VaS 


or 


The square root of -y- is -r,^ ^^"7~t 5 "* a 

When the fraction is thrown into this form, the process of 
extracting the root arithmetically, will be confined either to 
the numerator, or to the denominator. 

^ , , 3 V3 V3XV7 V2I 

Thus the square root of — s= — ^jfZTTj = — 7"* 

Examples for Practice. 

1. Fmd the 4th root of 81a*. 

2. Fmd the 6ih root of (a +6)"^. 

J. 

3. Find the nth root of (x — y) • 

4. Find the cube root of — 125 a'x*. 

5. Find the square root of ^ a g. 

32a^x^^ 


V 




r-«f 


('4. ' t »' ^' 
(.■.'•■ 


G. Find the 5th root of 


243 


7. Find the square root of x* — 66X+62. 

8. . Find the square root of d^ +ay+-T. 

0. Reduce ox* to the form of the 6th root. 

10. Reduce •— 3y to the form of the cube root. 

X 

11. Reduce a^ and a^ to a common index. 

12. Reduce 4^ and 5* to a common index. 

1 3. R<5duce a and t* to the common index ^ . 
M. Reduce 2^ and 4*^ to the common index . 


s.- 


% 
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15. Remove a factor from V294. 

16. Remove a factor from Vac^— a*a?" . 


17. Find the sum and difference of Vl6a*a?and^4a-jc- 

18. Find the sum and difference of \/l92 and 1/24. 

19. Multiply 7V18 into 5^4. 

20. Multiply 4+2^2 into 2- V2. 

21. Multiply a(a+Vc) ^^^^ 6(a— V^) • 

i X 

22. Multiply 2(a+i)" into 3(0+6)*". 

23. Divide 6 V54 by 3 V2. 

24. Divide 4^/72 by 2\/l8. 

25. Divide V7 by ^7. 

26. Divide sVdB by 4^2. 

27. Find the cube of 17^21. 

28. Find the square of 5+y/2. 

29. Find the 4th power of iy/Q. 

30. Find the cube of ^x^-y/b* 

31. Find a factor which will make y^y rational. * 

32. Find a factor which will make y/5—'^x rationaL 

33. Reduce --7- to a fraction having a rational numerator. 

34. Reduce .,- ^ to a fraction having a rational de- 
nominator. 
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REDUCTION OF EQUATIONS BY INVOLUTION 

AND EVOLUTION. 

Art. 294. J.N an equation, the letter which expresses the 
unknown quantity is sometimes found under a radical sigru 
We may have ^/x=a. 

To clear this of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We shall 
then have 

Va?XVa?=aOj Or, (Art. 289,) a?=ra». 

The equality of the sides is not affected by this operatio^^ 
because each is only multiplied into itself, that is, equal quan- 
tities are multiplied into equal quantities- 

The same principle is applicable to any root whatever. 
}(^x=:a ; then »=a**, For^by art. 289; a root is raised to 
a power of the same name, by removing the index or radi- 
cal sign. Hence, 

295. When the unknown quantity is under a badical 

SiaN, the equation is REDUCED BY INVOLVING BOTH SIDES, 

to a^ power of the same name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not under the radical sign, may stand on one side 
of the equation. 

Ex. 1. Reduce the equation ^a;-|-4=9 

Transposing -f- 4 v'^=^"~4=5^ 

Involving both sides a? =5* =25. 

2. Reduce the equation a+^x^-b^d 

By transposition, . !J/a: = d+ b—a 

By involution, x = (rf-f-i — a)". 


1 

I 

1 


/ 


EQUATIONS. , J 29 

3. Reduce. the equation \/x+l=4 
Involving both S)des, x+ 1=4* =64 

* And cr=63. . 

4, Reduce the equation 4+3va;— 4=6+^ 
Clearing of fractions!, 8+6^35— 4=13 
And VflD— 4=f 
Involving both ^ides, a;— 4=ff 

And a?=ff+4. 

3+<? 

£• Reduce the equation Va* + V^^^IT^J^ 

Multiplying by Va« + V«, a^ +x/a?=3+d 
And t/a?=3+<i— «* 

Involving both sides, a?=(3+rf— a^)*. 

In the fir st step in this example, multiplying the first mem- 
ber into Va*+Va:, that is, into itself, is the same as squar- 
ing it, which is done by taking away its radical sign. The 
other member being a fraction, is multiplied into a quantity 
equal to its denominator, by cancelling the denominator. 
(Art. 159*) There remains .a radical sign over a?, which 
must be removed by involving both sides of th||ii|uation. 

6. Reduce 3+2V«-f =6. Ans,. xi^^. 

^ 7. Reduce 4^7"=58. ^ Ans. a?=20, 

a 

8. Reduce (2a?+3)^+4=7; Ans. ir=12. 

9. Reduce Vl2+a;=2+V*. Ans. a?=44. 

10. Reduce V«— a=^a?*— i^ Ans. ;«?= 


25a 


16- 

Q 

11. Reduce V5Xt^a:+2=2+ Vdsp. Aus.x=z~ 

12. Reduce — 7-- — =— . Ans. ^= 
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14. Reduce y/x-^-^ a-^-x^—Tzzz^r. Ans. x^\a. 

2aa 

15. Reduce a?+va^+a:g=— Ans. A?=a\/1. 


16. Reduce a?+a=\^a*+a;/6*+a:^ • Ans. a:=: 


i«-4a2 


4a 

, 4 2 

17. Reduce v2+a;+V*^-i=-. .An8«a; = "r'- 

^^2+a? ^ 

18. Reduce \^x— 32=16— v'a?. Ans. a? =81 

19. Reduce V4a+17=2Va?+l. Ans. ac = 16. 

Vei— 2 4V6^9 

20. Reduce —7=. — =^-z — 7:^ — . Ans. a; =6. 

SEDUCTION OF EQUATIONS BY EVOLUTION. 

296. In many equations, the letter which expresses the 
unknown quantity is involved to some power. Thus in the 
equation 

a;* =16 
we have ^||| value of the square of a;, but not of x itself. 
If the squMf root of both sides be extracted, We shall have 

a; =4. 
The equality of the members is not affected by this re- 
duction. For if two quantities or sets of quantities are 
equal, their roots are also equal. 

If (a;+a)"=6+A, then a;+a=\/6+A* Hence, 

297. When the expression containing the unknown 
q,uantity is a power, the equation is reduced by ex- 
TRACTING THE ROOT OP BOTH siQES, a Toot of the Same nam^ 
as the power. 

Ex. 1. Reduce the equation 6-l-a?2— 8=7 

By transposition x^ =7-1-8—6=9 

By evolution x =iv'9 =±3. 

'The signs -|- and — are both placed before \/9, because 
^n even root of an affirmative quantity is ambiguous* (Art. 
26L) 
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2. Re4uQe the equation 5x » — 30 =a?' + 34 

Tir^Qsposing, &o. ac * = 1 6 

By evolution, a? =±4. 

..^•^^Reduce the equation <*+'y =*—"5" 

bdh^abd 
Clearing of fractions, &;c. x* = — ^ . i 

By evolution, x = _ \ 'b+d'f 

4. Reduce the equation a+d«"=10— x** 

10-a 
Transposing, &c. ac"=: i , - 


/10-a\^ 
By evolution, ^^\d4^r/ 


n 


298. From the preceding articles, it will be easy to see in 
what manner an equation is to be reduced, when the ex- 
pression t^ontaining the unknown quantity is a power, and at 
the same time under a radical sign ; that is, when it is a root 
of a power. Both involution and evolution will be necessa- 
ry in this case. 

Ex. 1. Reduce the equ^ion \/x^s^4: 

By involution a?*=4'=64 

By evolution a =±^64=: ±8. 

2. Reduce the equation ^x^^a=sth^d 

By involution «*»— a=A* — 2W+d* 

And »'"=**— 2W+rfa+a 

Bj evolution a? =!^A* — 2Ad+d»+a. 

3. Reduce the equation (x-^a) ss 


{x ^a)^ 


Multiplymg by (a?-a*) (Art. 279.) (a:^— a*)*=:a+6 
By involution x^ —a* =a* + 2a4+4» 

Trans, and uhitin|; terms x^ i=2a^ + 2a6-|-i* 

By evolution a?s=(2«*+2a6+6«)^. 
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Problems. 


Prob. 1. A gentleinan being asked his age, replied ; " M* 
you add to it ten years, and extract the square root of the 
sum, and from this root subtract 2, the remainder will be 6." 
What was his age ? 


By the conditions of the problem Vt+ 10—2=6 

By transposition^ \^ap+ 10=6+2=8 

By involution, a?+ 10= 8* =64. 

And a?=64— 10=^4. 

Proof (Art. 194.) v'di+lO— ?=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the num- 
ber? 

Let a?=the number sought. ft =163 

a=2257Z c=237. 

By the conditions proposed Vx+a—b^c 
By transposition, y/x+a^c+b 

By involution, a+a =(c+J)^ 

And a? = (c4-J)*— « 

Restoring flie numbers, (Art. 52.) ^^=(237+163)* —22577 
That is, « = 160000-22577 = 1 37423. 

Proof V^ 137423+22577— 163= 237. 

299. When an equation is reduced by extracting an even 
root of a quantity, the solution, does not determine whether 
the answer is po^tive or negative. (Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by the statement of the problem. 

Prob. 3. A merchant gains in trade a sum, to which 320 
dollars bears the same proportion, as five times this sum does 
to 2500. What is the amount gained ? 

Let a:^^the sum required. 
a=320 
A =2500. 
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By ihe supposition a:x::5xib 

Multiplying extremes and meaos 5a?« =at 


And 


«=(?) 


/320X2500\' 
Restoring the numbers, a = ^ 7 J =400, 

Here the answer is not marked as ambiguous, because by 
the statement of the problem it is gain, and not loss. It 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of x^ is ambiguous*, it is because we are 
ignorant whether the power has been produced by the mul- 
tiplication of +07, or of —a;, into itself. (Art. 262.) But 
here we have the multiplication actually performed. By 
turning back to the two first steps of the equation, we find 
that 5a;* was proAiced by multiplying 5x into a?, that is +5x 
into +x. 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the number ot mileS| 
ijbe remainder will be 48. What is the distance ?, 

Let a;=the distance required. 

By the supposition^ a* — 96 = 48 

* Tlierefore x^y/U4s=l<2. 

Prolh 5. If three times the square of a certain number 
be divided by four, and if the quotient be diminished by 12, 
the remainder will be 180. What is the number? 

By the supposition ~-t— — 1 2 = 1 80» 


Therefore . a?=:v'256 = 16; * 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal to 
four 2 Ans, 4. 

Prob. 7. What two numbers are those, whose sum is to 
the greater as 10 to 7; and whose sum multiplied into the 
less produces 270 ? 

• Let 10a?= their sum. 

Then 7a:=the greater, and 3a? = the less. 
Therefore a: =3, and the numbers required are 21 and 9. 


:>v 


Pfob. S. W)iat two numbers arc those, whose diflecence 
dilTerciice ofwliose Bquares 
Aiia. 18 arid 14. 

ie the number 1 8 into iw6 
those parts may be to each 

Let a^=the greater part. Then 18— ar=the less. 

By the condition proposed m' : (13— a)' ; : 25 -. IG. 

TIterefore Wx* =25 x (l 8— «)». 

By evolution " 4a:=5x(18— x). 

And a; = 10. 

Prob. 10. It is required to divide the number I4 into two 
•iich parts, that the quotient of the greater divided by the 
less, may be to the quotient oi tlie less divided by the great- 
er, as 16 : 9. • AnB- The parts are 8 ana 6. 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 ? 

Let 5x and 43;=the two numbers. 

Then x^3, and the numbers are 15 and 12. 

Prob. 12. Two travellers .5 and B set out to meet each 
other, A leaving the town C, at the same time that B left D^. 
They travelled the direct road between C and D ; and on 
meeting, it appeared that ji had travelled 18 miles more 
than B, and that .4 could have gone £'s distance in 1 5} days, 
l>!it li would have been 28 days in going .^'s distance. Re- 
q:ii)'cd the distance between C and D. 

Let x= the number of miles j1 travelled. 
,T^icn ar— 18= the number B travelled. 
J— 1 8 
~}7i~= -^'s daily progress. 

X 

^— iS's daily progress. 

Therefore x : lt— 18 : :-rrj" :go- 
This reduced gives m=T2, M^s distance. 
The v.hole distance, therefore, from C to Z>:=126 miles. 
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Prob. 13. Find two numbers, which are to each other as 
8 to 5, and whose product is 360. Ans. 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
shillings by the yard, as there^^ere yards in the piece, and 
their whole prices were as 4 to f . What were the lengthn 
of the pieces ? « jlyfljjL Ans. 24 and 12 yards. 

Prob. 15. F%id .t^^HBmers, which are to each other as 
3 to 2 ; and the difference of whose fourth powers, is to the 
sum of their ciriVes, as 26 to 7. 

'•^- Ans. The numbers are 6 and 4. 

Prob. 16. Several gentlemen made an excursion', each 
taking the same sum'of money. Each had as many servants 
attending him as there were gentlemen, the number of dol- 
lars which each had was double the nuinbcr of all the ser- 
vants, and the whole sum of money taken out was 3456 dol- 
lars. How many^entlemen were there ? * Ans. 12. 

Prob. 17. A detachment of soldiers from a regiment be- 
big ordered to march on a particular service^ each company 
furnished four times as many men, a£ there were companies 
in the whole regiment ; but these being found insufficient, 
each company furnished 3 men more ; when their number 
was found to be increased in the ratio of 17 to 16. How 
Oiany companies were there iu the regiment ? Ans. 12. 

^' AFFECTED QUADRATIC EQUATIONS. 

300. Equations are divided into classes, which are distin- 
guished from each other, by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 
the first power of the . unknown quantity, are called equa- 
tions of one dimension, or equations of the first degree* 
Those in which the highest power of the unknown quantity 
is a square^ are called guadratic, or equations of the second 
degree ; those in which the highest power is a cube, equations 
of the third degree^ fyc. 

Thus a; =3 a -1-6, is an equation of the first degree. 

a?* =:c, and x* +ax=s:dj are quadratic equations, or equt- 
tions of the second degree. 

a?*=:ft, and a?'+aa;*-f-Ja:=rf, are cubic equations, •r 
equations of the third degree. 


{ 


••f 
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301. Eqaations are also divided into pun and affected 
equations. A pure equation contains only one power of the 
unknown quantity. This may be the first, second, thirds or 
any other power. An aflfected equation contains different 
powers of the unknown quantity, Thus, 

i x* =d— 6, is a pure q[uadratic equation. 
I x^ +bx^dy an affected quadr£Kti^^uationf 

C a?' =6— c, a pure cubic equalMJtk 
Ix^+ax^ +&a?=A, an affected ctroic equation. 

A pure equation is also called a simple equation* But this^ 
term has been applied in too vague a manner. By some 
writers, it is extended to pure equations of every degree : by 
others, it is confined to those of the first degree* 

In a pure equation, all the terms which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be 
reduced by the mles which have already been giveja. But 
in an affected equation, as the unknown qimntity is raised to 
different powers, the terms containing these powers can not 
be united. (Art. 230.) There are particular rules for the 
reduction of quadratic, cubic, and biquadratic equations. 
Of these, only the first will be considered at present. 

302. An appected quadratic equation is one which 

CONTAINS THE UNKNOWN QUANTITY IN ONE tlftRM, ASD iCHE 
SQUARE OP THAT QUANTITY IN ANOTHER TERM. ^ ! "7^ \ 

The unknown quantity may be origiaa^ in several terrn^^^ 
of the equation. But all these.may be reduced to two;^B€ 
containing the unknown qufim^t^, and the other its square. 

303. It has already been diown that a pure quadratic ia. 
solved by extracting the root of hoih sides of the equation* 
An affected quadratic may be solved in the same way, if the 
member which contains the unknown quantity is an excLCt 
square* Thus the equation 

may be reduced by evolution. For the first member is the 
square of a binomial quantity. • (Art, 264.) And its root is 
cc+a. Therefore, 

ap+a= '{b+Jh and by transposing a, 


} 


1 


i^ 


\ 
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304. But it is not often the case, that a member of an af- 
fected quadratic equation is an exact square, till an addition- 
al term is applied, for the purpose of making the required 
reduction. In the equation 

the side containing the unknown quantity it not a complete 
square. The two terms of which it is composed are indeed 
such, as^ might belong to the square of a binomial quantity. 
(Art. 214.) But one term is vaniing. We have then to in- 
quire, in what way this may be supplied. From buying two 
terms of the square of a binomial given, how shall we find 
the third ? ^ ' 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers; 
(Art. 214,) or, which is the same thing, the product of one 
of the roots into twice the other. In the expression 

the term ^Lax consists of the factors 2a and x* The latter iji 
the unknown quantity. The other factor 2a may be consid- 
ered the co-efficieiU of the unknown quantity ; a co-efficient 
being another name for a factor. (Art, 41.) As x is the 
root of the first term x^ ; the other factor 2flr is tzBice tbe 
root of the third term, which is wanted to complete the 
square. Therefore half 2a is the root of the deficient termi, 
and a* is the term itself. The square completed is 

where it will be seen that the last term a* is the square of 
hair 2a, and 2a is the co-^cient of x the root of the first 
term. 

In the same manner, it may be proved, that the last term 
of the. square of any binomiad quantity, is equal to the 
square of half the co-efficient of flie root of the first term. 
From this principle, is derived the following rule : 

305. To COMPLETE THE SQUARE, in an affected quadratic 
equation ; take the square of half the co-efficient op 

THE FIRST FOWER OF THE UNKNOWN QUANTITY, AND ADD IT Ta 
BOTH SIDES OP THE EQUATION. 

Before completing Uie square, the known and unknown 
qdantities must be brought on opposite sides of the equation 
by .transposition; and tb^ hic^hest power of the unknown 

10 * ^ 
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quantity must have the affinnative sign, an^d %if cleared o£ 
fractions, co-efficients, &c. See arts. 308, 9, 10, 11. 
I Afttr the square is completed, the equation is reduced, by 

extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one side of the equatidn^ 
to complete the square, must be added to the other side al- 
so, to preserve the equality of the two members. (Ax. 1.) 

306. It will be important for the learner to distinguish be- 
tween ^at is peevliar in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have already •been considered. The peculiar part, in the 
resolution of affected quadratics, is the completing of the 
square. . The other steps are similar to those by which pure 
equations are reduced. » 

For the purpose of rendering the completing of the 
fsquare familiar, there will be an advantage in beginning with 
il examples in which the equation is already prepared for this, 

step. 

Ex. 1. Reduce the equation it^-h6ars=6 

Conipl^ting the square a?* -h6aa?+9<»* =9a* +fr 

Extracting both sides (Art. 303.) x+Sa^ty/dcfi +h 
And a?=— 3fl±V9a*-+.6 

. '. Here the co-efficient of a;, in the first step, is 6c \ 

* . . The square of half this is 9a*, which being added to both 
' sides completes the square. The equation is then reduced* 
.,> by jextractii^ the root of each member, in the same manner 
as in art. 297, excepting that the square here being that of 
a binomial, its root is found by the rule in art. 2%5. 

2. Reduce 'the equation a;^— 84a?=A 

Completing tiie square, x^ —BiA^-f- 166*= 166a + A 

Extracting both sides ;e-46=iVT66*+A 

And ;tf=46iVl66*-hA 

In this example, half the co-efficient of ;v is 46, theMuare 
of which 166^ is to be added to both sides of the %H9l- 
tion. 


■^ 
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3. Redifc* tBe equation 
Completing the square 

a! a* 

ILlt L_J1IJLJ_L _J_?L_l_7i 

x^+ax-f- 4 — 4 +o+« 

1 

T» ■ I A* 

_ . « +/«' . , . .\T 


By^evolution 

And «^=-2-Ct+*+V • 

4. Reduce the equajipn «'— a?=A— cf 
Completing the square, a* — ap+i=J+A— c! 

And a;=il(J+A-d*.). 

Here the co-efficient of x is 1, the square of half which is i« 

5. Reduce the equation w*+3x=sd+S M* 
Completing. the square, a?» + 3a?+f =f +rf+6 

And «'=-|i(*+d+'6)*- ' 

*6. Reduce the equation a?*— a6a?=a4— cd 

Completing the square, a?" — aia?+— j— =5— r— +06-; cd 

aft J. /a*6* , ,\i 
And .«='o"Xl'~4~+^*""^") 

ox 
7. Reduce the equation x^+-r^=k 

ao; a* a« 
Completing the square, **+"r+44»=4ft«+* 

And *=""a6-V4^"*' / * 


ax a 
a a 


By art 168,-r- = yXar. The co-efficient of x, therefore, 


is -r. Half of tjiis is gj, (Art. 163.) the square of which is , 


a* 


46** 


V 


¥ 
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a? 


8. Reduce the equation x^-^-^^lh. > 

^ , A? 1 1 

Completing the square, x^ '"X+ TaI ~ 46^+ ^^ 

And ^=26^(46* + ^^) • 

X 1 

Here the fraction T~T X^» (Art. 158.) Therefore flie' 

co-efficient of x is -r*. 

307. In these and similar instances, the root of thetibird 

term of the completed square is easily found, because this 

root is the same half co-efficient from which the term has 

just been derived* (Art. 304.) Thus in the last example, 

^ . 1 . 

mlf the co-efficient of x is ^[T) and this is the root of the 

1 
third, term tt^. 

308. When the first power of the unknowii quantity is in 
several terms, these should he united in one, if they can be 
by the» rules for reduction in addition. But if there are lit- 
eral co-efficients, these may be considered as* constituting, 
together, a compound co-efficient or factor, into which the 
unknown quantity is multiplied. 

Thus ax+bx+dx=^(a+b+d)Xx. (Art. 120.) The 
square of half this compound co-efficient is to be added to 
both sides of the equation. 

1 • Reduce the equation x* + Sx+2x+ x=d 

Uniting terms, x^+6x=d 

Completing the square, x^+6x+ 9= 9 4- rf 
And x==—3lV^+d 

2. Reduce the equation x^+ax+bx=h 
By art. 120, x^ + (a+b)xx=h 

/a+bV fa+bV 
Therefore »' + (a+b)xx+[-2^) =^\-'Y') +^^ 

a+b + l/a+b\' 
By evolution, ^+""2^"^— V v~2~/ "*■* 

Q+b+ Ifa+by 
And ^'^"""T~-V^"T"^ +* 
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3. Reduce the equation x*+ax—x=b 
Byart. 120 A:a+(a— l)XAf=J 

Therefore ^« + (a-l)x;^+(^} =(-2-) +b 

And ^=~""2~"-V^T"'^ "^ 

309. After becoming familiar wilh the method of complec- 
ting the square, in affected quadratic equations, it will be 
proper to attend to the steps which are preparatory to this. 
Here, however, Kttle more is necessary, than an application 
of rules already given. The known and unknown quantir 
tijes must be brought on opposite sides of the equation by 
transposition. And it #ill generally be expedient to make 
the square of the unknown quantity the first or leading term, 
as in the preceding examples. This indeed is not essential. 
But it will show, to the best advantage, the arrangement of 
the terms in the completed square* 


1. Reduce the equation 


a+5x — 3b=3x-'X^ 

Transp. and uniting terms 


;va-f 2.^=36— a 

Completing the square 


x»+2x+l—l+3b^Q 

1 And 


;r=-l+\^l + 36-a. 

2. Reduce the equation 

X 

2' 

0£S 

Clearing of fractions, &lc» 

x^ 

+ iatf=56 

Completing the square 

x^ 

4-10«+ 25=25+56=81 

And 

X' 

= -5±V8I = -5±9. 


310. If the highest power of the unknown quantity has any 
co'efficient or divisor^ it must, before the square is completed, 
by the rule in art. 305, be freed from these, by multipUca- 
tion or division, as in arts. 180 and 184. 

1. Reduce the equation x*+24fa—Gh=^12x—5x^ 

Transp. and uniting terms, 6x^ — 1 2Af=6A— 24a 

Dividing by 6, x^ — 2;^ == A— 4a 

Completing the square, ;e*— 2;v+l=l+A— 4a 

Extracting and transp. x=: 1 i V 1+A— 4a 
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2. Reduce the equation h+2x=d^ — - 

Clearing of fractions bx^ + ^ax= ad —ah 

^. . ,, , , ^ ^ax ad'-ah 

JDividing by by x^ +"ir "^ — h — 

Therefore x^ +-j- +-^^-+-j.- 

. , «+/a« ad'-ah\i 

And ^=^^_^_+_^_;^ 

311. If the square of the unknown quantity is in several 
terms f the equation must be divided by all the co -efficients 
of tUs square, as in art. 185* 


1. Reduce the equation ia^'+rfa?*— 4^=6— A 

Dividing by 4+rf,(Art. 121.) a? -^1^5==^^:^ 


«=^+V(jf^V 


6+d-V "^b+d/ "^b+d 

5. Reduce the equation «ar*+x=rA+3Jc— x^ 

Transp. and uniting terms ax^ + a?* — 2^=A 

2ar A 

Dividing by a+ 1, *'-^+i=^+T 

Completing the square ^"-^qz^+V ^; K^l) + ^l 

1 + // 1 X F" 

Extracting and transp* ^=^qp7 -V V^i) +-^1 

. There is another method of completing the square, which, 
tn many cases, particularly those in which the hi^est pow- 
er of the unknown quantity has a co-efficient, is more sim- 
ple in its application, than diat given in art 305. 

Let «x' + Jor^rf. 

If the equation be multiplied by 4a, and if 6* be added 
to both sides, it will become 

4a^a:^ +4abx+b^ :=4ad+b^ ; 

the first member of which is a complete power of 2ax+b. 
Hence, 

311.6, In a quadratic equation, the square may be com- 
pleted, by multiplying the equation into 4 times the co-effi- 
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cient of the highest power of the unknown quantity, and 
adding to hoth Mdes, the square of the co-efficient of the 
lowest power. 

The advantage of this method is, that it avoids the. intro- 
duction of fractions, in completing the square. 

This will he seen, hy solving an equation by both methods. 

Let aar'+dx=A. 
Completing the square, by the rule just ^ven ; 

Extracting the root 2ax + J=± ^4tah+d^ 

And x^ ^ 

Completing the square of the given equation by arts« 30^ 

^ da: d^ h d* 
and 310; ^+7+ 4?== 7+45^- 


d + fh d» 
Extracting the root ^+2;^= — V "^ +4^ 

d + 7 A 3*" 
And ^=-2i-^V~+4^. 

If a=l, the rule will be reduced to this : "Multiply the 
equation by 4, and add to both sides, the square. of the co- 
efficient of :r." 

Leta:*+&:=A 

Completing the square 4j?* +4da:+d^ z=s,4h+^ 

Extracting the root 3a;+d=i'/4A+d* 

, , -dl V/^h+d^ 
And x=a ^ . 

1. Reduce the equation 3x*4-5;f=42 
Completing the square 36^' + 60x4-25=>:629 * 
Therefore «=3. 

2. Reduce the equation x^ — f 5x=— 54 
Completing the square 4x* — 60a? -1- 225 = 9 
Therefore 2j;«1518=»18 or 12. 

312. In the square of a binomial, the first and last terms 
Ofre always positive. For each is the square of one of the 
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terms of the root. (Art. 214.) But every square is positives 
(Art. 218.) If then —j?^ occurs in an equation, it can not^ 
with this sign, form a part of the square of a binomial. But 
if all the signs in the equation be changed, the equality of 
the sides will be preserved, (Art. 177,) the term — j:* will 
become positive, and the square may be completed. 

1. Reduce the equation — ^^ +2j?=J— A 
Changing all the signs ^^ --2^=A— c? 

Therefore :c=l±Vl+A-d. 

2. Reduce the equation 4 j? — x^ = — 1 2 

Answer a? =2-^16. 

313. In a quadratic equation, the first term x^ is tKe^ 
square of a single letter* But a binomial quantity may con- 
gist of terms, one or both of which are already powers. 

Thus j7^+a is a binomial, and its square is 

where the index of x in the first term is twice as great as in 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of x^+a, is jr2n+2ax"+a*. 

And the square of x^ +a, is x^ +2ax^ +a^. 
Therefore, 

314. Any equation which contains only two dipper- 
ent powers or roots op the ujffknown quantity, the in- 
dex op one op which is twice that op the other, mat be 
resolved in the same manner as a quadratic equation, 
by completing the square. 

It must be observed, however, that in the binomial root^ 
the letter expressing the unknown quantity may still have a 
fractional or integral index, so that a farther extraction, ac- 
coi'ding to art. 297, may be necessary. 

1. Reduce the equation x*—x^=b^a 

Completing the square ;r"*— x*+J-=^+&— a 

Extracting andi transp. :c* = |1 V A -f 6 — a 

Extracting again, (Art. 297,) ^=1 ^ ^± V-J+t-f?. 
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2. Reduce flw equatioa »*"— 46» =a 

n y : — ■ 

Answer a=tv 2liv^46H«. 

3. Reduce the eqt(atio^ «+4^a?=A— n 
CompletiDg the square ip+4\/a?+4=A— n+4 
Extracting and transp. -^x^ — 2lVA—n+ 4 


Involving «=(— 2lVA-.n+4)*. 

4. Reduce the equation «a +8a!?"=ra+6 

Completing the square .t» +8:v*+16=:fl+6+l& 

i ; — 

Extracting and tranjsp. «^s= — 4±v a+6+ 16 

Involving . ilJ = ( - 4lVa+6+16)«. 

315. The solution of a quadratic equation, whether pure 
or affected, gives two results. For after the equiation is re- 
duced, it contains an ambiguous root. In a pure quadratic, 
this root is the whole value of the' unknown quantity. (Art. 
397.) 

Thus the equation «» =64 

Becomes, when reduced, «=siV^4 

That is, the value of x is either +8 or —8, for each of 
fhese is a root of €4. Here both the values of x are tlie 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member is under the radical sign. The two 
values of the unknown quantity will be alike, except that 
one will be positive, and the other negative. 

316. But in ejected quadratics, s.part only of one side of 
the reduced equation is under the radical sign. When ihi» 
part is added to, or subtracted from, that which is without 
the radical sign ; the two results will differ in quantity, and 
will have their signs in some (^ases alike, and in others un^ 
like. 

h The equation «* + 8a?=20 


Becomes, when reduced « = — 4l V 1 6 + 20, 

That is *«=-4±6- 

< 

Hcre^ the first value ofgiis,— 4+6 = +2) one positive, and 
And the second ij*, — 4— 6=— lOj&e other negative. 

20 
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2i The equation a? * — Sjc = — 1 5 

Becomes^ when reduced a;=4l'\^16— 15 
That is a:=4±l 

Here the first value o(x is 4+1 =+5 ) u *u v. 
And the second is 4-l=+3 ] ^^ P'^^'*'^*'- 

That these two values of x are correctly found, may be 
proved, by substituting first one, and then the other, for* a? 
itself, in the original equation. (Art. 194.) 

Thus 53— 8x5=25~40s=-15i 
And 3*-8x3=9^24=-15. 

317.^ In the reduction of an aifected quadratic equation, 
the value of the unknown quantity is frequently found to be 
imaginary. 

Thus the equation a;* — 8 a? = — 20 

Becomes, when reduced, a? =4±\^ 1 6 — 20 

That is, xs=:4±V^^ 

Here the root of the negative quantity —4 can not be as- 
signed, (Art. 263,) and therefore the value of a? can not be 
found. Ttere 'will be the^ same impossibility, in every in- 
stance in which the negative part of the quantities under the 
radical sign is greater than the positive part*"^ 

318. Whenever one of the values of the unknown quanti- 
ty, in a quadratic equation, is imaginary, the other is so also* ' 
For both are equally affected by tihe imaginaiy root. 

Thus, in the example above, 

The first value of x is 4-1-^—4, 

And the second is 4— ^—4 ; each of which 

contains the imaginaiy quantity y/^4. 

319. An equation which when reduced contains an ima- 
ginary root, is. often of use, to enable us to determine wheth- 
er a proposed question admits of an answer, or involves aa 
absurdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 

* Sec Note O, 
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If X i3 one of the parts, the other will be 8— «. (Art. 195.) 
By the conditions proposed (8 —a?) x a? =20 

This becomes, when reduced, «=4£\/— 4. 

Here the imaginary expression /-4 show, that an an- 
swer is impossible ; and that there is an absurdity in suppo- 
sing that ^ may l)e divided into two such parts, that their 
product shall be 20. 

320. Although a quadratic equation has two solutions, yet 
both these may not always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produ- 
ced either from a positive or a negative root. But both 
these roots may not, in every instance, belong to the prob- 
lem to be solved. See art 299. 

Divide the number 30 in^o two such parts, that their pro- 
duct may be equal to 8 times their difference. 

If acrsthe lesser part, then 30— x= the greater* 

By the supposition, a^x (30— a;)=8 x (30— 2ap) 

This reduced, gives a?=23ll7=40 or 6=the lesser part. 

But as 40 can not be a part of 30, the problem can have 
but one real solution, making the lesser part 6, and the 
greater part 24. 

r 

Examples of Quadraiie Equations. 

« 

1. Reduce 3a?*— 9a?— 4=80. Ans, Ar=37, or— 4. 

36— a? 

2. Reduce 4a;— =46. Ans. a;=12,or— 4« 

14-a? 

3. Reduce 4a?— ^^vy^H. Ans. «=4, or— J. 

3a?— 3 3^—6 

4. Reduce 5a? ^=^00+-—^ — • Ans. a? =4, or — 1. 

16 100— 9a? 

5. Reduce"— — ^ =3* Ans. a?=4, or 2/^. 

. 3a? — 4 a?— 2 

G. Reduce-^-;;jj+I=10— -y— Ans. a? =5 12, or 6. 

„ , «+4 7— a? 4j?-1-7 
7. Reduce -y--^^^ =5 7-J—-1. Ans. «=21,or5. 
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8. Reduce j^3-g^-XQ=a?— 3. Ans. a;=:l,or— 25'. 

6 2 

9. Reduce ^^77+^=3- Ans, a;=2. 

10. Reduce ^;^--g~s=x— 9. Ans. a?=10. 

a: a 2 

11. Reduce -+r=r Ans. a;=:ll\/l— a*. 


( 
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12. Reduce a?*+a«»=6. Ans.A?=:(--|l'^6+^) 

„ a;« «s 1 #1 

13. Reduce Y — —==:—^. Ans. xszyj-^. 


i 
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14. Reduce 2aJ+3x^=s:2» Ans. a;=l. 

15. Reduce ^x—^ V«^=22j. Ans. a?=r49. 

16. Reduce 2x*—a;*+96=99. Ans. a?=:^V6. 

17. Reduce (10+ a;)* -(10 4- a?)* =±2. Anjs. a? =6. 

18. Reduce Sir^^—Saj^rsS. Ans. a?=:j/2. 

19. Reduce 2(1 +«— 0?^)— yT+J^'a==—i. 

Ans. x=:^+^y/32. 

20. fleduce V^^^=^^af-6. Ans.«=-|-iy^^'- 

21. Reduce 7+77=—-. Am. x=4. 

6 3 

22. Reduce a?^+a?^=756. Ans. a: =243. 

^23. Reduce V2a;+ 1+2^/0? =-F=r^. Ans. a? =4. 

V2a:+1 

24. Reduce 2va?— 0+3^/23? =-71=-. Ans. a=9a. 

. Vx—a 

25. Reduce a?+16-7\^<r+16 = 10-4v^a?+16. Ans. a;=9, 

26. Reduce -^/x'+y/^^ssG^x. ' 

Dividing by y/x, a?«+a?=;6 AxxA a;=2. 
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4a?— 5 3a?— 7 9 a? +23 
ai. Reduce "V""" 3^+7 ="^73^ • ^""^^ '^="^' . 

*. 3 6 11 

28. Reduce e^Z;^+^F:f:^=^. Ans. a:=3- 

i29. Reduce (a;-5) -3(a?-5)''=:40. Ans. a?=9. 


:30. Reduce a?+v^a?+6=2+3V'a?+6. Ans. a?=10, 

PROBLEMS PRODUCING QUADRATIC EQUATIONS. 

Prob. !• A merchant has a piece of cotton cloth, 'and a 
piece of silk. The number of yards in both is 110; and if 
the square of the number of yards of silk be subtracted 
-from 80 times the number of yards of cotton, the difference 
will be 400. How many yards are there in each piece ? 

Let ^=the yards of silk. 
Then 110— ^cssthe yards of cotton. 
By supposition 400=80 X (1 10— a?) — a?2 
Therefore x=— 401^^10000 =-4011 00. 

The first value of ^, is —40+100=60, the yards of silk ; 
And 1 10— jf = 1 10— 60=50, the yards of cotton. 

The second value of x, is —40— 100=; — 140; but as this 
'is a negative quantity, it is not applicable to go6ds which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their 
sum is 45 years, and iheir product 500. What is the age of 
each ? Ans. 25 and 20 years. 

Prob. 3. To find two numbers such, th9.t their difference 
shall be 4, and their product 117. 

« 

Let x=one number, and 07+4= the otlier. 
By the conditions (^+4) X ^= 1 1 7 

This reduced, gives j: = -. ^iVl^l = -- 2± 1 1 . 

One of the numbers therefore is 9, and the other 1 3. 

Prob. 4. A merchant haying sold a piece of cloth which 
cost him 30 dollars, found that if the price for which he sold 
it were multiplied by his gain, the product would be equal 
to the cube of bis gain. What was his gaiia ? 
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Let xstbe gain* 
Then 30+^=the price for which the cloth was sold. 
By the statement ' jc' =(30+^) X ^ 

Therefore • x=ilv'i+30=i:i:^t^ 

. The first value of x is ^ + ^"=+6. 7 
The second value is |— ^^ s=— 5. ) 

As the last answer is negaiive, it is to be rejected as in- 
consistent with the nature of the problem, (Art. 320,) for 
gain must be 'considered |^osiVn?e. 

Prob* 5. To find two numbers, whose difference shall be 
3,. and the difference of their cubes H7. 

Let ^=5 the least number^ 
Then a:+3 = the greatest. 
By supposition (^+ 3) * — :r » -s M 7 

Expanding (x+sy (Art 217.)?-^^ + ^7x=zU 7 - 27 = 90 
And . x=-|t VV^=-|±|. 

The two numbers, therefore, are 2 and 5. 

Prob. 6, To find two numbers, whose difference shall be 
12, and the sum of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the differ- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes ? 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum is G-, 
and the sum of their cubes 72 ? Ans. 2 and 4. 

Prob. 9. Divide the number 56 into two such part§, that 
tlieir product shall be 640. 

Putting X for one of the parts, we have, :r=:28ll2=s40 or 

In this case, the two values of the unknown quantity, are 
the two parts into which the given number was required to 
be divided. 

Prob. 10. A gentleman bought a number of pieces of 
cloth for 675 dollars, which he sold again at 48 dc/Uars by 
the piece, and gained by the bargain as much as one piece 
cost him. What was the number of pieces ? Ans- J 5. 
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>Prob. II. -4 and B started together, for a place 150 miles 
distant. j3's hourly progress was 3 miles more than J5's, 
and he artived at his journey's end, 8 hours and 20 minutes 
before B. What was the hourly progress of each ? 

Ans. 9 and 6 miles. 

Prob. is. The diflFerence of two numbers is 6 ; and if 
47 be added to twice the square of the less, it will be equal. 
to the square of the greater. What are the numbers ? 

Ans. 17 and 11. 

Prob. 13. j3 and B distributed 1200 dollars each, among 
a certain number of persons. Jl relieved 40 pereons more 
than B, and B gave to each individual 5 dollars more than 
A. How many were relieved by ji and B .^ 

Ans. 120 by ^, and 80 by B. 

Prob. 14. Find two numbers, whdse sum is 10, and the 
sum of their squares 5Q 2 Ans. 7 and 3. 

PFob. 15. Several gentlemen made a purchase in compa- 
ny for 175 dollars. Two of them having withdrawn, the. 
bill was paid by the others, each furnishing 10 dollars more- 
than would have been his equal share, if the bill had beea 
paid by the whole company. What was the number in the 
company at first ? Ans. 7. 

Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which he reserved 15 yards, and sold the 
. remainder for 54 dollars, gaining 10 cents a yard. How ma^ 
ny yards did he buy, and at what price ? 

Ans, 75 yards, at 80 ce»ts a yard. 

Prob. 17. j4 and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met, 
A went 9 miles a day ; and the number of days which they 
travelled before meeting, was greater by 3f than the number, 
of miles which B wept in a day. How many miles did each 
travel 2 Ans. A went 117, and £ 130 miles. 

Prob. 18. A gentlemen boi^ht two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece cost £18 ; but the coarser one, which was 
2 yards Jonger than the finer, cost only £16. How many 
yards were there in each piece, and what was the price of a 
yard of e^ch ? 

Ans. There were 18 yards of tiie finer jpiece,and 20 of the 
coarser ; i^d the prices were 20 and 16 shillings. 
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Prob. 19. A merchant bought 54 gallons t>f Madeira wine^ 
and a certain quantity of Teneriffe. For the former, he 
gave half as many shillings by the gallon, as there were gal- 
lons of Teneriffe, and for the latter, 4 shillings less by the 
gallon. He sold the mixture at 10 shillings by the gallon, 
and lost £28 16^. by his bargain. Required the price of 
the Madeira, and the number of gallons of Tenerifie. 

Ans* The Madeira cost 18 shillings a gallon, and there 
were 36 gallons of Teneriffe. 

Prob 20. If the square of a certain number be taken from 
40, and the square root of this difference be increased bj 
10, and the sum be multiplied by 2, and the product divided 
by the number itself, the quotient will be 4. What is the 
number ? Ans.. 6. 

Prob. 21. A person being asked his age, replied, If you 
add tlie square root of it to half of it, and subtract 12, the 
remainder will be nothing. What was his age ? 

Ans. 16 years. 

Prob. 22. Two casks of wine were purchased for 58 dol- 
lars, one of which contained 5 gallons more than the other, 
and the price by the gallon, was 2 dollars less, than ^ of the 
number of gallons in the smaller cask. Required the num- 
ber of gallons in each, and the price by the gallon. 

Ans. The numbers were 12 and 17, and the price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver 
and copper, each silver coin is worth as many cents as there 
Sire copper coins, and each copper coin is worth as many- 
cents as there are silver coins ; and the whole are worth 2 
dollars and 16 cents. How^ many are there of each ? 

Ans. 6 of one, and 18 of the other. 

4 

Prob. 24. A person bought a certain number of oxen for 
30 guineas. If he had received 4 more oxen for the same 
money, he would have paid one guinea less for each. What 
was the number of oxen ? Ans. 16* 

SUBSTITUTION. 
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321. In the reduction of Quadratic Equations, as well a» 
in other parts of algebra, a complicated process may be ren- 
dered much more simple, by introducing a new letter which 
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shall be made to represent several others. This is termed 
substitution. A letter may be put for a compound quantity 
ai well as for a single number. Thus in the equation 

we may substitute 6, for |+ VB6-64+A* The equation 
will then become ^' ^2a x:=by and when reduced 

will be ;c=:a±\/a*+6. 

After the operation U completed, the compound quantity 
for which a single letter has been substituted, may be restor- 
ed. The last equation, by restoring the value of b^ will 
l^ecome 

;c=at\^a« +I+V86— 64+it. 

Reduce Ihe equation iwp— 2Lp— d=t=6x^jt:« — rt 

Transposing, &c. ;c' + (a— 6— l)x«=<i 

Subs tituting A for (a — 6 — 1 ), JF^ + Ajc =? rf 

Therefore •*="^"2"^ V~^+<i 
Restoring the value of A, a:=— — -^ — -- v ^ — +* 


SECTION XI. 


SOLUTION OF PROBLEMS WHICH CONTAIN 
TWO OR MORE UNKNOWN QUANTITIES. 

DEMONSTRATION OP THEOREMS. 

Art. 323. J-N the examples which have been given of 
the resolution of equations, in the preceding sections, each 
problem has contained only one unknown quantity. Or if, 
in some instances, th^r^ have be^.n tvjo, they hj^ye been so 
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related to each other, that they have both been expressed 
by means of the same letter. (Art. 195.) 

But cases frequently occur in which several unknown 
quantities are introduced into the same calculation. And if 
the problem is of such a nature, as to admit of a determin- 
ate answer, there will arise from the conditions, as many 
equations independent of each other, as there are unknown 
quantities. 

Equations are said to be independent^ when they express 
different conditions; and dependent, when they express the 
same conditions under difierent forms. ■ The former are not 
convertible into each other* But the latter may be chan- 
ged from one form to. the other, by the methods of reduc- 
tion which have been considered. Thus b — .x =y, and i= y+^f 
are dependent equations^ because one is formed from the 
other by merely transposing jt. 

323. In solving a problem, it is necessary first to find 
the value of one of the unknown quantities, and then of the 
others in succession. To do this, we must derive from the 
equations which are given, a new equation, from which all 
the unknown quantities except one shall be excluded. 

Suppose the following equations are given. 

1. 0:4-^ = 14 

2. ar-.y=2. 

If y be transposed in each, they will become 

1, a?=14— y 

2. ar=2-hy- 

Here the first member of each of the equations is x, and 
the second member of each is equal to x. But according 
to axiom* 1 1th, quantities which are respectively equal to 
any other quantity are equal to each other ; therefore, 

2+y=14-y. 

Here we have a new equation, which contains only the 
unknown quantity y. Hence, 

324 Rule I. To exterminate one of two unknown quan- 
.tities, and deduce one equation from two ; Find the value 

OF ONE OP THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
TIONS, AND FORM A NEW EQUATION BV MAKING ONE OP TH£SE 
VALUES EQUAL TO THE OTHER. 

That quantity which is tjie least involved should be the one 
which is chosen to be exterminated. 
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Vpr the convenience of refeping to id^rent parts of a 
Violation, the several steps-^iriU, in future, be numbered. 
When an equation Is formed from one immediately preceding, 
it will b^nnecessaij to specify it. In other cases, the num- 
ber of /the equation or equations from which a new one is 
derived will be referred to. 

Prob. 1. To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times the less. 

Let xsthe greater ; And ^=:the less. 

1. By the first condition, a:+y=524 

2. By the second, x=:5y^ 

3. Transp. y in the Ist equation, x=24— y 

4. Making the 2d and 3d equal, 5y=24— y 

5. And y=4, the less number. 

Prob. 2. To find one of two quantities, 
Whose sum is equal to h ; and 
The difierence of whose squares is equal to d. 

Let x=the greater quantity ; . And y=the less. 

L By the first condition, x+y=^h 

2. By the second, 

3. Transp. y^ in the 2d equation, x^ =d+y' 

4. By evolution, (Art 297.) x= y/d+p 

5. Transp. y in the 1st equation, xs^A—y 

6. Making the 4ih and 5th equal Vd.+y^=A— y 

7. Therefore y^"^"* 

Prob. 3. Given a;v+6y=A> rn ^^ , ^ h-^ad 

And x+y^dl To find y. Ans. y^-^^^. 

325. The rule given above jtnay be generally applied, for 
the extermination of unknown quantities. But there are 
cases, in which other methods will be found jnore expedi- 
tious. 

Suppose x==hy > 
Afld ax+bx=y^ ) 

7 
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As in the first of these equations x is equal to Ay, we may, 
in the second equation, substitute this value of x instead of 
or itself. The second equation will then he converted into 

aht/+bhy=y^. 

The equality of the two sides is not affected hj this alter- 
ation, hecause we only change one quantity ar, for another 
which is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. Hence, 

326. Rule IL To exterminate an unknown quantity, find 

THE VALUE OP ONE OP THE UNKNOWN QUANTITIES, IN ONE OP 

THE EQUATIONS ; and then, in the other equation, substi- 
tute THIS VALUE, FOR THE UNKNOWN QUANTITY ITSELF. 

Prob. 4. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How far must the pri- 
vateer sail, before she overtakes the ship ? 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance which the ship 
sails in the same time, as 8 to, 7^ 

Let Ar=the distance which the privateer sails ; 
And ^=:the distance which the ship sails. 

1. By the supposition, a:=y+20i 

2. And also, (t:y::B:7y 

3. Art. 188, y=ix 

4. Substituting ^* for y in the 1 st equation, a? = Jx + 20 

5. Therefore x=:i60. 

Prob. 5. The ages of two persons ^ and B are such, that 
seven years ago, Ji was three times as old a^ B 5 and seven 
years hence, j1 will be twice as old as jB. What is the age 
ofjB.^ 

Let a:=:thc age of A ; And y=the age of J5 ; 

Then x—7 was the age of ./?, 7 years ago ; 
And y—l was the age of B, 7 years ago. . ' 

Also ^-J-7 will be the age of j^, 7 years hence ; 
And y+7 will be the age of B, 7 years hence. 

1. By the first condition, A^-7=3x(y-77)=:3^— 21 

2. By the second, x+7=2^Q/+7)=^y+H 

3. Transp. 7 in the 1st cqua. :«'=3y--14^ 

4. Subst'. 3y-14 fora?,in the 2d, 3y-^U+7^2y+U 
#. Therefore ^=21, the age pf B. 
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Rob* 6. There are two numbers, of whieh 

The greater is to the less, as 3 to 2 ; and 
Their sum is the sixth part of their product. 

What is the less number ? Ans. 10. 

327. There is a third method of exterminating an un- 
known quantity from an equation, which, in many cases, is 
preferable to either of the preceding. 

Suppose that a:+3y=a > 
And that «— 3y=i S 

If we add together the first members of these two equa- 
tions, and also the second members, we shall have 

an equation which contains only the unknown quantity a?. 
The other, having equal co-efficients with contrary signs, 
has disappeared. (Art. 77.) The equaUty of the sides is 
preserved, because we have only added equal quantities to . 
equal quantities* 

Again, suppose 3x+y^=h ) 
And ^x+y=d S 

If we subtract the last equation from the first, we shall have 

xssh — d 

where y is exterminated, without affecting the "equality of 
the sides. 

Again, suppose a?— 2y==al 

And x+Ay=hy 

Multiplying the 1st by -2, 2a?— 4y=2a 

Then adding the 2d and 3d, S:r=h+2a. Hence, 


328. Ride III. To exterminate an unknown quantity. 

Multiply or divide the equations, If necessary, in 
sucir!| manner that the term which contains one of the 

UNKNOWN quantities SHALL BE THE SAME IN BOTH. 

Then subtract one equation from the other, if the 
signs of this unknown quantity are alike, or add them 
together, if the signs are unlike. 

It must be kept in mind that both members of an equa- 
tion are always to be increased or diminished, multiplied or 
divided alike. (Art. 170:) 
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Prob. 7. The numbers in two opposing arinies are such, 
that. 

The sum of both is 21 1 10 ; and 

Twice the number in the greater army, added to three 
times the number in the less, is 52219. 

What is the number in the greater army ? 

• Let a;=the greater. And ^=the less. 

1. By the first condition, 074.^=21 110 > 

2. By the second, 2»+3y=522]9> 

3. Multiplying the 1st by 3, 3a;+3y== 63330 

4. Subtracting the 2d from the 3d, 07=^1111 L 

Prob. 8. Given 2a? +y= 16, and 3:c— 3y=6, to [find the 
value o( X. 

. 1 • By supposition, 2a?+y=nl6) 

2. And » 3<r— 3y=6> 

3. Multiplying the 1st by 3, €ap+3y=48 

4. Adding the 2d and 3d, ^x^5^ 

5. Dividing by 9, x=B* 

Ptob. 9. Given a;+y=14, and -3:^—^=2, to find &e value 
oi y* • Ans. 6. 

In the succeding problems, eithtr of the three rules for 
exterminating unknown quantities will be made use of, a& 
"vrill in each case be most convenient. 

329. When one of the unknown quantities is determined, 
the other may be easily obtained, by going back to an equa- 
tion which contains both, and substituting, instead of that 
which is. already found, its numerical value.' 

Prob. 10. The mast of a ship consists of two parts : 

One third of the lower part, added to one sixth of the 
upper part, is equal to 28 ; and 

Five times the lower part, diminished by six times thje up- 
per part, is equal to 12. 

What is the height of the mast ? 
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< 

Let dca^ihe lower part ; And y^rtbe upper part. 

1. By the first condition, i3;+iy=28> 

2. By the second, 5:v— 6y=12> 

3. Multiplying the tst by 6, 2r+y=l68 

4. Dividing the 2d by 6, f a?— y=2 

5. Adding the 3d and 4ffa, 2a:+ix^l70 

6. Multiplying by 6, 12a? +5^=^1020 * 

7. Unitiiq;tenn8, and dividing by 17, 07^60, the lower part* 

Then by the 3d step, 2a?+y=l 68 ^ 

That is, substituting 60 for x, 120+y =168 [per part. 

Transposing 120, ^=168— 120=48, the up- 

Prob. 1 1. To find a fraction such that, 

If a unit hie added to the numerator, the fraction will b^ 
equal to | ; but 

If a unit be added to the denominator, the fraction will 
be equal to J. 

' Let x=the numerator. And y^^^the denominator* 

x+1 


1 


— 1 

4 


1. By the first condition, 

X 

2. By the second, --tt 

3. Therefore ^^4, the numerator* 

4. And y=^1^9 the denominator* 

Prob. 1 2. What two numbers are those, 

*' Whose difference is to their sum, as 2 to 3 ; and 
' Whose sum is to their product, as 3 to 5 ? 

Ans. 10 and 2* 

Prob. 1 3. To find two numbers such, that 
The product of their sum and difference shall be 5, and 
The product of the sum of their squares and the differ^ 
ence of their squares shall be 65* 

Let :c=the greater number ; And y the less. 


i 
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1 • By the first condition, Q^+y) X (a? — y) =5 > 

2. By the second, (^*+y*) X (a:* -y2)=:65 > 

3. Mult, the factors in the Ist, (Art. 235,) ar* —y^=s5 U 

4. Dividing the 2d by the Sd, (Art 118.) a:> +y > == 1 3 

5. Adding the 3d and 4th, 2jc^=18 

6. Therefore j:= 3, the greater number* 

7. And y=2, the less. 

. In the 4th step, the first member of the 2d equation is di- 
vided by 07*— y*, and the second member by 5, which is 
equal to x*— y*. 

Prob. 14. To find two numbers^ whose difference is 8j "5^ 

and product 240. J 

Prob. 1^. To find two numbers, # 

Whose difference shall be 12, and! 
The sum of their squalres 1424. 

Let X = the greater ; And y =the less. 

1. By the 1st condition, jr— yt=rl2 > 

2. By the second, «»+y*=:1424> 

3. Transp. y in the 1st, •»==y+ 12 

4. Squaring both sides, JP*=^*+24y4-144 

5. Transp. y* in the 2d, ^*=1424— y* 

6. Making the 4th and 5th equal, y' +24y+ 144=1 424— y*. j'l 

7. Therefore, . y=— 6± V676=— 6±26 

8. And jf=y+ 12=20+ 12=3^ 

EQUATIONS WHICH CONTAIN THREE OR MORE UN- 
KNOWN QUANTITIES. 

330. In the examples hitherto given, each has contained 
no more than two unknown quantities. And two indepen* 
dent equations have been sufficient to express the conditions 
of the question. But problems may involve three or more 
unknown quantities ; and may require for their solution aj» 
many independent equations. 


i^- 


i 

-r 
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f+z=il2 ) 
iy-2j=10> 


Suppose (r+y+z==i: 

And Af+2y— 22=10^ are givcDj to find Ar.y, and z. 

A^d ^+y 




':»* 




■I 

it 
It 


EQUATIONS. 161 

From these three equations, two others may be derived, 
which shall contain onlj ivio unknown quantities. One of 
the three in the original equations may be exterminated, in 
the same manner as when .there are, at first, only two, by 
the rales in arts. 324, 6, 8. 

la the equations given above, if we transpose y and 2:, we 
shall have, 

In flie first, ^=12— y— z T 
In the second, Af=10— 2y+22: > 
In the third, a:=:4— y+2 J 

From these we may deduce two new equations, from 
which X shall be excluded. 

By 'making the 1st and 2d equal, 12 — y— 2r=10— 2y+22' 
By making the 2d and 3d equal, 10— 2y+2^=:4— y+z 

Reducing the 1st of these two, y==32r— 2 > 

Reducing the second, y=2:-f 6 ) 

From these two equations, one may be derived containing 
enly (mt unknown quantity, 

Making one equal to the other, 32r— 2=2:+6 

And z=4. Hence, 

331. To solve a problem containing ihrtt unknown quan- 
tities, and producing three independent equations, 

First, from the three equations deduce two, con- 
taining ONLY two unknown QUANTITIES, 

Then, prom these two deduce one, containing only one 
unkn0wt5j quantity. 

For making these reductions, the rules already given are 
sufficient. (Art. 324, 6, 8.) - 

Prob. 16, Let there be given, 

1. The equation flp-|-5y-|-62' = 53) 

2. And x+3y4-3;?=30> To find x, y, and fi. 

3. And «+y+^=:12 3 

From these three equations to derive two, containing only 
two unknown quantities, 

4. Subtract the 2d fi-om the 1st, 2y-f-3z=23 ) 

5. Subtract the 3d from the 2d, • 2i/+2z=lS > 

From these two, to derive one, 

6. Subtract the 5th from the 4th. rs=:=5, 

22 
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To find :v and y, we have only to take their valaes from 
the 3d and 5th equations. (Art. 329.) 

7. Reducing the 5th, y=9—r=9— 5=^=4 

S.fTransposing in the 3d, ;c=12— z— y=12— 5— 4==3. 

Proh. 17. To find x, y, and z, from 

1. The equation x+y+z^rl^ 

2. And • x+2y+3z=20 

3. And ix + iy+z=^Q 

4. Multiplying the 1st by 3, 3^ + 3y+32:=36 

5. Subtracting the 2d from the 4th5 2x+y = 16 

6. Subtracting the 3d from the Ist, ^— y^+y*~ly=^ 

7. Clearing the 6th of fractions, 4^+3^=36 > 

8. Multiplying the 5th by 3, 6jr+ 3^=48 > 

9. Subtracting the 7th from the 8th, ^^z=^2. Anda:=6. 

36-4;t' 36-24 

10. Reducing the 7th, . y= — r — •= — ~ — =4. 

11. Reducing the 1st, 2;= 12 -at -1/= 12-6-4=2. 

In this example all the reductions have been made accor- 
ding to the third rule for exterminating unknown quantities* 
(Art. 328.) But either of the three may be used at pleas- 
ure. 

332. A calculation may often be very much abridged, by 
the exercise of judgment, in stating the question, in selec- 
ting the equations from which others are to be deduced, in 
simplifying fractional expressions, in avoiding radical quanti- 
ties, &:c. The skill which is necessary for this purpose, how- 
ever, is to be acquired, not from a system of rules; but 
from practice, and a habit of attention to the peculiarities iu 
the conditions of different problems; the variety o£ ways in 
which the same quantity may be expressed, the numerous 
forms which equations may assume, &c. In many of the 
examples in this and the preceding sections, the processes 
might have been shortened. But the object has been to il- 
lustrate general principles, rather than to furnish specimens 
of expeditious solutions. The learner will do well, as he 
passes along, to exercise his skill in abridging the calcula- 
tions v/hich are here given, or substituting others in their 
stead. 
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1. a?+«/=a^ 
^ Prob. 18. Given, ^2. x+z:=ib> To find x, y, and z. 

3. y+z^c) ^ 

a+b—c a+c^b 6+€— a 

Ans. ^= ^ — . And y= — ^ — • ^^^ ^= 2 ' 

Prob. 19. Three persons, w^, JS, and C, purchase a horse 
for 100 dollars, but neither is able to pay for the whole. 
The payment would require. 

The whole of A'^s money, together with half df B's ; or 
The whole of 5's, with one third of Cs ; or 
The whole of Cs, with one fourth of Ah, 
How much money had each ? 

Let x—A\ zz=^C\ 

y=Bh '■■ a=l 00 

By the first condition, ar4-|y=a 

By the second? •» i/+^z=a 

Bythethirfj. '^ z+ixz=^a 

Therefore Xs^Si. y=72. 2:=84. 

333. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that which is most free from 
co-efficients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three persons, 
j1, B, and C, have travelled is 62 miles ; 

Ah distance is equal to 4 times Cs, added to twice Bh ; and 
Twice Ah added to 3 times JB's, is equal to 1 7 times Cg. 

What are the respective distances ? 

Ans. A^8, 46 n^iles ; B% 9 ; and Cs, 7. 

Prob. 21. To find ^, y, and z, from 

The equation ^: 

And 

And 

And x=24:. y=60. 2f— 120. 

C^y=600i 
Prob. 22. Given 2xz=30ol^ To find ;p, y, and z. 

(yz =200} 
Ans. :c=3o. y=20. ^=10. 
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334. The same method which is employed for the reduc- 
tion of three equations^ may be extended to 4, 5, or any 
number of equations, containing as many unknown quanti- 
ties, jfhe unknown quantities may be exterminated, One 
after another, and the number of equations may be reduced 
by successive steps, from five to four, from four to three^ 
from three to two, fee.** 

Prob. 23. To find ro, x, y, and z^ from 

1. The equation iy+z+iw^S^ 

2. And x+y+w=:d f ^t .• 

3. And x+l+z=l2 ^^<»'»'equations. 

4. And ' x+w+zssilO j 

5. Clear, the 1st of frac. y+2jr4-zo=16y 

6. Subtract. 2d from 3d, z— za=3 > Three equations. 

7. Subtract. 4th from 3d, y— zo=;2 ) 

8. Adding 5th and 6th, y+Sz=zl9 > ^ ,. 

9. Subtract. Tth from 6th, ^y+z==l5 ^^o eciu^tims. 

10. Adding 8th and 9th, 4;?=2f0. Orz^h 1 


11. Transp. in the 8 th, y=19— 3;2;=4' ^ Quantities 

12. Trginsp. in the 3d, j: = 12— y— 3^3 ( required. 

13. Transp. in the 2d, . w=:9— ;v— y=s^ ) 


Prob. 24. Given }^f}?^"=P > To find w, x, y, and z. 

tz+id5^3zo) 
Answer. io= 100 y =90 

:ar=:150 z=:sl05. 

Prob. 25. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right-hand 
digit ; and if twelve be subtracted from the number itself, 
the remainder will be equal to the square of the left-band 
digit. What is the number ? 

Let ^=the left-hand digit, and y=the right-hand digit. 

As the local value of figures increases in l^i tenfold ratio 
from right to left ; the number required =s=10A?+y 

By the conditions of the problem A:=3y > 

And 10;v-l-y-12=Ar5'5 

The required nunAqr is, therefor^, 93. 
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Prob. 26« If a certain numbei be divided by the product 
of its two digits, the quotient will be 2 ; and if 27 be ad^ 
I jled to the number, the digits will be inverted. What is the 
/ hxkvcAi^T ? Ans» 36. 

/ r Prob, 27. There are two numbers, such, that if the less 

• bfe taken from 3 times the greater, the remainder will be 

35 ; and if 4 times the greater be divided by 3 times the 

less+l, the quotient will be equal fo fhe less. What are 

the numbers ? Ans« 1 3 and 4. 

. Prob. 28. There b a certain fraction, such, that i^ 3 be 

added to the numerator, the value of the fraction will/be \ ; 
but if 1 be subtracted from the denominator, the vaue will 
% . be ■}• What is the fraction ? Ans ^ 

\ Prob. 29. A gentleman has two horses, and a saddle 

ll which is worth 10 guineas. If the saddle be put on the 

.■ fi^^^ horse, the value of both will be dovhle that of the 

seco/id horse ; but if the sfiddle be put on the second horse, 

I the value of both will be ! less than, that of thejirst horse 

by 13 guineas. What is the yalue of each horse ? 
I Ans» 56 and 33 guineas. 

Prob. 30* Divide the number 90 into 4 such parts, that 
the first increased by 2, the second dimimshed by 2, the 
third mvltipled by 2, and the fourth divide^j 2, shall all be 
equal. 

If ^, y, and «, be three of the parts, the fourth will be 
90— AT— y— sr. And by the conditions, 

;c+2=y— 2 
j?+2=22r 

90— a:— V—^ 
2.= 2-=— 

The parts required are 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such, that the Jtrst with f 
the sum of the second and third shall be 1 20 ; the second 
with \ the difference of the third and first shall be 70 ; and 
i the sum of the three numbers shall be 95. 

Prob. 32. What two numbers are those, whose difference* 
«um, and product, are as the numbers 2, 3, and 5 ? 

Ans. 10 and 2. 
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Prob. 33. A Vintner sold, at one time, 20 dozen of port 
wine, and 30 dozen of sherry ; ^nd for the whole received 
120 guineas. At another time, he sold 30 dozen of port, 
and 25 dozen of sherry, at the same prices as before ; and for 
the whole received 140 guineas. What was the price of a^ 
dozen of each sort of wine ? 

Ans« The port was 3 guineas, and tlie sherry 2 guineas a 
dozen. 

Prob.. 34. A merchant having mixed a certain number 
of gallons of brandy and water, found that, if he had mixed 
6 gallons more of each, he would have put into the mix- 
ture 7 gallons of brandy for every 6 of water. But if he 
had mixed 6 less of each, he would have put in 6 gallons of 
brandy for every 5 of water. How many of each did he 


mix ? 


Ans. 78 gallons of brandy, and 66 of water. 


Prob. 35. What fraction is that, whose numerator being 
doubled, and the denominattfi* increased by 7, the value be- 
comes f ; but the denomi^iator being doubled, and the nu- 
merator increased by 2, the value becomes f ? AflfL |. 

* Prob. 36. A person expends 30 cents in apples and pears, 
giving a cent fo.r four apples, and a cent for 5 pears. He 
afterwards parts with half his apples and one diird of his 
pears, the cost %£ which was 13 cents. How many did he 
buy of ^ach ? Ans. 72 apples, and 60 pears. 


c^35. If in the algebraic statement of the conditions of a 
problem, the original equations are more numerous than the 
unknown qQantities ; these equations will .either be contra* 
dictorifi0br one or more of them will be superfluous* 

Thus the equations \ iSZcyc) \ ^^^ contradictory. 
For by the first, a? =20, while by the second, a;=40. 

But if the latter be altered, so as to give to x the same 
value as the former, it will be useless, in the statement of a 

* For more examples of the solution of Problems by equations, see Eu-i 
ler's Algebra, Tart. I. Sec. 4, Simpson's Algebra, Sec. 11, Simpson's Exer- 
cises, Maclaurin's Algebra, Part I, Chap. 2 and 13, Emerson's Algebra, 
Book II, Sec. X, Saunderson's Algebra, Book II and III, Dodsoit's Mathe- 
matical Repository, and Bland's Algebraical Problems. 
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problem. For nothing can be determined from the one, 
which can not be from the other. 

Thus, of the equations ^ ^ -Iin v ^^^ ^^ superfluous. 

For either of them is sufficient to determine the value of 
X. Thej are not independent equations. (Art. 322.) One is 
converflble.into the other. For if we divide the 1st by 6, 
it will become the same as the second. 

Or if we multiply the second by 6, it will become the 
same as the first. 

336. But if the number of independent equations produ- 
ced from the conditions of a problem, is less than the num- 
ber of unknown quantities, the subject is not sufficiently 
limited to admit of a definite answer. For each equatiou 
can limit but one quantity. And to enable us to find this 
quantity, all the others connected with it, must either be 
previously known, or be determined from other equations. 
If this is not the case, there will be a variety of answers 
which will equally satisfy the conditions of the question. If, 
for instance, in the equation 

x'-f-ysslQO, 

X and y are required, there may be fifty different answers. 
The values of x and y may be either 99 and 1, or 98 and 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
rvumbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the othe^ may 
then be found from the equation already given. As ac-j-y = 100, 
if «=46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

337. For the sake of abridging tl^e solution of a nroblem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the greater shall be equal to three times the 
less. If we put x for the greater, the less will be 100— x. 
(Art. 195.) • 

Then by the supposition, a; =300— 3a?. 

Transposing and dividing. a? =75, the greater. 
And 100—75=25, the less. 
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Here, two unknown quantities are found, although Hxete 
appears to be but one independent equation. The reason of 
this is, that a part of the solution has been omitted, because 
it is so simple, as to be easily supplied by the mind. To have 
a view of the whole, without abridging, let x = the greater 
number, and y == the less. 

1. Then by the supposition, a:+y=100) ^ 

2. And 3y=ir > 

3. Transposing x in the 1st, y=100— a: 

4. Dividing the 2d by 3, y=i^ 

5m Making the 3d and 4th equal, ^a;==100— a; 

6. Multiplying by 3, jc=300— 3aj 

7. Transposing and dividing, a? =75, the gfeater. 

8. By the 3d step, y k 1 00— a? =25, the less* 

By comparing these two solutions with each other, it will 
be seen that the first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim- 
ple to require the formality of writing down. 

Prob. 1^0 find two numbers whose sum is 30, and the dif* 
ference of their squares 120. 

Leta=30 6=120 

• a?=the less number required. 
Then a— a; = the greater. (Art. 195.) 

And a* — 2aa?+a?* =the square of the greater. (Art. 214.) 

From this subtract x^ the square of the less, and we shall 
have a*— 2aa?=the difference of their squares. 

o'-6 (30)»-120 
Therefore a^=-^^= 2x30 =^^- 

338. In most cases also, the solution of a problem which 
contaipi many unknown quantities, may be abridged, by par- 
ticular artifices in substituting a single letter for several. 
(Art. 321.) 

* Suppose four numbers, w, a?, y, and sr, are required, of which 

-The sum of the three first is 13 

• The sum of the two first and last 1 7 

The sum of the first and two last 1 8 

The sum of the three last 21 

* Ludlam^t Algebra, art. 16Uc. 
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Then 1. w+«+y=13 
2. w4-a?+2f=17 

Let S be substituted for the sum of the four numbers, that 
is, for u+x+y+z^ It will be seen that, of these four equa- 
tions, 

The first contains all the letters except 5f, that is, S—z^ 1 S 
The second contains all except y, that is, S— y=17 

The third contains all except a;, that is, S— a?= 1 8 

The fourth contains all except u, that is, S-t-u=2}. 

Adding all these equations together, we have 

4S— af— y— J?— M=69 
Or 4tS—(z+y+x+u)=69 (Art. 88.c.) 
But S=i(z+y+x^'u) by substitution. 

Therefore, 4S-iSar69, that is, 3S=69, and 5=23. 

Then putting 23 for 5, in the four equations in which it is 
first introduced, we have 

23-y«17 f Therefore 5 y=23^17=6 
23-a?=18 r Anereiore < ^^23_i3_5 

23 -tt=21 3 C t/=23— 21 =2. 

Contrivances of this sort for facilitating the solution of 
particular problems, must be left to be furnished for the oc- 
casion, by the ingenuity of the learner. They are of a na- 
ture not to be taught by a system of rules. 

339. In the resolution of equations containing several un- 
known quantities, there will often be an advantage in adopte- 
ing )lie following method of notation. 

The co-efficients of one of the unknown quantities are 
represented. 

In the J/irst equation, by a single letter, as a. . 
In the second, by the same letter marked with an accent, as a', 
In the third, by the same letter with a dovhU accent, as a"^ 

&c, ^ 9 ^ 

The co-efficients of the other unknown quantities, arc 
represented by other letters marked in a similar maimer ; 
as are also the term? which CQugi^t of kn^own quantities 
only. 
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Two equations containing the two unknown quantities (T 
and y may be written thus, 

Thne equations containing x, y^ and z^ thus^, 

ax+Ay4-cz=d 

a"x+l"y+d'z^d!' 

Four equations containitig x^ y, sr, and ti, thus 

aa;+fty+cjr+JM=s« 
a'x +b'y+&z+ d'u^ «' 
a"a; + h"y + c"z+d'u = c" 
a'"a: + * "> + c^'^r + d"'u = c'" 

The- same ZeWcr is made the co-efficienl of the same un» 
known quantity, in difierent equations, that the co -efficients 
of- the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different accents ^ because it actually stands for different quan- 
tities. 

Thus we may put a =4, a'^Q, a"=:10, a'"=20, <Src. 

To find the value of x and y. 

1. In the equation, aa;+^y=c > 

2. An4 a'x+b'y^c' \ 

3. Multiplying the 1st by 6',(Art 328.) ab'x+hb'y^ch' 

4. Multiplying the 2d by &, ha'x+bVy^^bc' 

6. Subtracting the 4th from the 3d, ab'x'—ba'x=zcb'-'bc' 

cb'—bc'^ 
6. Dividing by ab'-ba' (Art. 121.) x;=z h'^ha' \ 

ac^—ca!^ 
By a similar process, ys= i/__^^/ I 

The symmetry of these expressions is well calculated to 
fix them in the memory. The denominators are the same 
in both ; and the numerators are like tlie denominators, ex- 
^fi ^ change of one of the letters in each term. But the 
particular advantage of this method is, that the expressions 
here obtained may be considered as general solutions^ which 
give the values of the unknown quantities, in other equa* 
tions, of a similar nature. 
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Thus if 10a?+6ya=100> 
And 40aj+4y=200 > 

Then putting a= 10 6=6 ct=100 \ 

a'=:40 6'=4 c'==200 

ch'-hc'' 100x4-6x200 

We have a?=-r; — 7-7= ir.v. a — TTTTrr^^* 

ab —ba 10x4—6x40 

ac[—ca' 10X200-100X40 

^^^ V^abr-^ba'"^ 10x4-6x40~=^^- 

The equations' to he resolved nmay, originally, consist of 
more than three terms. But if they are of the first degree, 
and have only two unknown quantities, each may he redu- 
ced to three terms hy substitution. 

Thus the equation dr — 4a? + Ay — 6y =m + 8 

Is the same, by art. 120, as (rf— 4)a?+(A— 6)y=m+8. 

And putting a=d— 4, 6=A— 6 c=m+8 

It becomes ax+by=sc.* 

DEMONSTEATION OF THEOREMS. 

« 

340. Equations have been applied, in this and the prece- 
ding sections, to the solution of problems^ They may be 
employed with equal advantage, in the demonstration of the- 
orems. The principal difference, in the two cases, is in the 
order in which the steps are arranged. The operations 
tiiemselves are substantially the same. It is essential to a 
demonstration, that complete certainty be carried through 
every part of the process. (Ajpt. 11.) This is effected, in 
the reduction of equations, by adhering to the general rule, 
to make no alteration which shall affect the value of one of 
the members, without equally increasing or diminishing the 
other. In applying this principle, we are guided by the ax- 
ioms laid down in art. 63. These axioms are as appUcable ^ 
to the demonstration of theorems, as to the solution of prob- 
lems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quanti||^. 
But in conducting a demonstration, it is necessary to bring 

* For the applicatioa of this plan of nptation to the solution of equations ir 
•which contain more than two unknown quantities, see La Croix's Algebra^ 
art. 85, Msiclaurin's Algebra, Part I. Chap. 12, Fenn's Algebra, p. 57, and 
a paper of Laplace, in the Memoirs of the Academy of Sciences for 1772. 
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the equation to that particular form which will express, in 
algebraic terms, the proposition to be proved. 

Ex. 1. Theorem. Four times the product of any two 
numbers, is equal to the square of their sum, diminished bj 
the square of their diSerence. 

Let a;=the greater number^ ^= their sum, 

y=the less, rf= their difference* 

* Demonstration. 

1. By the notation a?+y=^ > 

2* And . x—yssd y 

3. Adding the two, (Ax. I.) 2a?=5+d 

4. Subtracting the 2d from the 1st, ^ysns-'d 

5. Mult. 3d and 4th, (Ax. 3.) 4a?y==(*+d) x{$—d) 

6. That is, (Art. 235.) 4xy==^« -d^ 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
it is equally applicable to any two numbers whatever. 
For the particular values of x and y will make no di^erence 
in the nature of the proof. 

Thus 4X8 x6=:t=(8+6)«-(8-6)=192. 
And 4xl0x6=(10+6)*-(10-.6)2=:240. 
And 4X12X10=(12+10)3-(12~10)«=480. 

Theorem 2. The sum of the squares of any two numbers 
is _ equal to the square of their difference, added to twice 
their product. ^ 

Let a?=the greater, (7=their dijfference. 

y=the less^ /?=their product. 

Demonstration. 

• 

1. By the notation a— y=d> 

2. And xy=^p J 

3. Squaring the first, a:*— 2a?y+y*=d* 

4. Multiplying the 2d by 2, 2xy=^2p 

^ 5. Adding the 3d and 4th, x^ +y^ =^2 4.2^. 

Thus 10* + 8«=(10-8)*+2xl0x8 = 164. 

341 • General propositions are also discovered^ in an expe- 
ditious manner, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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i»f wa]F8, by the gevaral changes through whidi a given equa- 
tion may be made to pass. Each step in the process will 
contain a distinct proposition. 

Let s and d be the sum and dijDTerence of two quantities 
X and y, as before. 

!• Thpn 5==a?+y> 

2. And c?=a?— y ) 

3. Dividing the 1st by 2, i*=i^— iy 

4. Dividing the 2d by 2, |cf=^j:— ^y 
5.^Adding the 3d and 4th, ^s+^d==lx+^x==is 
6. Sub. the 4th from the 3d, I*— i<'=iy+^y=y. 

TPhat is, 

Half the difference of two qimntities^ added to half their 
turn, is equal to the greater / and 

Half their difference subtracted from half their s%m,'is eqtwi 
to the less* > ' 


SECTION XIL 


RATIO AND PROPORTION.* 

Art. 342. X HE design of mathematical investigations^ 
is to arrive at the knowledge of particular quantities, by 
comparing them with other quantities, either equal to, or 

freaterf or less than those which are the objects of inqiliry. 
'he end is most commonly attained by means of a series of 
equations and proportions. When we make use ot equa- 

* Euclid's Elements, Book 6, 7, 8. Euler's Algebra, Part I, Sec. 3. 
Emerson on Proportion. Camus' Geometry, Book III. Ludlam's Mathe- 
matics. Wallis' Algebra, Chap. 19, 20. Saiinderson's Algebra, Book 7. 
Barrow's Mathematical Lectyres. Analyst for March, 1814. 
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ikons, we determine the quantity sought, bj discovering its 
equality with sonae other quantity or quantities akea^dy 
known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but ei- 
ther greater or less. Here, a different mode of proceeding 
becomes necessary. We may inquire, either how much one 
of the quantities is greater thap the other ; or how many times 
the one contains the other. In finding the answer to either 
of these inquiries, we discover what is termed a ratio of the 
two quantities. One is called arithmetical, and the other 
geometrical ratio. It should be observed, however, that both 
these terms have been adopted arbitrarily, merely for dis* 
tinction sake. Arithmetical ratio, and geometrical ratio, 
are both of them applicable to arithmetic, and both to geom- 
etry. 

As the whole of the extensive and important subject of 
proportion depends upon ratios, it is necessary that these 
should be clearly and fully understood. 

343. AaTtHHETiCAL RATIO is the DIFFERENCE between two 
quantities or sets of quantities » The quantities themselves 
are called the terms of the ratio, that is, the terms between 
which the ratio exists. Thus two is the arithmetical ratio 
of 5 to 3. This is sometimes expressed, by placing two 
points between the quantities thus, 5 . . 3, which is the same 
as 5— 3. Indeed the term arithmetical ratio, and its nota- 
tion, by points are almost needless. For the one is only a 
substitute for the word difference, and the other for the 
sign — . 

344. If both the terms of an arithmetical ratio be multi- 
plied or divided by tlie same quantity, the ratio will, in effect, 
be multiplied or divided by that quantity. 

Thus if «— ^=r 

Then mult. botJ^rsides by h, (Ax. 3.) ha—hb^hr 

a b r 
And dividing by h, (Ax. 4.) "r "*"T^="X* 

345. If the terms of one arithmetical ratio be added to, 
or subtracted from, the corresponding terms of another, the 
ratio of their sum or difference will be equal to the sum or 
difference of the two ratios. 


^ 
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A d d^h V ^^^ ^^^ ^^ ratios, 

Then (a+rf)- (6+A)=(a— 6)+(d-A). For each«tf4«?-6-&. 
And (a— rf)— (A-A)=Ca— i)— (d-A). For each=a-c?-6f A. 

Thus the arith. ratio of 11 • • 4 is 7 > 
And the arith. ratio of 5 • • 2 is 3 ) 

The ratio of the sum of the terms 16 .• 6 is 10, the sum of 
the ratios. 

The ratio of the difference of the terms 6 • • 2 is 4, the dif- 
ference of the ratios. 

346. Geometrical RAtio is that relation between 

CtUANTITIES WHICH IS EXPRESSED BY THE QUOTIENT OP THE ' 
ONE DIVIDED BY THE OTHER."*^ ' 

Thus the ratio of 8 to 4, is f or 2. » For this is the quo* 
tient of 8 divided by 4. In other words, it shows how often 
4 is. contained in 8. 

In the same manner, the ratio of anj quantity to another 
may be expressed by dividing the former by the latter, or, 
which is the same thing, making the former the numerator 
of a fraction, and the latter the denominator. 

Thus the ratio of a to 6 is -r-. 

d+h * 
The ratio of d+h to 6+c, isTT"- 

347. Geometrical ratio is also expressed by placing tw© 
points, one over the other, between the quantities compared. 

Thus a : b expresses the ratio of a to 6 ; and 12:4 the 
ratio of 12 to 4. The two quantities togeUier are called a 
couplet, of which the first term is th« anteadent, dJid the 
last, the consequent. 

348. This notation by points, and the other in the form of 
a fraction, may be excl^nged the one for the other, as con- 
venience may require ; observii]g to make the antecedent of 
the couplet, the numerator of the fraction, and the conse- 
quent the denominator. 

Thus 10 : 5 is the same as y and h : d^ the same as-^"* 

349. Of these three, the antecedent, the consequent, and 
the ratio, any two being given, the other may be found. 

* See Note H. "* 
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Let a=:the antecedent^ cs=the consequent, rssziht jnXwk 

a 
By definition rss~ ; that is, the ratio is equal to tbe antece- 

dent divided by the consequent* 

Multiplying by c, a=cr, that is, the antecedent is equal to 
tike consequent multiplied into the ratio. 

a 
Dividing by r, c= — , that is, the consequent is equal to the 

antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equal, and 
their consequents equal, their ratios must be equal.* 

Cor. 2. If, in two couplets the ratios are equal, and the 
antecedents equal, the consequents are equal : and if the 
ratios are equal and the consequent equal, the antecedent! 
are equal.t 

350. If the two quantities compared are equals the ratio 
is a unit, or a ratio of equality. Thus the ratio of 3x 6:18 
is a unit, for the quotient of any quantity divided by itself 
is 1. 

If the antecedent of a couplet is greater than the 
consequent, the ratio is greater than -a unit. For if a divi- 
dend is greater than its divisor, the quotient is greater than 
a unit. Thus the ratio of 18 : 6 is 3. (Art. 128. cor.) This 
is called a ratio of greater inequality. 

On the other hand, if the antecjedent is less than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
less inequality. Thus the ratio of 2 : 3, is less than a unit, 
because the dividend is less than the divisor. 

351. Inverse or reciprocal ratio is the ratio of thx 

RECIPROCALS OF TWO QUANTITIES. ScC art. 49. 

Thus the/eeiprocal ratio of 6 to 3, is | to |, that is |-t-|. 

a 
The direct ratio of a to 6 is "7*, that is, the antecedent 

divided by the consequent. 

^ I t 1 1 1 h b 

The reciprocal ratio, is — :t or ---i-x="~ X-T=i"-, 

^ ^ a a o a 1 a^ 

that is, the consequent b divided by the antecedent a. 

• Euclid 7. fir t F.uc. 9. 5. 
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Hence a reciprocal ratio is expressed by inverting the frac- 
tion which expresses the direct ratio ; or, when the notation 
is by points, by itiverting the order of tht terms. 

Thus a is to J, inversely, as & to a. 

352. Compound ratio is the ratio op the products of 

THE corresponding TERMS OF TWO OR MORE SIMPLE RATIOS.^ 

Thus the ratio of 6:3, is 2 

And the ratio of 12 : 4,. is 3 , 


Thje ratio compounded of these is 72 : 12=6* 

Here the compound ratio is obtained by multiplying to- 
gether the two antecedents, and also the two consequents^ 
of the simple ratios. 

So the ratio compounded, 

Of the ratio of a:b 

And the ratio of c:d 

And the ratio of A:y 

ack 
Is the ratio of ach * ^^y=IT~» 

Compound ratio is not diffident in its nature from any oth- 
er ratio. The term is used, to denote the origin of the ra- 
tio, in particular cases. 

Cor. The compound ratio is equal to the product of the 
simple ratios. 

a 
The ratio of a : 6, is "T" 

The ratio of c:d, is ~j 

The ratio of A:y, is — 

ach 
And the ratio compounded of these is Tj~, which is the 

product of the fractions expressing the simple ratios. (Art. 
155.) 

353. If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the aatecfd^nt Qf the following one, the 

* See Note I. 
24 
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ratio of the first antecedent to the last consequent, is equal to 
that which is compounded of all the intervening ratios^* 

Thus, in the series of ratios a : b 

b:c 
c:d 
d:h 

the ratio of a:h is equal to that which is compounded of 

the ratios of a : b, of 6 : c, of c : <f, of c2 : A. For the com- 

abcd a 
pound ratio, by the last article, is iTJjr^'T^ or « *• h. (Art. 

145.) 

In the same manner, all the quantities which are both an- 
tecedents and consequents will disappear when the fractional 
product is reduced to its lowest terms, and will leave the 
compouifd ratio to be expressed by the first antecedent and 
the last consequent* 

354. A particular class of compound ratios is produced, 
by" multiplying a simple ratio into t^fe(/*, or into another equal 
ratio. These are termed duplicate^ triplicate^ quadruplicate^ 
&c. according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a duplicate ratio. 

One compounded of three, that is, the etjAe of the simple 
ratio, is called triplicate, &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subduplicate ratio ; that of the cube 
roots, a subtriplicate ratio, ^c. 

Thus the simple ratio of a to 6, is a :6 
The duplicate ratio of a to b, is a* : b^ 
The triplicate ratio of a to 6 is a^ : b^ 
The subduplicate ratio of a to b, is y/a : y/b 
The subtriplicate of a to b, is ^/a : \/b, &c. 

The terms duplicate, triplicate, ^c. ought not to be con?- 
founded wij;h double, triple, <J/*c.t ,..•' 

The ratio of 6 to 2 is * 6 : 2=3 

Double this ratio, that is, twice the ratio is 12:2=6 ^ 
TViple the ratio, i. e. three times the ratio, is 18 : 2=9 J 

* This i« the particular case of compound ratio which is treated of in the 
$th book of Euclid. See the editions of Simson and Playfair. 

f-See Note K. 
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But the duplicate ratio,i* e. the square of the ratio, is 6* : 2a = 9 ^ 
And the triplicate ratio, i. e. the cvbe of the ratio, is 6^:2* =27 ) 

3^5. That quantities maj^have a ratio to each other, it is 
necessary that they should be so far of the same nature, as 
that one can properly be said to be either equal to, or great- 
er, or less than the other. A foot has a ratio to an inch, for 
ene'is twelve times as great as the other. But it can not be 
^aid that an hour is either longer or shorter than a rod ; or 
that an acre is greater or less than a degree. Still, if these 
quantities are expressed by numbers, there may be a ratio 
between the numbers. There is a ratio^between the num- 
ber of minutes in an hour, and the number of rods in a 
mile. 

356. Having attended to the nature of ratios, we have 
next to consider in what manner they will be affected, by 
varying one or both of the terms between wHich the com- 
parison is made, it must be kept in mind that, when a di- 
rect ratio is expressed by a fraction, the antecedent of the 
couplet is always the numerator, and the consequent, the 
denominator. It will be easy, then, to derive from the prop- 
erties of fractions, the changes produced in ratios by varia- 
tions in the quantities compared. For the ratio of the two 
quantities is the same as the value of the fractions, each be- 
ing the quotient of the numerator divided by the denomina- 
tor. (Arts.. 135, 346.) Now it has been shown, (Art. 137.) 
that multiplying the numerator of a fraction by any quantity, 
is multiplying the. value by that quantity ; and that dividing 
the numerator is dividing the value. Hence, 

357. Multiplying the antecedent of a couplet by any quanti- 
ty, is multiplying the ratio by that quantity ; and dividing the 
antecedent is dividing the ratio. 

Thus the ratio of 6 : 2 is 3 
And the ratio of 24 : 2 is 12. 

Here the antecedent and die ratio, in the last couplet, are 

each four times as great as in the first* 

a 
The ratio of « : 6 is -v- 

na 
And the ratio of na ibis -j^. 


f 
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1 

s ■ 


Cor. With a giv^n consequent, the greater the untecBdenf^ 
the greater the ratio ; and on the other hand, the greater the 
ratio, the greater the antecedent.* See art 137. cor. 

358. Multiplying the consequent of a couplet by any quan- 
tity isy in effect, dividing the ratio by that quantity ; and divi- 
ding the consequent is multiplying the ratio. For multiply- 
ing the denominator of a fraction, is dividing the value ; and 
dividing the denominator is multiplying the value* (Art. 
138.) 

Thus the ratio of 12:2, is 6 
And the ratio of 12 : 4, is 3. 

Here the consequent, in the second couplet, k twice ai 
^reat, and the ratio only half as great, as in the first 

a 
The ratio of a:b is -r 

a 
And the ratio ot atnt, is -r. 

Cor. With a given antecedent, the greater the consequent, 
the less the ratio ; and the greater the ratio, the less the 
consequent.! See art. 138. cor. 

359. From the two last articles, it is evident that multi- 
plying the antecedent of a couplet, hy any quantity, will have 
the same effect on. the ♦ratio, as dividing the consequent, by 
that quantity ; and dividing the antecedent will have the same 
effect as multiplying the consequent. See art. 139. 

Thus the ratio of 8 : 4, is 2 

Mult, the antecedent hy 2, the ratio of 16 : 4, is 4 
Divid. the consequent by 2, the ratio of 8:2, is 4. 

Cor. Any factor or divisor may be transferred, from the 
antecedent of a couplet to the consequent, or from the con- 
sequent to the antecedent, without altering the ratio. 

It must be observed that, when a factor is thus transferred 
from one term to the other, it becomes a divisor ; and when 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6: 9=2 ) ., 

Transferring the factor 3, 6 :,|=2 J *^ '^^^ ^^'''' , 

* Euclid 8 and 10. 5. The first part of the propositions. 
t Euclid 8 and 10. 5. Tbc last part of the propositiois. 
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ma ma ma 

The ratio of — • t=~ -?•* = 


y ' y * % 


ma 


transferring y, ma : hy==^ma-ir %== jT 

i^ iy 7na 

Transfering m, a '—^f^— =i^ 

360. It is farther evident, froiyi arts. 357 and 358, that if 

THE ANTECEDENT AND CONSEQUENT BE BOTH MULTIPLIED, OR 
BOTH DIVIDED, BY THE SAME QUANTITY, THE EATIO WILL NOT 

9£ ALTERED.* Sce art- 140. 

Thus the ratio of 8 : 4=^21 

Mult, both terms by 2, 16 •.8=2> the same ratio. 

Divid. both terms by 2, 4:2=23 

a 
The ratio of a: 6=y 

ma a 
Multiplying both terms by w, ma : ^~^=^T 

a tb an a 
Dividing both terms by n, . — •— -^T-ss-r 

Cor. 1. The ratio of two fractions which have a common 
denominator, is the same as the ratio of their numerators. 

a b 

The ratio of — : — , is the same as tttat of a : 6. 

n n^ 

Cor. 2. The direct ratio of two fractions which have a 
common numerator, is the same as the reciprocal ratio of 
their denominators. 

a a 11 

Thus the ratio of — : — , is the same as — : — or n :m. 

m n' m n 

361. From the last article, it will be easy to determihe 
the r^tio of any two fractions. If each term be multiplied 
by the two denominators, the ratio will be assigned in inte- 
gral expressions. Thus, multiplying the terms of the coup- . 

a c abd bed 

let "r:"3 hy bdy we have -7— : -^, which becomes ad : oc, by 

cancelling equal quantities from the numerators and denom- 
inators. 

* Euclid 16. ^. 
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361.6. A ratio of greater inequality, compounded with an* 
other ratio, increases it. • 

Let the ratio of greater inequaUty be that of 1+n: 1 
And any given ratio, that of - aib 

The ratio compounded of lliese, (Art. 352,) is a+na:b 
Which is greater than that part o{ a:b (Art. 356, cor.) 

But a ratio of lesser inequality, compounded with anoth- 
er ratio^ diminishes it. 

Let the ratio of lesser inequality be that of 1 — n : 1 
And any given ratio, that of a:k. 

The ratio compounded of these is a-^-naib 

Which is less than that of a : &. 

362. If to or from the terms of any couplet, there be ad- 
ded or SUBTRACTED two Mher quantities having the same ra^ 
tio, the sums or remainders will also have the same ratio,* 

Let the ratio of a : 6 ) 

Be the same as that of c:d) 

Then the ratio of the sum of the antecedents, to the sum 
of the consequents, viz. of a+c to b + d, in also the same. 

. a+c c a 

^^^ '' bVd^l^J • 

Demonstration. 

a c 

1. By supposition, Ib'^'d 

2. Multiplying by b and d, ad=lc 

3. Adding cd to both sides ad+cdj=ic+cd 

bc+cd 

4. Dividing by d, a+c= — 5 — 

a+c c a 
' 5- Dividing by 6+cZ, ^qj^=-^=y. 

The ratio of the difference of the antecedents, to the dif- 
ference of the consequents, is also the same. 

. a—c c a 
Thatis^:3^=-^=y. 

* Euclid 5 and 6. n. . . 
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ad'-cd 

=ic. 

-cd 

i 

hc—cd 
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Demonstraction» 

a c 
!• By supposition, as before, 

2. Multiplying by 6 and d, 

3. Subtracting cd from both sides, 

4. Dividing by d, 

5. Dividingby 6— rf 

^ Thus the ratio of 
And, the ratio of 

Then adding and subtracting the terms of the two couplets, 

The ratio of 15 + 9:5+3 is 3) 

And the ratio of 15— 9:5— Sis 3> 

Here the terms of only two couplets have been added to- 
gether. But the proof may be extended to any number of 
couplets, where the ratios, are equal. For, by the addition 
of the two first, a new couplet is formed, to which, upon the 
same principle, a third may be added, a fourth, &c« Hence, 

363. If, in several couplets, the ratios are equal, the sum 

OF ALL THE ANTECEDENTS HAS THE SAME RATIO TO THE SUM 
OP ALL THE CONSEQUENTS, WHICH ANY ONE OF THE ANTECE- 
DENTS HAS, TO ITS CONSEQUENT.* 

(12:6=2 
8 • 4—2 
I, 6:3=2 

Therefore the ratio of (12+ 10+ 8 +6):(6+ 5+4+ 3)=2. 

363.6. A ratio of greater inequality is diminished^ by ad- 
ding the same quantity to both the terms. 

a+b 
Let the given ratio be that of a+b: a or — -- 

a+b+VD 
Adding x to both terms, it becomes a+b+ooia+xor "~;^^ 
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Reducing them to a comraon denominator, 


The first becomes 


And the latter 


a{a+x) 
a^+ab+ax 


a{a+x) 

As the latter numerator is manifestly less than the other^ 
the ratio must be less. (Art. 356. cor.) 

But a ratio of lesser inequality is increased^ by adding the 
same quantity to both terms. 

Let the given ratio be that of a-^biOy or 

a^b+tc 
Adding x to both tenns, it becomes a — 6 + or : a+a: or r-* 

Reducing them to a common denoninator, 

a*— a^+flw— So: 
The first becomes — - — t—tzx 

And the latter, ^/^ , a 

' a{a+x) 

As the latter numerator is greater than the other, the ra- 
iw is greater. 

If the same quantity, instead of being added, is subtrac-^ 
ted from both terms, it is evident the enect upon the ratio 
must be reversed. 

Examples. 

1. Which is the greatest, the ratio of 11 : 9, or that of 
44 : 35 ? 

2. Which is the greatest, the ratio of a+3:^fl, or that 

3. If the antecedent of a couplet be 65^ and the ratio 1 3, 
what is the consequent ? 

4. If the consequent of a couplet be 7, and the ratio 1 8, 
what is the antecedent ? 

5. What is the ratio compounded of the ratios of 3 : 7, ' 
and 2a : 56, and 7x+ 1 : 3y — 2 ? 

6. What is the ratio compounded of :r+y : 6, and 
a?— y : a+i, and a+b : h ? Ans. x^ — y * : bh. 

* Euclid 1 and 12. ^. 
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7. If the'rati03 of 5pc+7 :ai?— 3, sikdx+2:^+S be com- 
pounded, will they produce a ratio of greater inequality, of 
of lesser inequality ? 

Ans. A ratio of greater inequality. 

8. What is the ratio compounded of j?+y : a, and x— y : 6, 
lauid b : — P Ans. A ratio of equality. 

9. What is the ratio compounded of 7 : 5, and the dupli- 
cate ratio of 4 : 9, and the triplicate ratio of 3 : 3 ? 

Ans. 14: 15. 

10. What is the ratio compounded of 3 : 7, and the tripli'- 
Gate ratio of ^ :i/^ and the subduplicate ratio of 49 : 9 ? 

Ans* x^ :y*.' 

PROPORTION. 

363. An accurate and familiar acquaintance with the doc- 
trine of ratios, is necessary to a ready understanding of the 
principles of proportion, one of ibe most important of all the 
branches of the mathematics. In considering ratios, we 
compare two quantities, for the purpose of finding either 
their difference, or the quotient of the one divided by the 
other. But in proportion, the • comparison is between twd 
ratios. And this comparison is limited to such ratios as are 
eqtuiL We do not inquire hoW much one ratio is greater or 
less than another, but whether they are the same. Thus the 
numbers 12, 6, 8, 4, are said to be proportional, because the 
ratio of 12 : 6 is the same as that of 8:4. 

364. Proportion, then, is an equality of ration. It is ei- 
ther arithmetical or georhetricaL Arithmetical proportion is 
an equality of arithmetical ratios, and geometrical propor- 
tion is an equality of geometrical ratios.* Thus the num- 
bers 6, 4, 10, 8, are in arithmetical proportion, because the 
difference between 6 and 4 is the same as the difference be- 
tween 10 and 8. And the numbers 6, 2, 12, 4, are in geo^ 
'metrical proportion, because the quotient of 6 divided by 2 is 
Ibe same, as the quotient of 12 divided by 4. 

365. Care must be taken not to confound proportion with 
ratio. This caution is the more necessary, as in common 
discourse, the two terms are used indiiieriminately, or rather, 

* See Nott^ Ii. 
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proportion is used for both. The expenses of one man are 
said to-bear a greater prc^ortion to his income, than those of 
another. But according to the definition which has just 
been given, one proportion is neither greater nor less than 
another. For equality does not admit of degrees. One ra- 
tio may be greater or less than another. The ratio of 12:2 
is greater than that of 6 : 2, and less than that of 20 : 2. But 
these differences are not applicable to proportion^ when the 
term is used in its 'technical sense. The loose signification 
which is so frequently attached to this word, may be proper 
enough in familiar language : For it is sanctioned by gener- 
al usage. But, for scientific purposes, the distinction be- 
tween proportion and ratio, should be clearly drawn, and 
cautiously observed. 

366. The equality between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
the series of terms among which thi^ equality of ratios ex- 
ists. Thus the two couplets 15:5 and 6 : 2 are, when taken 
together, called a proportion. 

367*. Proportion may be expressed, either by the conunon 
sign of equaUty, or by four points between the two couplets. 

Thus 5 ^ •* ^ =^ '• 2, or 8 •• 6 : : 4 •' 2 > are arithmetical 
(a " b=c" d^ or a" b :: c" d) proportions* 

And Sl2:6==8:4,or 12:6:;8:4> are geometrical 
\ a:b =d : A, or aib::d :hy proportions. 

The latter is read, 'the ratio of a to b equals the ratio of 
d to h ;' or more concisely, ' a is to b, as d to A.' 

368. The first and last terms are called the extremes, and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 

369. As the ratios are equal, it is manifestly immaterial 
which of the two couplets is placed first* 

If a : 6 : : c : rf, then c:d:ia\b* For if -t =-j then ~J=^t. 

370. The number of terms must be, at least, four. For 
the equality is between the ratios of two couplets ; and each 
couplet must have an antecedent and a consequent. There 
may be a proportion, however, among three quantities. For 
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one of the quantities may be repeated^ so as to form two 
tersis. In this case, the quantity repeated is called the mid- 
dle term^ or a mean proportional between the two other quan- 
tities, especially if the proportion is geometrical. 

Thus the numbers 8, 4, 2, are proportional. TTiat is^ 
8 : 4 : : 4 : 2. Here 4 is both the consequent in the first coup- 
let, and the antecedent in the last. It is therefore a mean 
proportional between 8 and 2« 

The last term is called a third proportional to the two 
other quantities. Thus 2 is a third proportional to 8 and 4. 

371. Inverse or reciprocal proportion is an equality be- 
tween a direct ratio and a reciprocal ratio. 

Thus 4 : 2 : : ^ : 1^ ; that is, 4 is to 2, reciprocally^ as 3 to 6. 
Sometimes also, the order of the terms in one of the coup- 
lets is inverted, without writing them in the form of a frac- 
tion. (Art. 351.) 

Thus 4 : 2 : ,: 3 : 6 inversely. In this case, ihe first term is 
to the second^ as the fourth to the third; that is, the first di- 
vided by the second, is equal to the fourth divided by the 
third. 

372. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, 
of the third to the fourth, &c. are all equal ; the quantities 
are said to be in continued proportion* The consequent of 
each preceding ratio is, then, the antecedent of the follow- 
ing one. Contipued proportion is also called progression^ 
as will be seen in a following section. 

Thus the numbers 10, 8, 6, 4, 2, are in continued anf Ame- 
rica/ proportion. For 10—8=8—6=6—4=4—2. 

The numbers 64, 32, 16, 8, 4, are in continued geometri- 
cal proportion. For 64 : 32 : : 32 : 16 : : 16 : 8 : : 8 : 4. 

If a, 6, c, d, A, &:c. are in continued geometrical propor^ 
tion ; then a : i : : 6 : c : : c : d : : d : A, &c. 

One case of continued proportion is that of three propor- 
tional quantities. (Art. 370.) 

373. As ^XL arithmetical proportion is, generally,, nothing 
more than a very simple equation, it is scarcely necessary to 
give the subject a separate consideration. 

The proportion a**hi\c**d 

Is the same as the equatiou «— 4=c— J. 
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It will be proper, howeverj to observe that, it/our quan- 
tities are in arithmetical proportion, the sum of the extremes 
is eqval to the sum of the means^ 

Thus if «••&:: A ••m, then a+m^h+h 

For by supposition, a •-' 6 = A — m 

And transposing —6 and — m a-^m^ss-h+k 

So in the proportion, 12 • • 10: : 1 1 -9, we have 12+9=10411. 

Again, if three quantities are iji arithmetical proportion, 
ihe sum of the extremes is equal to double the mean* 

If a..A::6..c, then a^hszh^c 

And transposing —6 and — c, a+c=24. 

GEOMETRICAL PROPORTION. 

4 

374. But if four quantities are in geometrical proportion^ 
the PRODUCT of the eyitremes is equal to the product of thh 
rneans* 

l{ a:b::cid, ad:=he 

a c 
For by supposition, (Arts. 346, 364.) y ^"^ 

ahd chd 
Multiplying by W, (Ax. 3.) '~6 ~"d~ 

Reducing the fractions, ad:=s.bc 

Thus 12: 8:: 15:10, therefore 12x10=8x15. 

Cor. Any factor niay be transferred from one mean to 
the other, or from one extreme to the other, without affec- 
ting the proportion. If a : m J : a? : y, then a:b :: mx : y. 
For the product of the means is, in both cases, the same. 
And if na:b ::x:y, then a : 6 : : j^ :jfiy. 

375. Ou the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities will 
form a proportion, when they are so arranged, that those on 
one side of the equation shal} constitute the means, and 
those on the other side, the extremes. 

If my^nhj then m : n : : & : y, that is 
For by dividing my^nh by ny, we have 
And reducing the /ractions, 


m 

h 

n "" 

' y 

my 

rth 



ny" 

~ny 
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k 
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Cor. The same must be true of any factors which fonn 
^e two sides of an equation. ' 

If (a+J)xc=3(rf— m)xy, then a+b:d—m::y:c. 

376. If three quantities are proportional, the product of 
the extremes is equal to the square of the mean. For this 
mean proportional is, at the same time, the consequent of 
the first couplet, and Ih'e antecedent of the last. (Art 370.) 
It is therefore to be multiplied into itself, that is, it is to be 
squared* 

l[ a:h::b:c, then mult; extremes ^^nd means, ac^^b*. 

Hence, a mean proportional between two quantities may 
be found, by extracting the square root of their product* 

If a : 07 : : X : c, then x* =ac, and a?= Vac. (Art 297.) 

377. It follows, from art. 374, that in a proportion, either 
extreme is equal to the product of the means, divided by 
the other extreme ; and either of the means is equal to the 
product of the extremes, divided by the otbev mean. 

1. l( a:b::c:dy tiien ad^bc 

be 

2. Dividing by rf, ^^"rf 

ad 

3. Dividing the first by c, b=- 

ad 

4. Dividing it by J, ^^X 

5. Dividing it by a, "^\^ 5 *^^* ^®> ^^ fourth 

term is equal to the product of the second and third divided 
by the first* 

On this principle is founded the rule of simple proportion 
in arithmetic, commonly called the Rule of Three* Three 
numbers are given to find a fourth, which is ^obtained by 
multiplying together the second and third, and dividing by 
the first. 

378. The propositions respecting the products of the 
means, and of die extremes, furnish a very simple and con- 
venient criterion for determining whether any four quanti- 
ties are proportional. We have only to multiply the means 
together, and also the extremes. If the two products are 
equal, the quantities are proportional. If the two products 
are not equal, the quantities ar^ not proportional. 
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379* In mathematical iavestigations, whea the relations of 
several quantities are given, they are frequently stated in the 
form of a proportion. But it is commonly necessary that 
this first proportion should pass through a number of trans- 
fonnations, before it brings out distinctly the unknown quan- 
tity, or the proposition which we wish to demonstrate. It 
may wndergo any change which will not affect the equality 
of the ratios ; or which will leave ttie product of the means 
equal to the product of tlie extremes. 

It is evident, in the first place, that any alteration in the 
arrangement^ which will not affect the equality of these two 
products, will not destroy the proportion. Thus, 'i(a:b::c:d^ 
the order of these four quantities may be varied, in any way 
which will leave ad=sbc. Hence, 

380. If four quantities are proportional, the order of ths 

MEANS, OR or THE EXTREMES, OR OF THE TERMS OF BOTH 
COUPLETS, MAY BE INVERTED, WITHOUT DESTROTINO THE PBO- 
PORTION* 

If a : 6 : : c : d 7 , 

And la : 8: : 6:4 5 ^^' 

1. Inverting the means^* 

aic::b:d^ .y . ' ( The^r*^, is to the thirds 
1 2 : 6 : : 8 : 4 ) *^' ( As the second, to the fourth, 

In other words, the ratio of the antecedents is equal to the 
ratio of the consequents* 

This inversion of the means is frequently referred to by 
geometers under the name of Alternation*^ 

2. Inverting the extremes* ' 

dih'.icia 7xi^j.* 5 '^^^ fourth, is to the second, 
4:8::6:12i"^^^*^' (As Hhe third, to ih.^ first. 

Sm Inverting the terms of each couplet. 

6 : a : : d : c ( xt ^ • ) The second, is to the first, 
8 : 1 2 : : 4 : 6 ^ "^*^ *^' \ As the fourth, to the third. 

This is technically called Inversion. f 

Each of these may also he varied, by changing tlie order 
of the two couplets. (Art, 369») 

Cor. Tlie order of the whole proportion may be inverted. 
\i aihiicid, then J : c : : 6 : a* 

• See Note M. + Euclid 16. 5. 
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In each of these cases, it wijl be at once seen that, by 
taking the products of the means, and of the extremes, we 
hare tirfsr^, und 12 x 4=8 X 6. 

If ihe terms of only om of the couplets are inverted, the 
propartion becomes ttciprocai. (Art* 371.) 

li ^ihiicid^ then a is to &, reciprocally, as (2 to c« 

381. A difference of arrangement is not the only alteration 
which we have occasion to produce, in the terms of a pro- 
portion. It is frequently necessary to multiply, divide, in- 
volve, &c. In all cases, the art of conducting the investiga- 
tion consists in so ordering the several changes, as to main- 
tain a constant equality, between the ratio of the two first 
terms, and that of the two last. As in resolving an equa- 
tion, we must see that the sides remain equal ; so in varying 
a proportion, Ihe equality of the ratios must be preserved. 
And this is effected, either by keeping the ratios the ^ me, 
while die terms are altered ; or by increasing or diminishing 
(me of the ratios, as much as the other. Most of the suc- 
ceeding proofs are intended to bring this principle distinctly 
into view, and to make it familiar. Some of the proposi- 
tions nught be demonstrated, in a more simple manner, per- 
haps, by multiplying the extremes and means. But thif 
would not give so clear a view of the nature of the several 
changes in the proportions. 

It has been shown that, if both the terms of a couplet be 
multiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplying the antecedent 
is, in effect, multiplying the ratio, and dividing the antece- 
daot, is dividing the ratio; (Art. 357.) and farther, that 
multiplying the consequent is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art. 358.) 
As the ratios in a proportion are cquaJ^ if they are both mul- 
tiplied, or both divided, by the same quantity, they will still 
be equal. (Ax. 3.) One will be increased or diminished as 
much as the other. Hence, 

382. If four quantities are proportional, two anaIiOoous, 

OR TWO HOMOLOGOUS TERMS MAY BE MULTIPLIED OR DIVIDED 
BY THE SAME QUANTITY, WITHOUT t)ESTROYING THE PROPOR- 
TION* 

If analogous terms be multiplied or divided, ^be ratios will 
not be altered* (Art. 360.) If homologous terms be multi- 
plied or divided, both ratios will be equally increased or di- 
minished. (Arts. 357. 8.) 
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It a: bi: c: dy then, 

1. Multiplying the two first terms, ana : m6 : : c : cT 

2. Multipljring the two last terms, a:b::mc: mi 

3. Multiplying the two antecedents,* maibiimcid 
4* Multiplying the two consequents^ a:tnb::c: md 

a b 

5. Dividing the two first terms, m * «» * ' ^ 

c d 

6. Dif iding the two last terms, *^ ' ' ' * m ' m 

tt c 

7. Dividing the two antecedents, IT • * ^ : -" : a' 

b d 

8. Dividing the two consequents, * ' m ' ' "^ * m 

I 

Cor* 1. Ml the terms may be multiplied or divided bj 
the same quantity.! 

a b € d ' 
maimbi'^mcimd — : 


• •• 


tn m ff^ m 

Cor. 2. In any of &e cases in this article, multiplicatioli- 
of the consequent may be substituted for division of the an- 
tecedent in the same couplet, and division of the consequents 
for multiplication of the antecedent. (Art. 359, cor.) 

r J f^l M for) » 

f — :b::^:d \ a f a:fnb:: — :d\ f — :b:ic:md. 
V.WI m -^S^ fn J \. m, 

ft 

383. It is often necessary, not only to alter the terms of a 
proportion, and to vary the arrangement, but to compare one 
proportion with another. From this comparison will fre- 
' quently arise a new proportion, which may be requisite in 
solvine a problem, or in carrying forward a demonstration. 
One of the most important cases is that in which two of the 
terms in one of the proportions compared, are the same with 
two in the other. The similar terms may be made to disap- 
pear^ and a new proportion may be formed of the four re* 
maining terms, ror, 

* Ettclid 3. 5. t Euclid 4. ^» 
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384* If two ratios are respectively equal to a third, 

THEY ARC EQUAL TO EACH OTHER."^ 

This is QOthiug more than the 11th axiom applied to 
ratios* 

Andm:n::e:d J then a;6;:6:d, ora;c;:i;d. 

Cor. Ifa;i:;,n;n>^^^ J ^^ 

m:n >. ^:ay ^ ' 

For if the ratio of «i ; n is greater than that of c ; d, it is 
manifest that the ratio of a : b, which is equal to that of m : n, 
h also greater than that of c : J. 

3S5. In these instances, thef terms which are alike, in the 
two proportions, are the two first and the two last* But this 
arrangement is not essential. The order of the terms may- 
be changed, in various ways, without affecting the equality of 
the ratios. 

1. The similar terHTs may be the two antecedents, or the 
two consequents^ in each proportion. Thus, 

If m:a: :n:b} .Tt C 67 alternation, m:n: :a:b 
And fn:c::n:d^ ( And m:n: :c:d 

Therefore (t:b::c:d, or a :c: ; b : d, by the last article. 

2. The antecedents in one of the proportions, m^y be the 
same as the consequents in the other. 

If i»:«::n:ft) .1 C By inver. and altern. a : 6 : : m : n 
And c\mi\d:n\ ^(.By alternation, c\d\\m\n 

Therefore a : 6, &c. as before. 

3. Two homologous terms, in one of the proportions, may 
be the same, as two analogous terms in the other. 

If a:m::b :n} .y^ (By alternation, ' a : 6 : : wi : n 
And c:d::m:ny ( And c:d::m:n 

.Therefore a : 6, &:c. 

All these are instances of an equality, between the ratios 
in one proportion, and those in another. In geometry, the 

^EucUdll. 4J. t Euclid 13. 5. 

26 
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proposition to which they belong is usually cited by the 
wonis " ex aequo^'^^ or " ex aeqrmlV^ The second case in 
this article is that which, in its form, most obviously answers 
to the explanation in Euclid. But they are all upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

386. Any number of proportions may be compared, in 
the same manner, if the two first or the two last terms in 
each preceding proportion, are the same with the two first 
or the two last in the following one** 


Thus if aihiiC'd^ 

::A:/f 

And miniixiy) 


And f = ^--'»-*».thena:6::a::y. 

And hil:im:ni 


That is, the two first terms of the first proportion have 
the same ratio, as the two last terms of the last proportion* 
For it is manifest that the ratio of all the couplets is the 
same. 

And if the terms do not stand in the same order as here, 
yet if they can be reduced to this form, the same principle is 
applicable. 

Thus ii a:c::h:d^ Caihiicid 

And c:h::d: if ,t i ,. ,. ]c:d::h:l 
* J , , > then by alternations , , 

And h:m::l:nr ^ \h:l::m:n 

And m:x::n:yj (^m:n::x:y 

Therefore a : 6 : : a; : y, as before. 

In all the examples in this, and the preceding articles, the 
two terms in one proportion which have equals in another, 
are neither the two means, nor the two extremes, but one of 
the means, and one of the extremes ; and the resulting pro- 
portion is uniformly direct. 

387. But if the two means, or the two extremes, in one 
proportion, be the same with the means, or the extremes, in 
another, the four remaining terms will be reciprocally joro- 
portionaL 

If o:m::n:6> 11 

And c:m::w:rf5thena:c::y ;-:^,ora:c::J:6. 

For «^=w»« J (Art. 374.) Therefore a6=cd,anda;c;:d:^. 
And ca^^mn > . 

* Euclid 22. 6. 
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In this example, the two means in one proportion, are like 
those in ,the othen But the principle will be the same, if 
the extremes are ' alike, or if the extremes in one proportion 
are like the means in the other. 

And m:c: :a:n S 

J"",'^ «•"»'••»• *1 then a. -c.-.-d. -6. . 
And m:c ::a : n y 

The proposition in geometry which applies to this case, is 
Qsually cited by the words " ex aequo perturbate*^^* 

388. Another way in which the terms of a proportion may 
be varied, is by addition or svbtraction. 

Ir TO OR PROM TWO ANALOGOUS OR TWO HOMOLOGOUS TERMS 
OF A PROPORTION, TWO OTHER QUANTITIES HAVING THE SAME 
RATIO BE ADDED OR SUBTRACTED. THE PROPORTION WILL BE 
PRESERVED.? 

For a ratio is not altered, by adding to it, or subtracting 
from it, the terms of another equal ratio. (Art. 362.) 

If aih : : c:A 


And a :b : :m 


;n5 


Then by adding to, or subtracting from a and b, the terms 
of the equal ratio m : n, we have, 

a+m : b+n : :c:d and a—m : b—n : : c : d. 

And by adding and subtracting m and n, to and from c and 
d we have, 

a:b : : c+m : d+n^ and a:b : : c—m : d^ru 

Here the addition and subtraction are to and from analo- 
gous terms. But by alternation, (Art. 380,) these terms will 
become homologous ^ and we shall have, 

a^+m : c : :b+n : d, and a—m : c : :b^n : d» 

Cor. 1. This addition may, evidently, be extended to any 
number of equal ratios*! 


Thus \i a:b : : 



x:y 
Then o;6;;c+A+w+a?':d+/+n+y. 

* ^ucUd 23, 5. t EucUd 2, 5. % Euclid 2, 5. Car. 
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Cor. 2. If a ; t : : c :d > xu , i , j * 
* J . ., j} then a+m:b::c+n:d.^ 

And m:o : : n:d ) 

For by alternation a:c::b:d}^ there- ( a+m:c+n::l:d 
And m:n::b:d) fore \ot a+m:b::c+n:d. 

389. From the last article it is evident that if, in any pro- 
portion, the terms be added to, or subtracted from each other, 
that is, ; 

If two analogous or homologous terms be added to, 
or subtracted from the t^wo others, the proportion 
will be preserved. 

Thus, if a ; ft ; ; c : d, and IS ; 4 ; ; 6 .• a, then, 

1. Adding the two last terms, to the two Jirst. 

a+c:b+d::Q:b 124-6 :4+2:: 12;4 

and a+c:b+d::c:d 12+6; 4+2. • : G : 2 

or a-^ca.'.'b+d.'b 12+6.- 12;;4+2.- 4 

aLada+€:c::b+d:d. 12+6 : 6;;4+2;2. 

t* Adding the two antecedents, to the two CfmsequejiUs* 

aA-b.'b ::c+d:d 12+4; 4 ;;6+2;2 

a+b:a::c+d:c, ire. 12+4 : 12;; 6+2:6, ^c. 

This is called CompositionA 

3. Subtracting the two Jirst terms, from the two last^ 

c-^a: a : :d—b : b 
c—a:c::d—b:d,^c. 

4. Subtracting the two last terms, from tjie two Jirst. 

a— c;ft--rf;;a;6J 
a—c:b-'d::c:dy^c. 

5. Subtracting the consequents, from the antecedents. 

a—b:b::C'-d:d 
a : a'—b : ; c : c— -d, ij^c. 

The alteration expressed by the last of these forms is call- 
ed Conversion. 

6* Subtracting the antecedents, from the consequents. 

b'-a: a : : d-^ctc 

b : b^a :: d : d—c, &c. 

* Euclid 24, 5. + Euclid 18,^ 6. $ Euclid 19, 6. 
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?• Adding and subtracting, 

That is, the sum of the two first terms, is to their differ- 
ence, as the sum of the two last, to their difference. 

Cor. If any compound quantities, arranged as in the pre- 
ceding examples, are proportional, the simple quantities of 
which they are compounded are proportional also. 

Thus, if a+b :b ::c+d:d, then a:b::c:d. 

This is called Division,* 

390. If the corresfomdtng terms of two or more 

RANKS OF proportional QUANTITIES BE MULTIPLIED TOGETH- 
BR, THE PRODUCTS WILL BE PROPORTIONAL. 

This is compovnding ratios, (Art. 352,) or compounding 
propoftions. It should he distinguished from what is called 
composition, which is an addition of the terms of a ratio. 
(Art 389. 2.) 

If aibiicidl 12:4::6:2 


:n y 


And hiliim:n \ 10:5::8:4 


Then ah:bl::cm:dn. 120:20: : 48:8. 

For, from the nature of proportion, the two ratios in th^ 
first rank are equal, and also the l-atios in the second rank. 
And multiplying the corresponding terms is multiplying the 
ratios, (Art. 352. cor.) that is, multiplying equals by equals ; 
(Ax. 3.) so that the ratios will still be equal, and therefore 
the four products must be proportional. 

The same proof is applicable to any number of propor- 
tions. 

Ca:b:: c : d 

If <h: l::m:n 

(p:q::x : y 

Then ahp : blq : : cmx : dny. 

From this it is evid^it, that if the terms of a proportion 
be multiphed, each into itself, that is, if they be raised to any 
power, they will still be proportional. 

\i aibxicid 2: 4 : :6: 12 

a:ft::c:rf 2:4::6:12 


Then a* : 6^ : : c^ : d^ 4:16: : 36 : 144 

* Euclid 17. 5u See Note N. 
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Proportionals will also be obtained, bj reversing this pro- 
cessj that is, by extracting the roots of the terms. 

If a : 6 : : c : rf, then y/a: -^b:: ^c: d» 

For, taking the product of extr. and means, ad=:bc 

And extracting both sides, y/ad=^bc 

IThat is, (Arts. 259, 375.) ^a : y/b : : Vc : y/d. 

Hence, 

391. If several quantities are proportional, their like 

POWERS OR LIKE ROOTS ARE PROPORTIONAL.* 

If aibizc: d 
Then a» : 6": : C'ld^ and "^yaiybiiyc: yd. 


Ml tn fti m 


And !J/a" : ^i" : : !J/c« : v^^", that is, a" : b"" : : c" : rf" . 

392. If the terms in one rank of proportionals be divided 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the resolution of ratios^ 


If aib::c: d 1 
And hi li :m:nj 

12:6:: 18:9 
6:2:: 9:3 

abed 

Then ^ : » : ; : 
h I m n 

12 6 18 9 
6 • 2 •• 9 • 3 


This is merely reversing the process in art. 390, and may 
be demonstrated in a similar manner. . 

This should be distinguished from what geometers call 
division^ which is a subtraction of the terms of a ratio. 
(Art. 389. cor.) 

When proportions are compounded by multiplication, it 
will often be the case, that the same factor will be found m 
two analogous or two homologous terms. 

Thus if a:b: :c: d} 
And m : a : : n : c 5 

amiabix en: cd 

Here a is in the two first terms, and c in the two last. 
Dividing by these, (Art. 382,) the proportion becomes 

m : b : 1 71 : d. Hence, 

* It must not be inferred from this. thatT quantities have the same ratiOf 
as their like powers or like roots. See art. 354. 
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^393. In compounding proportions, eqml factors^ or divi- 
^ors in two analogous or homologous terms may be rejected. 

a:b::c:d 12:4::9:3 

l( U:hiid:l 4: 8:: 3: 6 

h:m:il:n 8:20::6:15 


CCi 


Then aim:: cm . 12 : 20 : : 9 : 15 

This rule may be applied to the cases, to which the terms 
fee aequoy^ and " ex aequo perturbate*^ refer. See arts. 385 

and 387. One of the methods may serve to verify the 

other. 

394. The changes which may be made in proportions, 
without disturbing the equality of the ratios, are so numer- 
ous, that they would become burdensome to the memory, 
if they were not reducible to a few general principles* They 
are mostly produced, 

1. By inverting the order of the terms, Art. 380. 

2. By multiplying or dividing by the ^ame quantity. Art. 382. 

3. By comparing proportions which have like terms, Art.. 
384, 5, 6, 7. 

4. By adding or subtracting the terms of equal ratios. Art. 
388, 9. 

5. By multiplying or dividing one* proportion by another, 
Art. 390, 2, 3. # 

6. By involving or extracting the roots of the terms. Art. 391. 

395. When four quantities are proportional, if the Jirst be 
greater than the second, the third will be greater tifan the 
fourth ; if equal, equal ; if less, less. 

For, the ratios of the two couplets being the same, if one 
is a ratio of equality, the other is also, and therefore the an- 
tecedent in each is equal to its consequent ; (Art. 350.) if 
one is a ratio of greater inequality, the other is also, and 
therefor.e the antecedent in each is greater than its conse- 
quent ; and if one is a ratio of lesser inequality, the other is 
also, and therefore the antecedent in each is less than its coii-< 
sequent. 

Ca=ib, c=:d 
Let a : 6 : : c : cZ ; then if < a> b, c> d 

f a <&, c <rf. 
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Cor. 1 . If the first be greater than the thirds the seeond 
will be greater than the fourth ; if equal, equal; if less, 
less.* 

For by alternation, a:b::cid becomes aiciib :dj with- 
out any alteration of the quantities. Therefore, if a=i, c=rf, 
&c* as beforei« 

Cor. 2. If a : m : : c : n ) ., . /. 7 j + 
Anim:b::n:d\ then if a=6, c=(?, &ct. 

For, by equality of ratibs, (Art. 385. 2.) or compounding 
ratios, (Arts. 390, 393.) 

a:b::c:d. Therefore, if a=6, c=d, &c. as before. 


Cor. 3. If a:m::7i:d 
And m 


:6i:c:n5 t^en if a=6, c=rf, fccj ^ 

For, by compounding ratios, (Arts. 390, 393.) 

a:b : :c:: d. Therefore, if a=J, c=rf, &c. 

395.6. If four quantities are proportional, their reciprocaU 
are proportional ; and v. v. 

1111 

If aibx: c: d. then — : T" • - — : ~J* 

' abed 

For in each of these proportions, we have, by reduction, 

ad=bc. 

« 

CONTINUED PROPORTION. 

396. When quantities are in continued proportion, aW.the 
ratios are egiuiL (Art. 372.) If 

a : b : lb :c : I c : d :: d : By 

the ratio otaub is the same, as that of 6 : c, of c : d, or of 
d : e. The ratio of the first of these quantities to the lasi^ 
is equal to the product of all the intervening ratios ; (Art. 
353,) that is, the i'atio of a : c is equal to 

abed 

But as the intervening ratios are all eqtml^ instead of mul- 
tiplying them into each other, we may multiply any one of 
them into itself ; observing to make the number of factors 

• Euclid 14. 5. 1 Euclid 20. 5. J EucUd 21. ^ 
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equal to the number of intervening ratios. Thus the ratio 
of a : e, in the example jugt given, is equal to 

a a a a a* 

When several quantities are in continued proportion, the 
number of couplets, and of course, the number of ratios, is 
one less than the number of quantities* Thus the five pro- 
portional quantities a, 6, c, d, 6, form four couplets contain- 
ing four ratios ; and the ratio of a : e is equal to the ratio of 
a* : 6*, that is, the ratio of the fourth power of the first 
quantity, to the fourth power of the second. Hence, 

397r If three quantities are proportional, the first is to the 
third, as the square of the first, to the square of the second; 
or as the square of the seidond, to the square of the third. 
In other words, the first has to the third, a duplicate ratio of 
the first to the second. And conversely, if the'first'of three 
quantities is to the third, as the square of the first to the 
square of the second ; the three quantities are proportional « 

If a : 5 : : 6 : c, then aicwa^ : 6* . Universally, 

393. If several quantities are in continued proportion, 
the ratio of the first to the last is equal to one of the interven- 
ing ratios raised to a^ power whose index is one less than the 
number of quantities. 

If there are/owrnioportionals a, 6, c, rf, then aidiia^ : 6'. 

If theje are fi-oe a, 6, c,d,e, a : e : : a* : 6* ,&c. 

399. If several quantities are in continued proportion, 
they will be proportional when the order of the whole is in- 
verted. This has already been proved, with respect to four 
proportional quantities. (Art. 380. cor.) It may be extended 
to any number of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are 2, 2, .2, 2, 

Between the same inverted 4, 8, 16, 32, 64, 

The ratios are j, ^, ^, J. 

So if the order of any proportional quantities be invert- 
ed, the ratios in one series will be the reciprocals of those in 
tlie other. For, by the inversion, each antecedent become* 
a consequent, and v. v. and the ratio of a consequent to its 
antecedent is the reciprocal of the ratio of the antecedent 

27 


f 
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to the consequent. (Art. 351.) That the reciprocals of 
equal quantities are themselves equal, is evident from ax. 4* 


400. Harmonical or Musical Proportion may be con- 
sidered as a species of geometrical proportion. It consists 
in an equality of geometrical ratios ; but one or more of the 
terms is the difference between two quantities. 

Three or f(mr quantities are said to be in harnwnical pro* 
portion, when the first is to the last, as the difference be- 
tween the two first, to the difference between the two last. 
^ If the three quantities a, h, and c, are in harmonical propor- 
tion, then o ; c ; ; a — 6 : 6 — c. 

If the four quantities a, 6, c, and J, are in harmonica! pro- 
portion, then a:d:ia—'b : c— S. 

Thus the three numbers 12, 8, 6, are in harmonical pro- 
portion. 

And the four numbers 20, 16, 12, 10, are in harmonical 
proportion. 

401. If, of four quantities in harmonical proportion, any 
three be given, the other may be found. For, from the 
proportion 

a:flf;;a— 6;c — d, 

by taking the product of the extremes and the means, we 
have ac— ad=acZ— 6d. ^# 

And this equation may be reduced, so as to give the value 
of either of the four letters. 

Thus by transposing —ad, and dividing by a, 

2ad-'bd 

Examples, in which the principles of proportion are applied to 

the solution of probl^s. 

1. Divide the number 49 into two such parts, that the 
greater increased by 6, may be to the less diminished by 1 1 ; 
as 9 to 2. 

Let a?s= the greater, and 49— a- =r the less. 

By the conditions proposed, a;-f-6 : 38— a? : : 9 : 2 

Adding terms, (Art. 389, 2.) a?-t-6 : 44 : : 9 : 11 

Dividing the consequents, (Art. 382, 8.) a?-l-6 : 4 : :.9 : 1 

Multiplying extremes and means, a + 6 = 36. And a? = 30. 


PROPORTION. 203 

2. What number is that, to which if I, 5, and 13, be sev- 
erally added, the first sum shall be to the second, as the sec- 
ond to the third ? 

Let a?=i the number required. 
By the conditions, , x+l:x+5::x+5:x+lS 

Subtracting terms, (Art. 389, 6.) a? + 1 : 4 : : x+5 : 8 
Therefore 8;^ 4- 8 = 4x+20. And at = 3. 

3. Find two numbers, the greater of which shall be to the 
less, as their sum to 42 ; and as their difference to 6. 

Let X and y = the numbers. 

By the conditions x:y::x+y:A2 

And x:y::x'—y : 6 

By equah ty of ratios x+y:42:: a?— y : 6 

Inverting the means ^+y : ^— y : : 42 : 6 

Adding and subtracting terms, (Art 389, 7,) 2x : 2y: :48 : 36 

. Dividing terms, (Art. 382.) x: y : : ^: 3 

Ay 
Therefore 3a?=4y And x^-^. 

From the 2d proportion^ 6;c=y x (a? —y) 

4y 
Substituting -^ iov oc^ y = 24. And x = 32. 

4. Divide the number 18 into two such parts, that the 
squares of those parts may be in the ratio of 25 to 16. 

Let J?= the greater part, and 18— a? = the less. 

By the conditions, x^ : (18—^)* : : 25 : 16 

Extracting, (Art. 391.) a? : 18— a; : : 5 : 4 

Adding terms, ar : 18 : : 5 : 9 

Dividing terms, x : 2:i 5 \ I 

Therefore, a? =10. 

5. Divide the number 14 into two such parts, thaj: the 
quotient of the greater divided by the less, shall be to the 
quotient of the less divided by the greater, as 16 to 9. 

Let a?= the greater part, and 14— a? = the less. 


♦* 
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X 14— X 

By the conditions, t-a — • ~ ~Z, — : : 16 : 9 

J ' 14— j: 3C 

Multiplying terms, :r* : (14— x)* : : 16 : 9 

Extracting, x : 14— a: : : 4 : 3 

Adding terms, a? : 1 4 : : 4 : 7 

Dividing terms, ;r : 2 : : 4 : 1 

Therefore, a? =8. 

6. If the number 20 be divided into two parts, which are 
to each other^in the duplicate ratio of 3 to ^1 , what number 
is a n^ean proportional between those parts ? 

Let x=. the greater part, and 20— a; = the less. 

By the conditions, x : 20— a; : : 3^: l**": : 9 : 1 

Adding terms a: : 20 : : 9 : 1 

Therefore a:=18. And 20—^=2 

A mean proper, between 18 and 2 (Art. 376.) =v'2x 18=6. 

7. There are two numbers whose product is 24, and the 
difference of their cubes, is to the cube of their difference, 
as 19 to 1. What are the numbers ? 

Let ^ and y be equal to the two numbers* 

1. By supposition jy=24> 

2. And a:^— y^ :(a?— y)3 ::19: 1 > 

3. Or, (Art. 217.) ar^— y« :«' -3j?*y+3:vy2_y3 . . jq.j 

4. Therefore, (Art. 389, 5) tx^ySxy^ : {x-y) » : : 18 : 1 

5. Dividing by oc^y (Art. 382, 5) ^y : (x— y)^ : : 18 : 1 
€. Or, as3jcy=3x24=72, v.. 72 : (x-y)^ : : 18: 1 

7. Multiplying extremes and means, (a:— y)^=4, 

8. Extracting, a?— y=2 > 

9. By the first condition, we have acy =24 5 

Reducing these two equations, we have a? =6, andy=4» 

8. It is required to prove that a:x:: "J^a—y : yly 

0JX supposition that (a+a?)* : (a— a;)* : : x+y^'.x—y.* 

* fridge's Algebra, 


T 
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1. Expanding, a^+^ax+x^ :a^~-2ax+x^ iix+yix-^y 

2. Adding and subtracting terms, 2a^ + ^x^ : AfOx : : 2a; : 2^ 

3. Dividing terms, a* +«* : ^ax : : a? :y 

4. Transf. the factor x, (Art, 374. cor.) fl^+a;^ : 2« : : a;* : y 

5. Inverting the means, a* +^^ •• »* ^^ 2a :y 
€• Subtracting terms, a^ : a;* : : 2ar-y > y 
7. Extracting a : a? ; : V^a—^y : v^y, 

9. It is required to prove that^cc=cy, if x is t o y in the 
tripUcate ratio of a : J, ^nd a:b:: y/c+x • \/d+y. 

1. Involving terms. a^ :b^ ::c+x: d+y 

2. By the first supposition, • a^ :b^ zix :y 

3. By equality of ratios, c+x: d+y iixiy 
A. Inverting the means, c+a: : x : : d+y \y 
5» Subtracting terms, c: xiidiy 

6. Therefore, dx=icy. 

10. There are two numbers whose product is 135, and the 
difiFerence of their squares, is to the square of their differ- 
ence, as 4 to 1. What are the numbers? 

Ans. 15 and 9. 

11. What two numbers are those, whose difference, sum, 
and product, are as the numbers 2, 3, and 5, respectively t 

Ans. 10 and 2* 

12. Divide the number 24 into two such parts, that their, 
product shall be to the sum of their squares, as 3 to 1 0. 

Ans. 1 8 and 6. 

13. In a mixture of rum and brandy, the difference be- 
tween the quantities of each, is to the quantity of brandy, aa 
100 is to the number of gallons of rum ; and the^stme dif- 
ference is to the quantity of rum, as 4 to the number of gal- 
lons of brandy. How many gallons are there of each ? 

Ans. 25 of rum, and 5 of brandy, 

14. There are two numbers which are to each other as 
3 to 2. If 6 be added to the greater, and subtracted from 
the less, the sum and remainder will be to each other, as 3 
to 1. What are the numbers? Ans. 24 and 16. 

15. There are two numbers whose product is 320; and 
the difference of their cubes, is to the cube of their differ- 
ence, as 61 to 1. What are the numbers ? 

Ans. 20 and 16. 
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16. There are two numbers, which are to each other, m 
the dupHcate ratio of 4 to 3 ; and 24 is a mean proportion* 
ftl between them* What are the numbers ? 

Ans. 32 and 18. 

402. A list of the articles in this section which contain 
the propositions in the 5th book of Euclid** 

Prop. I. Art. 363. XIII. 384, cor. 

11. 388. ^ XIV. 395, cor. 1. 

TIL 382. XV. 360. 

IV. 382, cor. L XVL 380. 

V. 362. XVII. 369, cor. 

VI. 362. XVIII. 389, 2. 

VII. 349, cor; 1. XIX. 389,4. 

VIII. 357, cor. 358, cor. XX. 395, cor. 2. 

IX. 349, cor. 2. XXI. 395, cor. 3. 

X. 357, cor. 358, cor. XXII. 386, 

XI. 384. XXIII. 387. 

XII. 363. XXIV. 388, cor. 2. 


SECTION XIII. 


VARIATION OR GENERAL PROPORTION.! 

Art.^#S« X HE quantities which constitute the terms of 
a proportion are, frequently, so related to each other, that, 
if one of them be either increased or diminished, another 
depending on it will also be increased or diminished, in such 
a manner, that the proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; tfie value will, of course, be redu- 
ced to 80 dollars ; if the quantity be reduced to 30 yards, 
the value will be reduced to 60 dollars, &c. 

* See Note O. 

tNewtpn^s Princip. Book I. Sec. 1. Lemma 10, scbol. Emerson on 
Trnrortion, Wood's Algebra, Ludlam's Math. Sauaderson's Algebra, Art. 
299, ParkiosoD^i Mechaoice, p. 24. 
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yd. yd. doL doL 
That 18 50: 40;: 100: 80 
50:30:: 100:60 
50:20::100:40, <J^c. 

As the consequent of the first couplet is varied, the con- 
sequent of the second is varied, in such a manner, that the 
proportion is constantly preserved. 

If the two antecedents are A and B ; and if a represents 
a quantity of the same kind with ^, but either greater or less ; 
and 6, a quantity of the same kind with B, but as many times 
greater or less, as a is greater or less than ji ; then 

A:a::B :bi 
that is, if A by varying becomes a, then B becomes b. This 
is expressed more concisely, by saying that A varies as B, or 
A is as B. Thus the wages of a labouring man, vary as the 
time of his service. We say that the interest, of money 
which is loaned for a given time, is proportionedio the prin- 
cipal. But a proportion contains four terms. Here are on- 
ly twQ, the interest and the prindpaL This then is an a- 
bridged statement^ in which two terms are mentioned instead 
of four. The proportion in form would be ; 

As any given principal, is to any other principal ; 

So is the interest of the former, to the interest of the latter. 

404. In many mathematical and philosophical investiga- 
tions, we have occasion to determine the general relations of 
certain classes of quantities to each other, without hmiting 
the inquiry to any particular values of those quantities. In 
fiuch cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind, howev- 
er, that four are always implied. When it is said, for in- 
stance, that the weight of water is proportioned to its bulk, 
we are to understand, 

That one gallon, is to any r^^ber of gallons ; 

As the weight of one* gallon, is to the wel|ht of the given 
number of gallons. 

405. The character oc is used to express the proportion 
of variable quantities. 

/ Thus Aoz B signifies that A varies as J?, that is, that 

A:a ::B :b. 
The expression 4 « J3 may be called a general proportion^ 
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406. One quantity is said to vary directly as another, when 
the one increases as the other increases, or is diminished as 
the other is diminished, so that 

Jlo^B, that is ^ : a : : B : I. 

The interest on a loan is increased or diminished, in pro- 
portion to the principal. If the principal is doubled, the in- 
terest is doubled ; if the principal is trebled, the interest is 
trebled, &;c. • 

407. One quantity is said to vary inversely or reciprocally 
as another, when the one is proportioned to the reciprocal 
of the other ; that is, when the one is diminished, as the oth- 
er is increased, so that 

1 . , 11 , „ 

A a ■n"} that is, ^ : a : ; ■g; : "T", ov A: a::bi B. 

In this case, if A is greater than a, B is less than &• (Art. 
395,) The time required for a man to raise a given sum, by 
his labour, is inversely as his wages. The higher his wages, 
the less the time. 

408. One quantity is said to vary as two others jointly ^ 
when the one is increased or diminished, as the product, of 
the other two, so that 

A ex, BC, th^t is A :a::BC:bc. 

The interest of money varies as the product of the prin- 
cipail and time. If the time be doubled, and the principal 
doubled, the interest will be 4 times as great. 

409. One quantity is said to vary directly as a second, and 
inversely as a third, *when the first is always proportioned to 
th© second divided by the third, so that 

B . B b . 

A oc -g-, that is A:a : ; p" ; — . 

410. To understand the methods by which the statements 
of the relations ♦f variable quantities are changed from one 
form to another, little more is necessary, than to make an 
application of the principles of common proportion ; bear- 
ing constantly in mind, that a general proportion is only an 
abridged expression, in which two terms are mentioned in- 
stead of four. When the deficient terms are supplied, the 
reason of the several operations will, in most cases, be ap- 
parent. 


*^ 
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411. It is evident, in the first place, that the order of the 
terms in a general proportion may be inverted, (Art* 369.) 

If A:a::B:b,i}iSLt\s/i(jlo:B; 
Then B:b::A : a, that is, B OiA. 

412. If one or both the terms in a general proportion, be 
^multiplied or divided by a constant quantity, the proportion 
will be preserved. 

For multiplying or dividing one or both of the tenns i& 
the same, as multiplying or dividing analagous terms in the 
proportion expressed at length. (Art* 882. and con 1.) 

If A:a::B:h, that is, if AozB, 

Then mA : ma : : B : by that is, mA a B. 
And mA : ma >«* mB : mb, that is, mA ocmfi* ire. 

413. If both the terms be multiplied or divided even bj 
a variable quantity, the proportion will be preserved. For 
this is equivalent to multiplying the two antecedents by one 
quantity, and the two consequents by another. (Art* 382*) 

If A: a ::B : 6, that is, if A Of jB; 

Then MA : ma : : MB: mb, that is, MA a MB, &c. 

Cor. 1 . If one quantity varies as another, the quotient of 
the one divided by the other is constant. In other words, if 
the numerator of a fraction varies as the denominator, the 
value remains the same* 

l( A:a : : B : 6, that is, if AocB^ 

A a B b 


Then 


B 


: y: :^ : J- : : 1 : 1. (Art.. 128.) 


Here the third and fourth terms are equal, because each 
is equal to I . Of course the two first terms are equal ; (Art, 
395.) so that, if A be increased or diminished as many times 
as B, the quotient will be invariably the same* 

Cor. 2. If the product of two quantities is constant, one 
varies reciprocally as the other* 

AB ab 1 1 11 

If AB: aJ : : 1 : 1, then "jET •~r -•'B' IT, or A :a::-n: T". 

Cor. 3. Any factor in one tenh of a general proportion, 
may be transferred^ so as to become a divisor in the other ; 
and V. V* 

A 

If A a BC, then dividing by £,^ a C. iArt 118.) 

28 
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t 1 

If -4 a^, then mult, by C, AC=z^. (Art. 159.) 

414. If two quantities vary respectively as a third, then 
one of the two varies as the other. (Art. 384.) 

And C:c::fi: 6 5 ^^""^ *^' ^^ } CaB; 
Then A:a::C:c, that is, AocC. 

415. If two quantities vary respectively as a third, their 
strni or difference will vary in the same manner. (Art. 388.) 

And C:e::B:b\ ^^^ *^' "^ JcaB; 
Thm A+C:a+ci:B:bj that is, A+ColB, 
And ./3— C:a-c;:B:6, that is, A^-CccB. 

Cor. The addition here may be extended to any nimiher 
of <)uantities alt varying alike. (Art. 388. cor. 1.) 

If .4a-B, andCaS, andDaff, and£aJ5, the^ 

(A+C+D+E)oiB. 

415.6. If the square of the sum of two quantities, varies^ 
as the square of their ^iS^^^^^ce ; then the sum of their 
squares varies as their product. 

, If {A+B) cciA-By 5 then A^+B* ozAB. 

For by the supposition, 

{A+By :{A-BY • • («+0' • (fl-6)'« 
Expanding, adding, and subtracting terms, (Arts. 217 
and 389, 7.) 

2^3 +2B2 : j^AB ; ; 2a> +26* ; 4a6. 

Or, (Art. 382.) 

A* +5* :AB : : a« +6' : ab ; that is, A* +B^ a AB. 

416. The terms of one general proportion may be multi- 
plied or divided by the corresponding terms of anothei'. 
(Art, 390.) 

If A:a::B:bl ., . . ..^^ocB 
And Cic::D:dl ^^^ ''^ '^ }cocZ); 

Then AC : ac : : BD : bd that is, AC a BD. 

Cor* If two quantities vary respectively as a third, the 
product of the two will vary as the square of the other* 
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417. If any quantity vary as another, onj power or root 
of the former will vary, as a like power or root of the latter. 
(Art. 391.) 

If Jl:a:iB:bj that is, if JlozB, 

Then^":a-::£»:6" that is, ^«a^, 

And .4" ; a* : : JS« ; 6" , that is, A^ a B*. 

418. In compounding general proportions, equal /flc/or* 
or divisors, in the two terms, may be rejected, f Art. 393.) 

If A:a::B:b) fw3ocB 

And 5;6:;C;cMhatis, if \B^C 
And C:c::D:dS f C a:D 


Then A:a:iDid, that is, wJocjD. 

Cor. If one quantity varies as a second, the second, as a 
third, the third, as a fourth, &c. then the first varies as the 
iasU 

li AoiBoiCozDr then wl aZ). 

1 1 . . 

\i AoiB Oi-Qj then Aqcq; that is, if the first varies rfi- 

rectltf as the second, and the second varies reciprocally as the 
third ; the first varies reciprocally as the third. 

419. If any quantity vary as the product of two others, 
and if one of the latter be considered constant, the first will 
vary as the other. 

If Woe LB, and if B be constant, then WcuL. 

Here it must be observed, that there are two conditions ; 

First, that fF varies as the product of the two other quan- 
tities ; 
Secondly, that one of these quantities B is constant. 

Then, by the conditions, W:w: : LB : IB ; B being the same 
in both terms. 

Divid. by the constant quantity B, W: w::L : /, that isW^L, 
And if L be considered constant, JVocB* 

Thus the weight of a board, of uniform thickness and 
density, varies as its length and breadth. If the length is 
given, the weight varies as the breadth. And if the breadth 
IS given, the weight va^ries as the length* 
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Con The same principle maybe extended to any number 
of quantities. The weight of a stick of timber, of given 
densityi depends on the length, breadth, and thickness. If 
tiie length is given, the weight varies as the breadth and 
thickness. If the length and breadth are given, the weight 
varies as the thickness, &c» 

If Wo^LBT; 

Then making L constant, WccBT\ 

And making L and B constant, WolT. 

420. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the first varies as 
the third, and when the third is given, the first varies as the 
second ; then the first varies as the product of the other 
two. 

If the weight of a board varies as the length, when the 
breadth is given, and as the breadth when the length is giv- 
en / then if the length and breadth bolh vary, the weight va-* 
ries as their product. 


oc 


BL. 


If WoL'Lt when JB is constant,! ^ ™r 
And ^a^, whenL is constant,/ 

In demonstrating this, we have to consider, two variable 
vahies of W ^ one, when L only varies, and the other, when 
X and B both vary. 

Let ti;'=the first of these variable values, 
And 20= the other 3 . 

So that W will be changed to w', by the varying of L ; 
And 2o' will be farther changed to w, by the varying of B. 

Tben, by the supposition, Wiw'iiLx /, when J^ is constant. 
And tt;':zo : : £:&, when B varies. 

Mult correspond, terms, Ww' : ixm* : : BL : bL (Art. 390.) 
Divid. by »' (Art. 382.) W xw::BLibl,i.e. Wd: BL. 

The proof may be extended to any number of quantities. 

The weight of a piece of timber, depends on its length, 
breadth, liuckness and density. If any three of these are 
given, the weight varies as the othen 

This case must not be confounded with that in art. 416, 
cor. In that, B is supposed to vary as A and as C, at the 
same time. In this, B varies as A^ only when C is constant, 
and as C, only when A is constant. It can not therefore va-^ 
ry as i^ and as C separately, at the sirne time. 
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Art. 420.6* If one quantity varies as another, the former 
is equal to the product of the latter into some constant 
quantity. 

\{ A:B ::a :h ; then, whatever be the value of a, its ra- 
tio to b must be constant, viz. that of A : B. Let this ratio 
be that of m : 1 . 

Then A:B:ia:h ::fn:\. Therefore A =smB'^ And a= mb. 

Hence, if the ratio between the two quantities be found 
for any given value, it will be known for any other period of 
their increase or decrease. If the interest of 100 dollars be 
to the principal as 1 : 20; the interest of 1000 or 10,000 
will have the same ratio to the principal. 

421. Many writers, in expressing a general proportion, do 
not use the term vartfj or the character which has here been 
put for it. Instead of A ccB, they say simply that A is as JB. 
See Enfield's Philosophy. It may be proper to observe al- 
so, that the word given is frequently used to distinguish con^ 
slant quantities from those which are variable ; as well as to 
distinguish known quantities, from those which are unknown. 
fArt. 17.) 


SECTION XIV. 


ARITHMETICAL AND GEOMETRICAL PROGRES- 

SIGN. 

Art. 422. QUANTITIES which decrease by a common 
difference, as the numbers 10, 8, 6, 4, 2, are in continued 
arithmetical proportion. (Art. 372.) Such a series is also 
called a progression, which is only another name for contin- 
ued proportion. 

It is evident, that the proportion will not be destroyed, if 
(he order of the quantities be inverted. Thus the numbers 
% 4, 6, 8, 10, are in continued arithmetical proportion. 
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Quantities, then, are in arithmetical progression, when they 
increase or decrease by a common difference. 

When they increase, they form what is called an qscending 
series, as 3, 5, 7, 9, 11, &c. 

When they decrease, they form a descending series, as 11^ 
9, 7, 5, &c. 

The natural numhers 1, 2, 3, 4, 5, 6, &c. are in arithme- 
tical progression ascending. 

4^3. From the definition it is' evident that, in an ascending 
feries, each succeeding term is found, hy adding the com- 
mon difference to the preceding term. 

-M. the first term is 3, and the comnoon difference 2 ; 
'fV^e series is 3, 5, 7, 9, 11, 13, &c. 

if the first term is a, and the common difference d ; 

Then a+cZ is the second term, a+2d+ds=a+3dthe fourth, 
a+d+d=:a+2d the3d,a+3d+d=a+4dthe 5th,&:c. 

12- 3 4 5 ' • 

And the series is a, a+d,a+2d, a+3d, a+4d, &c. 

If the first term and the common difference are the same^ 
the series hecomes more simple* Thus if a is the first term, 
and the common difference, and n the number of terms,^ 

Then a+a=i2a is the second t^rm 
2a+«=3a the third, &c. 

And the series is a, 2a, 3a, 4a, . . • , r na. 

424. In a descending series, each succeeding term i» 
found, by subtracting the common difference from the preced- 
ing term. 

If a is the first term, and d the common difference, the 

12 3 4 t 

series is a, a — d, a— 2d, a— 3d, a^Ad, <Jrc. 

Or the common difference, in this case, may be considered 
as —rf, a negative quantity, by the addition of which to any 
preceding term, we obtain the following term. 

In this manner, we may obtain any» term, by continued ad- 
dition or subtractioiu But in a long series, this process 
would become tedious. There is a method much more ex- 
peditious. By attending to the series 

12 3 4 5 

a, a+d, a+2d, a+3d, a+^d, &c. 

it will be seen, that the number of times d is added to a, is 
one less than the number of the term« 
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The second tenn i^ a+d, i. e« a added to once d ; 
The third is a+2rf, a added to twice d; 

The fourth is a+Sd, a added to thrice rf, &c. 

So, if the series be continued, 

The 50th term will be a+49J ^ 

The 100th term a+99rf 

If the series be descending^ the 100th term will be a— 99rf- 

In the last term, the num})er of times d is added to a, is 
one less than the number of cdl the terms. If then 

a=the first -term, J8?=the last, n=the number- of terms, 

we shall have, in all cases, 2f =a + (n — 1 ) X d ; that is, ^ 

425. In an arithmetical progression, the last term i^^^Kkf^ 
to the firsts + the product of the common difference into 'the 
number of termsHess one. 

Any other term may be found in the same way. For the 
series may be made to stop at any term, and that may be 
considered, iof the time, as the last. 

Thus flie wth term =a+ (m— 1 ) X c?. 

If the first term and the common diiSferenc^ are the same^ 

2:=a+(n— l)a=a+n«— ct, that is, z=n(i. 

In an ascending series^ the first term is evidently, the least, 
and the last, the greatest. But in a descending series, the 
first term is the greatest, and the last, the least. 

426. The equation z=ia+{n— \)d not only shows the val- 
ue of the last term, but, by a few simple reductions, will en- 
able us to find other parts of the series. Jt contains four 
different quantities, 

a, the first term, n, the numher of terms, and 
2r, the last term, rf, the common difference. 

If any three of these be given, the other may be founi 

1. By the equation already found, 

z=a-|- (n— l)d=fA« last term. 

2. Transposing (n— l)rf, (Art 173.) 

z— (n—1 )«?=/» =:iAc first term, 

3. Transposing a in the 1st, and dividing by n— 1, 

— ^=s<l=fAe common difference. 
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4. Transp. a in the 1st, dividing by J, and transp. —1^ 

'—j—'\'l=n=the number of terms. 

By the third equation, may be found any nuipber of arith^ 
metical means, between two given numbers. For the whole 
number of terms consists of the two extremes, and all the 
intermediate terms. If then m=the number of means^ 
m+2=sn, the whole number of terms. Substituting m+ 2 
for n, in the third equation, we have 

z—a 

zrT~t =<^5 the common difference. 
m-f-i ' 

Prob. 1. If the first term of an increasing progression i& 
7, the common difference 3, and the number of terras 9, 
what is the last term ? 

Ans. 2r=a+(n-l)rf=7+(9 — l)x3=ai. 
And the series is 7, 10, 13, 16, 19, 22, 25, 28, 3J. 

Prob. 2. If the last term of an increasin§^ progression is 
60, the number of terms 12, and the common difference 5. 
what is the first term ? 

> Ans. a=2r— (n— iy=60— (12— 1)X5=5- 

Prob* 3. Find 6 arithmetical means, between I and 43* 

Ans; The common difierence is 6. 
And the series 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary tty 
find the sum of all the term^s. This is called the summation . 
of the series. The most obvipus mode of obtaining the a- 
mount of the terms, is to add them together. But the na- 
ture of progression will furnish us with a method more expe- 
ditious. 

It is manifest that the sum of the terms will be the same^ 
in whatever order they are written. The sum of the as- 
cending series 3, 5, 7, 9, 11, is the same, as that of the de- 
scending series 11, 9, 7, 5, 3. The sum of both the series 
is, therefore, tzoice as great, as the sum of the terms in one of 
them. There is an easy method of finding this double sum, 
and of course, the sum itself which is the object of inquiry. 
Let a given series be written, both in the direct, and in the 
inverted order, and then add the corresponding terms to- 
gether. 


ARITHMETICAL PROGRESSION. 217 

'Take, for instance, the series 3, 5, 7, 9, 11, 

And the same inverted II, 9, T, 5, 3. 

*■ • 11 ■ » II .IBI 111 

The sums of the terms will be 14, 14, 14, 14, 14. 

Take also the series a, a+c?, a+2rf, a+3c7, a+4d, 

•And the same inver. a+4cZ, a+3d, ii+2rf, a+«?, a. 

II I • I t i-m ■ I I III .11 I i II 

The sums will be 2a+4rf,2a+4cl,2a+4rf,2a+,4d,2(j+4c? 
Here we discover the important property, that, 

428. In an arithmetical progression, the sum or the ex- 
tremes IS EQUAL TO THE SUM OF ANY OTHER TWO TERMS E- 

QUALLT DISTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
fhe Tast term, of the first but one and the last but one, &;c. is 
14. And in the other series, the sum of each pair of cor- 
responding terms is 2tt+4d. 

To find the sum of all die tferms in the double series, we 
have only to observe, that it is equal to the sum of the ex- 
tremes repeated as ipany times as there are terms. 

The sum of 1^, 14, 14, 14, 142=14x5. 

And the sum of the terms in the other double series is 

(2a+4d)x5. 

But this is tioice the sum of the terms in the single series; 

If then we put 

a=the first term. na=the number df terms, 

2;=sthe last, «==the sum of the terms^ 

we shall haye this equation, 

a+z 
s^^-^^Xn, That isy 

429. tn an arithmetical progression, the suif or all the 

TERMS IS iBqUAL TO HALF THE SUM OF THE EXTREMES MULTI- 
J^LIEO 1NT6 THE NUMBER OF TERMS. 

Prob. What is the sum of the natural series of numbers 

1, 2, 3, 4, 5, &c. up to 1000 ? 

a+z H-1000 

Ans. s:sz—^xn = — 2 — X 1000=500500 

if in the preceding equation, we substitute for z^ its value 
as given in art. 426, w^ have 

a»+(n-l)d 

1. 5SS- ^- XW. 

29 
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In this, there are four diflferent quantities,.the first tetm 

of the series, the common difference^ tlie number of terms, 

and the sum of the terms ; any three of which being given, 

the fourth *may be found. Fair, by reducing the equation,. 

we have 

2s-'dn^+dn 
2. 0= — —^ , the Jirst term* 

2s —^an 

^' ^—"Ta — Zr> ^^6 common difference, 
n Tn 

V(2a-c/)»-|-8i/5-2a+rf, 
4* n=^ — "^ oj the number of terms.. 

Ex. 1. If the first term of an increasing arithmetical series 
is 3, the common difference 2, and the number of terms 20 y 
what is the sum of the series ? Ans. 440. 

2. If 1 00 stones are placed in a straight line, at the dis- 
tance of a yard from each other ; how far must a person 
travel, to bring them one by one^ to a box placed at the dis- 
tance of a yard from the first stoue ? 

Aqs. 5 miles and 1300 yards. 

3. What is the sum of 150 terms of the series 

±, 1, 1, -i, 1, 2, ~, &c. ? Ans. 3775. 

3' 3 3 3 3 

4. If the sum of an arithmetical series is 1455, the least 
term 5, and the number of terms 30 ; what is the common 
difference? Ans. 3. 

5. If the sum of an arithmetical series is^ 567,^ the first 
term 7, and the common difference 2'; what is the number 
of terms ? Ans. 21 « 

6. What is the sum of 32^^ terms of the'series 

1, 1^, 2, 2', 3, &a ? Ans. 280. 

7. A gentlemen bought 47 books, and gave 10 cents for 
the first, 30 cents for the second, 50 cents for the third, fyc^ 
What did he give for the whole .^ 

Ans. 220 dollars 90 cents. 

8. A person put into a charity box, a cent the first day of 
the year, two cents the second day, three cents the third 
day, &c. to the end of the year. What was the whole sum 
for 365 days .^ Ans. 667 dollars, 95 cents* 
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430. In the series of odd numbers 1, 3, 5, 7, 9, &:c. con- 
tinued to anj given extent, the last term is always one less 
than twice the number of teratis. 

For z==(i+(n— l)c?. (Art* 425.) But in the proposed se- 
ries a := 1 , and {/= 2. 

The equation, then, becomes 2:=l-f-(n— l)x2=2n— 1. 

431. In the series of odd numbers I, 3, 5, 7, ^, &c. the 
sum of the terms is always equal to the square of the number 
of termsm 

For 5=sJ(a+^)n. (Art 429.) 

But here a=:l, and by the last article, z=z2n — I. 

The equation, then, "becomes 5=1(1 +2n'- l)>i=n*. 

Thus 1 + 3=4 i 

1 + 3+5=9 > the square of the number of terms. 
1+3+5+7 = 16) 

433. If there be two ranks of quantities in arithmetical 
progression, the sums or differences will also be in arithmeti- 
cal progression. 

For, by the addition or subtraction of the corresponding 
teisns, the ratios are added or subtracted. (Art 345.) And 
by the nature of progression, all the ratios in the series are 
equal. Therefore equal ratios being add^d to, or subtrac- 
ted from, equal ratios, the new ratios thence arising will al- 
so be equal. 

To and from 3, 6, 9, 12, 15, 18, 2K .3 

^dd and sub. 2, 4, 6, 8, 10, 12, 14 /. V 2 

■ ■■ V whose ratio is < 


whose ratio is <- 
I 30, 35 ^ 
Diff 1, 2, 3, 4, 6, 


Sums 5, 1 0, 1 5, 20, 25, 30, 35 C ) 5 

^, 6, 7^ . M 


433. If all the terms of an arithmetical progression be 
multiplied or divided by the same quantity, the* products or 
quotients will be in arithmetical progression. 

For, by the multiplication or division of the terms, the ra- 
tios are multiplied or divided ; (Art 344.) that is, equal 
quantities are multiplied or divided by the given quantity. 
They will therefore remain equal. 

If the series 3, 5, 7, 9,1 1, &c. be multipKed by 4 ; 

The prods, ^ill be 12,20,28,36,44,&c. and if this be divid. by 2; 
The quots. will be 6,10, 1 4,1 8,22,&c. 
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Problems of various kinds, in geometrical progression, 
may be solved, by stating the conditions algebraically, an4 
then reducing the equations. 

Prob. 1. Find four numbers in arithmetical progression, 
whose sum shall be 56, and the sum of their squares 864. 

If A:=the second of the four numbers. 
And y= their common difference ; 

The series will be x-ry, a:, Af+y, a:+2y. 

By the conditions, a?— y+a? + (j^+y) + (ar+2y)=s56 i 

And {^-yy + x^ +{^+py+{x+2yy =864 $ 

That is, . 4x + 2y=56 ) 

And 4x3 +4ry+6y' =864 5 
Reducing these equations, we have a; = 12, and y=4. 
The numbers required, therefore, are 8, 12, 16, and 20. 

Prob, 2. The sum of three numbers in arithmetical pro- 
gression is 9, and the sum of their cubes is 153. What are 
the numbers ? Ans. 1, 3, and 5. 

Prob. 3. Tlie sum of three numbers in arithmetical pro? 
gression is 15 ; and the sum of the squared' of the two exr 
tremes is 58. I^at are the numbers ? 

Prob. 4. There are four numbers in arithmetical progres- 
sion : the sum of the squares^^ the two first is 34 ; and the 
sum of the squares of the two last is 130. What are the 
numbers ? Ans. 3, 5, 7, and 9. 

Prob. 5. A certain number consists of three digits, which 
are in arithmetical progression ; and the number divided by 
the sum of its digits is equal to 26 ; but if 198 be added to 
it, the digits will be inverted. What is the number ? 

Let the digits be equal to x—y^ x, and ^+y, respectively. 
Then the number = 100{a;— y) + 10x+(a;+y) = lll^— 99y. 

lllJ^— 99y 
By the conditions, ^ =26 

And lll<r-99y+198 = 100(^4-y)+10^+(^-"y) 

Therefore a; = 3, y=l, and the number is 234. 

Prob. 6. The sum of the squares of the extremes of 
four numbers in arithmetical progression is 200 ; and the 
sum of the squares of the means is 136. What are the 
numbers ? 
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Prob- 7. There are four numbers in arithmetical progres- 
sion, whose sum is 28, and their continual product 585* 
What are the numbers ? 

GEOMETRICAL PROGRESSION. 

434. As arithmetical proportion continued is arithmetical 
progression, so geometrical proportion continued is geome- 
trical progression. 

The numbers 64, 32, 16^ 8, 4, are in continued geometri- 
cal proportion. (Art 372.) 

In this series, if each preceding term be divided by the 
common ratio, the quotient will be the following term. 

e^ =32, and y^ =16, and V =8, and |=4. 

If the order of the series be inverted, the proportion will 
still be preserved ; (Art. 399.) and the common divisor will 
become a multiplier. In the series 

4,8,16,32,64,&c.4x 2=8, and 8x2=16, and 16 X 2=32, &c. 

435. Quantities, then, are in geometrical progres- 
sion, WHEN THET increase BY A COMMON MULTIPLIER, OR DE- 
CREASE BT A COMMON DIVISOR* 

The common multiplier or divisor is called the ratio. For 
most purposes, however, it will be more simple to consider 
the ratio as always a multiplier, either integrsd or fractional. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 a divisor, 
or I a multiplier. 

To investigate the projjerties of geometrical progression, 
we may take nearly the same course, as in arithmetical pro- 
gression, observing to substitute continual multiplication and 
division, instead of addition and subtraction. It is evident, 
in the first place, that, 

436. In an ascending geometrical series, each succeeding 
^erm is found by multiplying the ratio into the preceding 
term. 

If the first term is a, and the ratio r, 

Then ayr=ar, the second term, «r« xr^ar^, the fourth, 
arxrzzzar*. the third, ar^ x r=:ar*y the fifth, &c. 

And the series is a, ar, ar^, ar^, ar*, «r*, &c. 

437. If the first term and the ratio are the same^ the pro- 
gression is simply a series of powers. 
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If the first term and the ratio are each equal to f, 

Then rxr=r»; the second term, r* xr3=r*, the fourth, 
r« X rz^r^, the third, r* x r=^r', the fifth- 

And the series is r^r*, r', r*, r*, r*, &c. 

438. In a descending series, each succeeding^ term is found 
by dividing the preceding term by the ratio, or multiplying 
by the fractional ratio. 

If the first term is or*, and the ratio r, 

the second term is — , or ar^ xf-f 

And the series is ar*, ar', ar^j ar^, ar*, ar, a, <^c. 
If the first term is a, and the ratio r, 

The series is a, ~, "^, ^, <kc. ewr a, or"*, or"*, cj^c. 

1 S 3 4 5 » 

By attending to the series a^ar^ ar^, ar^^ ar^y ar^^ &c. if 
will be seen that, in each term, the exponent of the power 
of the ratio is one less, than the number of the term. 

If then a=the first term, r=:the ratio 

z=the last, nr=the number of terms; 

we have the equation z=ar*"', that is, 

439. In geometrical progression, the, last term is equal to 
the product of the first y into that power of the ratio whose in^ 
dex is one less than the number of termsm 

When the least term and the ratio are the same, the equa* 
tion becomes arsfr^-^ssr". See art. 437. 

440. Of the four quantities a, 2r, r, and n, any three being 
given, the other may be found,* 

1. By the last article, 

z=ar"~* =the last term. 

2. Dividing by r"""*, 

z 
-^i:j-=s:a=the first term. 

3. Divid. the 1st by a, and extracting the root, 

_i 

y — ) =rs=the ratio. 
* See Nate P. 


• 
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By the last equation, may be found any number otgeomet- 
viced means^ between two given numbers. If Msthe num- 
ber of means, m+2:s:n^ the whole number of tenps. Sub- 
stituting m+2 for n, in the equation, we have 




the ratio. 


When the ratio is found, the means are obtained by con* 
tinued multiplication. 

Prob. 1. Find two geometrical means between 4 and 256, 
Ans* The ratio is 4, and the series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between | and 9t. 

Ans. ^, I, and 3. 

441. The next thing to be attended to is the rule for find- 
ing the sum of all the terms. 

If any term, in a geometrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 436.) 
Of course, if each of the terms be multiplied by the ratio, 
a new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make this plain, let the new scries be written 
under the other, in such a manner, that each term shall be 
removed one step to the right of that from which it is pro- 
duced in the line above. 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64» 

Here it will be seen, at once, that the four last terms in 
the upper line are the same, as the four first in the lower 
line. The only terms which are not in both^ are the Jirsi of 
the one series, and the last of the other. So that when we 
subtract the one series from the pther, all the terms except 
these two will disappear, by balancing each other. 

If the given series is a, or, ar*^ ar^,. . ,. ar^K 
Then mult, by r, we have ar, dr*, ar^, .... at^^^ ar^. 

Now let *=the sum of the terms, 

Then s=ia+ar+ar^ +ar3, .... +ar^\ 

And mult, by r, rs=: ar+ar^ +ar^y .... +ar^^+ar\ 

Subt'g the first equation from the second, rs—s-=iar"-~a 

ar" — a 
And dividing by (r— J), (Art 121.) szb - ^_^ . 


i. 
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In this equation, ar" is the last term in the new^ series, 
and is theref6re the product of the ratio into the last terra 
^ in the given series* 

Therefore 5= r, that is, 

442« The sum of a series in geometrical progression is 
found, by multiplying the last term into the ratio, subtrac- 
ting the first term, and dividing the remainder by the ratio 
less one. 

Prob. 1 . If in a series of numbers in geometrical progres- 
sion,, the first term is 6, the last term 1458, and the ratio 3, 
what is the sum of all the terms ? 

rz'-a 3x1458-6 

Ans. *= j-= 5 — ;; =2184* 

r— 1 3—1 

Prob. 2* If the first term of a decreasing geometrical se- 
ries is |, the ratio -^, and the number of terms 5 ; what is 
the sum of the series ? 

Thelast term=ar*-i=JX(i)*=:~2 . 

iXria-i 121 
And the sum of the terms = — i — r — =7^. 

7 — 1 lb2 

Prob. 3. What is the sum of the series 1, 3, 9, 27, <Jrc. to 
12 terms ? Ans. 265720. - 

Prob. 4. What is the sum of ten terms of the series 

174075 
^y h h isiy <J^c» Ans. "590^. 

443. Quantities in geometrical progression are proportional 
to their differences. 

Let the series be a, a/*, ar^, ar^^ or*, <Jrc. 

By the nature of geometrical progression, 

a : ar: : ar : ar^ : : ar* : ar^ : :ar^ :ar*^ <J^c. 

In each couplet let the antecedelit be subtracted front 
the consequent, according to art. 389, 6. 

Then a:ar: :ar'-a:ar^-^ar ::ar^--ar: ar^-^ar^^ fycd 

That is, ^the first term is to the second, as the difiference 
between the first and second, to the difference between the 
second and third ; and as the difference between the second 
and third,'to the difference between the third and fourth^ <{^c. 
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Cor, If quantities are in geometrical progression, their 
differences are also in geometrical progression. 

Thus the numbers 3. 9, 27, 81, 243, &c. 

And their differences 6, 18, 54, 162, &c, are in 

geometrical progression* 

444* Several qudntitids are said to he in harmanical pro- 
gression^ when, of any three which are contiguous in the se- 
ries, the first is to the last, as the difierence between the two 
first, to the difference between the two last. See art. 400* 

Thus the numbers 60,30,20, 15, 12, 10, are in harmoniCal 
progression* 

For 60 : 20 : : 60— 30: 30-^20, And 20 : 12 : : 20—15; 15-12, 
And 30: 15: :30— 20:20— 15j And 15: IO2 : 15-12 : 12-10. 

Problems in geometrical progression, may be solved, as in 
other parts of algebra, by the reduction of equations. 

Prob. 1. Find three numbers in geometrical progressioD, 
such that their sum shall be 14^ and the sum of their squares 
84. 

Let the three numbers be x^ y^ and z* 

Ky the conditions, xiyiiyiz, or a?z=y« 

And . j?+y+z=sl4 

And ' x«+yi+z'=84 

Reducing these equations, we find the numbers required 
to be 2, 4, and 8. 

Prob. 2. There are three numbers in geometrical pro- 
gression, whose product is 64, and the sum of their cubes is 
584. WhaLt are the numbers ? 

If X be the first term, and y the conunon ratio ; the se« 
ries will be «, xy^ xy^. 

By tiie conditions, xxxyxxy^y ora:'y*=64 1 

And x^+x^y^+x^y^sx5B4y 

These equations reduced give cr=2, and y=2. 

The numbers required, therefore, are 2, 4, and 8. 

Prob. S. There are three numbers in geometrical pro- 
gression : The sum of the fitst and last is 52, and the square 
of the mean is 100. What are the numbers ? 

Ans. 2, 10, and 50. 

30 
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Prob. 4. Of four numbers in jgeometrical progression, the 
sum of the two first is 1 5, s^id the sum of the two last ia 
60. What are the numbers ? 

Let the series be a?, xy^ xy^^ xy^ ; and the numbers will be 
found to be 5, 10, 20, and 40. 

Prob. 5. A gentleman divided 210 dollars among three 
servants, in such a manner, that their portions were in ge- 
ometrical progression ; and the first had 90 dollars more 
than the last How much had each ? 

Prob. 6, There are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 15 : And the 
difference of the squares of the greatest and the least, is to 
the sum of the squares of all the three numbers as 5 to 7. 
What are the numbers ? Ans. 5, 10, and 20* 

Prob. 7. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth bj 34 ; and 
the sum of the extremes, is to the sum of the means^ as t. 
to 3. What are the numbers ? Ansi 1, 3, 9, 27.*. 


SECTION XV 


INFINITES AND INFINITESIMALS.*^ 

t 

Art. 445. JL HE word infinite is used in different senses. 
The ambiguity of the term has been the occasion of much 
perplexity. It has even led to the absurd supposition, that 
propositions directly contradictory to each other may be 
mathematically demonstrated. These apparent contradic- 
tions are owing to the fact, that what is proved of infinity^ 

* Locke's Essays, Book 2. Chap. 17. Berkley's Analyst. Preface i9 
Maclaurm's Fluxions. Newton's Princip. Saunderson's Algebra, Art. 336. 
MaMiield's Essays. Emerson's Alg^ebra, Prob. 73» 
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when understood in one particular manner, is often thought 
to be true also, when the term has a very different significa- 
tion. The two meanings are insensibly shifted, the one for 
the ottier, so that the proposition which is really demonstra* 
. . ted, is exchanged for another which is false and absurd. 
To prevent mistakes of this nature, it is important that the 
different meanings be carefully distinguished from each 
other. 

446. Infinite, in the highest, and perhaps the most pro* 
per dense of the word, is that which is so great^ that nothing 
oan be added to it, or supposed to be added. 

In this sense, it is frequently used, in speaking of moral 
and metaphysical subjects. Thus, by infinite wisdom is 
meant that which will not admit of the least addition. In- 
finite power is that which cannot possibly be increased, even 
in supposition. This meaning of infinity is not applicable 
to the mathematics. That which is the subject of the math- 
ematics is qxumtity ; (Art. 1.) such quantity as may be. con- 
ceived by the human mind. But no idea can be formed of 
a quantity so great that nothing can be supposed to be added 
to it. In this sense, . an infinite number is inconceivable^ 
- We may increase a number by continual addition, till we ob- 
tain one that shall exceed any limits which we please to as- 
sign. By this, however, we do not a^rrive at a number to 
which nothing can be added ; but only at one that is beyond 
any limits which we have hitherto set. Farther additions 
maybe made to it, with the same ease, as those by which it 
has already been increased so far. It is therefore not infi- 
nite, in the sense in which the term has now been explained. 
It is absurd to sneak of the greatest possible number. No 
number can be*imagined so great, as not to admit of being 
made greater. We must therefore look for another mean- 
ing of infinity, before we can apply it, with propriety, to the 
mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INriNITE, 
WHEN IT IS SUPPOSED TO BE INCREASED BEYOND ANY DETER* 
MINATE LIMITS. 

By determinate Jimits are meant such as can be distinctly 
stated.* In this sense, the natural series of numbers, 1, 2, 
3, 4, 5, &:c. may be said to be infinite. For, if any number 
\ be mentioned ever so great, another may be supposed still 

greater. 

» See Note Q. 


I 


328 ALGEBRA. 

The two flignificatioDs of the word infinite are liable to be 
confounded, because they are in several points of view the 
same. The higher meaning includes the lower. That 
which is so great as to admit of no addition, must be beyond 
any determinate limits* But the lower does not necessarily 
imply the higher. Though number is capable of being in- 
creased beyond any specified limits ; it will not follow, that 
a number can be found to which no farther additions can be 
made. The two infinites agree in this, that, according to 
each, &ie things spoken of are great l^yond calculation. 
But they differ widely in another respect. To the one, 
nothing can be added. To the other, additions can be made 
at pleasure* 

448. In the mathematical sense of the term, there is no 
absurdity in supposing one infinite greater than another. 

We may concfeive the numbers 2 2 2 2 2 2 2 &:c, 

and 4 4 4 4 4 4 4 &;c. 

to be each extended so far as to reach round the globe, or 
to the most distant visible star, or beyond any greater boun- 
dary which can be mentioned. But, if the two series be 
equally extended, the amount of the one will be twice as 
great as the other, though both be infinite. 

So, if the series a+ a' 4- a*+ a*+ a* ^/-c. 
and 9a+9a*+9a5 + 9a* + 9a* fyc. 

be extended together beyond any specified limits, one will 
be nine times as great as the other. ]But it would be absurd 
to suppose one quantity greater than another, if the latter 
were already so great that nothing could be added to it. 

449. An infinite number of terms must iipt be mistaken for 
an infinite quantity. The terms may be extended beyond 
any given limits, when the amount of the whole is a finite 
quantity ,^ and even a small one. If we take half of a unit ; 
then half of the remainder ; half of the remaining half, <^c. 
we shall have the series 

in which each succeeding term is half of the preceding one. 
Let the progression be continued ever so far, the sum of all 
the terms can never exceed a unit. For. by the supposition, 
there is still a remainder equal to the last term. And this 
remainder must be added, before the amount of the whole 
can be equal to a unit. 

So I+^+I+tV + sV+A ^^' ^*^ never exceed 8. 
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450. When a q^vantihy is diminished till it becomes 
(.ess than any determinate quantity, it is called an in- 
finitesimal. 

Thus, Id the series of fractions yVj ri^? rtrVy? tto 005 8ic. 
a unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term, 
is ten times less than in the preceding. If then the progres- 
sion be continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and* in 
mathematical language, is said to be infinitely smalL By 
this, however, we are not to understand, that it cannot be 
made less^. The same process that has reduced it below any 
limit which we have yet specified, may be continued, so as 
to diminish it still more* And however far the progression 
may be carried, we shall never arrive at a point where we 
must necessarily stop. 

451. In the sense now explained, mathematical quantity 
may be said to be infinitely divisible ; that is, it may be sup- 
posed to be so divided, that the parts shall be less than any 
determinate quantity, and the number of parts greater than 
any given number. 

In the series jVi rh^ xirVirj titVitt? ^^- a unit is divided in- 
to a greater and greater number of parts^ till they become 
infinitesimals, and the number of them infinite, that is, such 
a number as exceeds any given number. But this does not 
prove that we can ever arrive at a division in which the 
parts shall be the least possible^ or the number of parts the 
greatest possible* 

452. One infinitesimal maybe less than another. 
The series t«V, tUj tvtitj tAtitj &c. 1 
And i\r) T^iTJ ttVitj Tirlinrj 4rc« J 

may be 'carried on together, till the last term in each be 
comes infinitely small ; and yet one of these terms will be 
only half as great as the other. For, the denominators be- 
ing the same, the fractions will be as their numerators, 
{Art. 360. cor. 2.) that is^ as 6 ; 3, or 2 : 1, 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathemati- 
cal sense, and yet the parts of one be more numerous, than 
those of the other. 

Ihe series y^, ^77^ T7trT> tottoo? ^c« ? 

And ^ 1 I 1 fi.p V 
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may both be infinitely extended ; and yet a unit in the last 
series, is divided into four times as many parts as in the first. 
But iif, by an infinite number of parts were meant such a 
number as could not be increased, it would be absurd to 
suppose the divisions of any quantity to be still more numer- 
ous.* 

453. For all practical purposes, an infinitesimal may be 
considered as absolutely nothing. As it is less than any de- 
terminate quantity, it is lost even in numerical calculations. 
In algebraic processes, a term is often rejected as of no val- 

' ue, because it is infinitely small* 

It is frequently expedient to admit into a calculation a 
small errour, or what is suspected to be ^n errour. It may 
be difficult either to avoid the objectionable part, or to ascer- 
tain its exact value, or even to determine, without a long and 
tedious process, whether it is really an errour or not. But 
if it can be shown to be infinitely small, it is of no account 
in practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 
equal to the vulgar fraction -J. Dividing the numerator by 
the denominator, we obtain ha the first place t'o- This ]« 
zicarly equal to -J. But j%\ is nearer, -iVA? still nearer, ^c, 

The errour, in the first instance, is ^V« 

rvr to ^37 — 5oT^ 3T"— 3o=7» 

In the same manner it may be shown, that 

the difference between { t ^"5 '^o'.." ^^""i ' 'r 

i -J and .333, is ^/^^, ^-c 

If the decimal be supposed to be extended beyond any- 
assignable limit, the difference still remaining will be infinite- 
ly small. As this errour is less than any given quantity, it 
is of no account, and may be considered in calculation as 
nothing. 

454. From the preceding example it will be seen, that a 
quantity may be continually coming nearer to another, and 
yet never reach it. The decimal 0.3333333 ^c. by repeated 
additions on the right, may be made to approximate contin- 
ually to ;J, but can never exac^y equal it. A difference will 
always remain, though it may become infinitely small 
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When one quantity is thus made to approach continually 
to another, without ever passing it ; the latter is called ar 
limit of the former. The fraction 4 is a limit of the deci- 
mal 0.666 &Q, indefinitely continued. 

455. Though an infinitesimal is of no account of itself yet 
its eflect on other quantities is not always to he disregarded. 

When it is a factor or a divisor, it may have an important 
influence. It is necessary, therefore, to attend to the rela- 
tions which infinites, infinitesimals, and finite quantities have 
to each other. As an infinitesimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may 
be considered as nothing, it is frequently represented by 0.^ 

An infinite quantity is expressed by the character ^. 

456. As an infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an addition or 
subtraction of the latter, may be disregarded in calculation. 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefore infinite and finite quaptifjes 
are connected by the sign + or — , the latter may be rejec- 
ted as of no comparative value • For the same reason, if 
finite quantities and infinitesimals are connected by + or — ^ 
the latter may be expunged. 

457. But if an infinite quantity be multiplied by one which 
is finite, it will be as many times increased, as any otlier 
quantity would, by the same multiplier. . 

If the infinite series' 2 2 2 2 2 2 &c. be multiplied by 4 ; 
The product will be 8 8 8 8 8 8 &c. four times as great as 
the multiplicand. See art. 448. 

458. And if an infinite quantity be divided by a; finite 
quantity, it will be altered in the same manner as any other 
quantity. 

If the infinite series 66^66666 ^^c. be divided by 2^ 
The quotient will be 33333333 &c. half as great as the 
dividend. 

459. If a fnite qvnntiiy be multiplied by an infinitesimal,, 
the product will be an infinitesimal ; that is, putting z for a 
finite quantity, and for an infinitesimal, (Art. 455. j 

2fX0=0. 
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If the multiplier were a wntY, the product would be equsif 
to the multiplicand. (Art. 90«) If the multipher is less than 
a unit, the product is proportionally less. If then the muK 
tiplier is infinitely less than a unit, the product must be infi-^ 
nitely less than the multiplicand, that is, it must be an infi-^ 
nitesimal. Or, if an infinitesimal be considered as abso- 
lutely nothing, then the product of z into nothing is nothing. 
(Art. 112.) 

480. On the other hand, if a finite quantity be divided hj 
an infinitesimalj the quotient will be infinite. 

z 

For, the less the divisor, the greater the quotient. If 
then the divisor be infimtehf small, the quotient will be in- 
finitely great. In other words, an infinitesimal is containedr 
an infinite number of times in a finite quantity. This may, 
at first, appear paradoxical. Bat it is evident, that the €fxo* 
iient must increase, as the divisor is dniminished* 

Thus 6-7-3=2, 6-r 0.03=200 

6-t 0.3 =20, 6-r 0.003 =2000, SfC. 

* If then the divisor be reduced, sa as to become less thas 
any assignable quantity, the quotient must be greater than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient wS) be an infiniteaimaL 

z 

For, the greater the divisor, the less the qux)tient. If theti^ 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely small- 
It must not be forgotten, that the expressions infinitely/ 
great, and infinitely small, are, all along, to be understood in 
the mathematical sense, according to the definitions in arts. 
447, and i50. 
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DIVISION BY COMPOUND DIVISORS. GREATEST 

COMMON MEASURE. 

Art. 463. ILN the section on division, the case in which 
tlie divisor is a compound quantity was omitted, because the 
operation, in most instances, requires some knowledge of 
the nature of pozoers ; a subject which had not been pre- 
viously explained. 

Division by a compound divisor is performed by the fol- 
lowing rule, which is substantially the same, as the rule for 
division in arithmetic : 

To obtain the first term of the quotient, divide the first 
term of the dividend, by the first term of the divison* 

Multiply the whole divisor, by the term placed in the quo- 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bring down as many of the following t^rmSi 
as shall be necessary to continue the operation : 

Divide again by the first term of the divisor, and proceed 
as before, till all the terms of the dividend are brought 
down. 

Ex. !• Divide ac+bc+iotd+bd, by a+6. 

a+b)<iC'\-bc+ai+bd(c+d 

, ac+bCf the first subtrahend. 

* * 0d+bd 

ad+bdj the second subtrahend. 


Here ac, the first term of the dividend, is divided by a, 
the first term of tiie divisor, (Art« 116.) which gives c for the 
first term of the qtiotient* Multiplying the whole divisor by 
this, we have ac+bc to be subtracted from the two first 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 

* See Note S. 
31 


234 ALGEBRA. 

term of the divisor, as before. This gives d for the second 
term pf the quotient.' Then multiplying the divisor by rf, 
we have a J+ hd to be subtracted', which exhausts the whole 
dividend, without leaving any remainder* 

The rule is founded on this principle, that the product of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. 115.) Now by the operation^ the pro- 
duct of the divisor into the first term of the quotient is sub- 
tracted from the dividiend ; then the product of the divisor 
into the second term of the quotient ; and so on, till the pro- 
duct of the divisor into each term of the quotient, that is, 
the product of the divisor into the whole quotient, (Art. 100.) 
is taken from the dividend. If there is no remainder,, it is 
evident that this product is equal to the dividend. If there 
is a remainder, the product of the divisor' and quotient is 
equal to the whole of the dividend excq>t the remainder. 
And this remainder is not included in the parts subtracted 
from the dividend, by operating according to the rule. 

463. Befoi?e beginning to divide, it will generally be ex- 
pedient to make some preparation in the arrangement of the 
terms. ' 

The letter which is in the first term of the divisor, should 
be in the first term of the dividend also. And the powers of 
this letter should be arranged in order, both in the divisor 
and in tlie dividend; the higHest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide2a«6-f-6^-t-2a6»-fa% byd*+63^i^a6. 

Here, if we take a* for the first term of the divisor,, the 
other terms should' be arranged according to the powers of 
a, thus, 




In these operations^ particular care will be necessary in 
the management o( negative quantities* Constant attention 
must be paid to the rules for the signs in subtraction, multi* 
plication and division, (Arts. 82, 105, 123.) 


\' 
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Ex. 3. Divide 2ax—2a*X'^3a^xy+Ga^a:+axy^xy^ by 

If the terms be arranged according to the powers of a^ 
they will stand thus ; 

2a— y)6a3Ar— Sa'acy— 2a*a?+aa;y+2aa?— a?y(3a'iV— aa?+a7. 
6a^x—3a*xy 

II" - '■ H !■ I 11 II < I 

* * — 2a*a?+a»y 

-2a»x+(ixy 


* * +2aX'-xy 

+2«x— -ay 

464. In multiplication, some of the terms, by balancing 
each other, may be lost in the product. (Art. 110.) These 
may re-appear in division, so as to present terms, in the 
course of the process, different from any which are in the 
.dividend. 

Ex. 4. 

«+»)«» +a?3(aa —aa?+«* 
a^+a^x 


* —a*x+x^ 
-^a^x^ax^ 

* ax^+x^ 

Ex. 5, 

a* — 2a^+2Ar*)a* +4A?*(a» +2«a?+2a;3 


* +2a»a:-2a»a;*+4x* 
+2a3ar— 4a*a;*+4aa?« 

* +2a*a;'— 4av»+4x4 


If the leamer will take the trouble to multiply the quo- 
tien tinto the divisor, in the two last examples, he will find, 


* 
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in the partial products, the several terms which appear inflie 
process of dividing. But most of, them, by balancing each 
other, are lost in the general product 

Ex. 6. Divide a^+a^+tf*6+a6+3ac+3c, by a+l. 

Quotient. a'+ab+3c. 

Ex. ?• Divide a+6— c— ha?— i«+c«, by a+J— c. 

Quotient. I— ac. 

Ex. 8. Divide 2a* — 13a'a:+ll«»A'*— 8(W?'+2a;*, by . 
^a^'-^c^+x*. Quotient, a*— 6aa:+2ap*» 

465. When there is a remainder after all the terms of the 
dividend have been brou^t down, this may be placed over 
the divisor and added to the quotient, as in arittuaietic< 

Ex. 9. 

X 

a+b)ac+hc+ad+bd+x(c+d^-^^. 
ac+bc 


f* 


* ad+bd 
ad+bd 


X 


Ex. 10. 

y 

Otd-^oJi * 


Id^bh 


* y 


It is evident that a+& is the quotient belonging to the 
whole of Ibe dividend, excepting the remainder y. (Art. 

y 

563. And ^^ id the quotient belongs to this remainder. 
(Art. 124.) 
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Ex. 11. Divide €tfx+2ivy— 3aJ— 6y+3ac+cy+^ by 
3a+y. Quotient. 2x— o+c+^-^r-. 

Ex. 12. Divide a^6-3a«+2fl6-6a-46+22, by 6-3. 

10 
Quotient. a'+2a— 4+t^. 

Ex. 13. See art. 283. 

a+y/h}ac+Cy/b+ay/d+ y/bd{c+ ^d. 
ac+ci/b 


«liB«M«l 


* a^d+y/bd 
a^/d+y/bd 


Ext 14. Dlivide a+y/y+ary/y+ryj by a+ ^y. 

Quotient. 1+r ^y, 

15. Divide a?' — 3aaj*+3a«a;— a', by x— a. 

16. Divide 2y»-19y*+26y-17, by y-8. 

17. Divide a;« — 1, by a;— 1. 

18. Divide 4a;*— 9aj«+6a— 3, by 2a;*+3ap— I. 

19. Divide a*+4a«6+36*, by a+2ft. 

20. Divide »*—aaj:* + 2a'a?— a*, by a;'— aai+a^. 

466. A regular series of quotients is obtained, by dividing- 
the difference of the powers of two quantities, by the differ- 
ence of the quantities. Thus, 

(y*-aa)-r-(y-a)=y+a, 
(y='-a*)-t-(y-a)=y*+ay+V, 

(y*-a*)-i-(y-a)=y»+ay^+«*y+o% 
(y8— o*)-r(y-o)=y*+ay»+a»y'+a»y+aS 

&c. 

Here it will be seen, that the index of y, in the first term 
of the quotient, is less by 1, than in the dividend ; and that 
it decreases by 1, from the first term to the last but one ; 

While the index of a increases by 1, from the second 
term to the latot, where it is less by 1, than in the dividend. 


o9g ALGEBRA. 

This may be expressed in a general formula, dius, 

' To demonstrate this, 'we have only to multiply the quo- 
iient into the divisor. (Art. 115.) 

AH the terms except two, in the partial products, will be 
balanced by each other; and will leave the general product 
the same as the dividend. 

Mult y^+ay^+a^y^+a^y-kra" 
Into %/ —a 

Product, y* * # * * —a*. 

Mult tf^'^+ay'^^+a^f^ .... +a'^^^+o*""' 
Into y— a 


y«+ay^'+fl«y~-*. . . . +a"^y*+o'^V 
-^ay^^--a^f"^ .... -a'»^y* -a'»-^y-a'" 

Prod, y^ * * * * ^^m^ 

466.5. In the same manner it may be proved, that the dif* 
ference of the powers of two quantities, if the index is aa 
even number, is divisible by the sum of the quantities. That 
is, as the double of every number is even ; 

(y»«_a*«)-r (y+a)=y*«-^-ay*'»-* .... +a*»-*y-a^^«"^ 

And the sum of the powers of two quantities, if the index 
is an odd number, is divisible by the sum of the quantities. 
That is, as 2m+l is an odd number; 

(y2"»+i+a^+*)-r(y+«)=y^-ay*^^ .... -a*^^y+o% 

For, in each of these cases, the product of the quotient 
and divisor, is equal to the dividend. 

Thus, 

(y*-«*H (y+a)=y*-fly*+fl'y-«S 

(/ -o«)-f- (y+fl)=y* -fly* +o*y ' -a^y* +(i''y-a^, &c. 
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And, 2 

(3^»+a«)-T-(y+a)=y«-ay+a , 

GREATEST COMMON MEASURE. 

466.C. The Greatest Common Measure of two quantities, 
may be found by the following rule ; 

Divide on£ of the quantities by the other, and thb 
preceding divisor by the last remainder, till nothings 
remains ; the last divisor will be the greatest common 

MEASURE* 

The algebraic letters are here supposed to stand for whole 
numbers* In the demonstration of the rule, the following 
principles must be admitted* 

U Any quantity measures itself ^ the quotient being 1. 

2. If two quantities are respectively measured by a third, 
their stmt or difference^ is measured by that third quantity. 
If b and c are each measured by rf, it is evident that 6+c, 
smd 6— c are measured by d. Connecting them by the sign 
+ or — , does not affect their capacity of being measured 
by A 

Hence, if b is measured by dj ttien, by the preceding pro* 
position, b+d is measured by d. 

3. If one quantity is measured by another, any multipte 
of the former is measured by the latter* If b is measured 
by dj it is evident that i+'d, 3ft, 46, n&, &c* are measured 
lyy d. 

Now'let Z)=the greater^ and c7:=the less of two algebra^ 
ic quantities, whether simple or compound. And let the 
process of dividing, according to the rule, be as follows : 

d)D{q 
dq 



y}r{q" 


Wg" 




"* " J * • 
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In which y, 9', y", are the quotients^ from the successive 
divisions ; and r, .r', and o, the remainders. And as the div- 
idend is equal to the product of the divisor and quotient ad- 
ded to the remainder, 

D^dq+r^ and rfssrgr.'+r', 

Then, as the last divisor r' measures r, the remainder being 0, 

it measures (2. and 3.) rof'+r'^d, 
and measures dq+rzfiDj 

That is, the last divisor r' is a common measure of the two 
given quantities D and d. 

It is also their greatest common measure. For every com- 
mon measure of D and d, iis also (3, and Q) a measure of 
D'-'dq:s::.r\ and every common measure of d and r, is also 
a measure of d-^rq'^s^r^ But the greatest measure of r' is 
itself. This, then, is the greatest common measure of D 
and d. 

The demonstration will be substantially the same, what- 
ever be the number of successive divisions, if the operation 
be continued, till the remainder is nothing. 

To find the greatest common measure of three quantities ; 
first find the greatest common measure of two of them, and 
then, the greatest common measure of this and the third 
quantity. If the greatest common measure of D and d be 
r', the greatest common measure / and c, is the greatest 
common measure of the three quantities i>, d, and c. For 
every measure of r', is a measure of D and d\ therefore the 
greatest common measure of r' and c, is also the greatest 
common measure of i>, d^ and c. 

The rule may be extended to any number of quantities. 

446.J. There is not much occasion for the preceding 
operations, in finding the greatest common measure of sim- 
ple algebraic quantities. For this purpose, a glance of the 
eye will generally be sufficient. In the application of the 
rule to compound quantities, it will frequently be expedient 
to reduce the divisor, or enlarge the dividend, in conformity 
with the following principle ; 

The greatest common measure of two quantities is not aU 
tered, by multiplying or dividing either of them^ by any qtMn- 
tity which is not a divisor of the other, and which contains no 
factor which is a divisor of the other. 

The common measure of 06 and ac is a. If either be 
multiplied by J, the common measure of abd and ac^ or of 




COMMON MEASURE. J41 

a6 and acdj k still a. On the other hand, if ab and acd are 
the given quantities, the common measure is a ; and if acd 
be divided by d, the common measure of ab and ac is a. 

Hence, in finding the common measure hj division, the 
divisor may often be rendered more simple, by dividing it 
by some quantity, which does not contain a divisor of the 
dividend. Or the dividend may be niidtiplied by a factor, 
which does not contain a measure of the divisor. 

Ex. 1. Find the greatest common measure of 

6a* + llav+3;c*, and 6a»+7aj?— 3a;a. 

6a« + 7axr'Sx^)6a^ + 1 lax+ 3a:3(l 

ea^+ 7a^—3x* 


Dividing by 2oc)4ax + 6x * 

2a+3x)ea^ + lax — 3«2 (3a — a? 
. 6a»-|-9aa? 


^ax'-^x^ 


After the first division here, the remainder is divided by 
2j?, which reduces it to 2a+3flc. The division of the pre- 
ceding divisor by this, leaves no remainder. Therefore 
2a+3<r is the common measure required. 

2. What is the greatest common measure of a;' -^i^ j:, and 
:v*+26a;+6'? Ans. ac+ft. 

3. What is the greatest common measure of cx^ti? ^ and 
c?c-\-(^x? Ans. c+jc. 

4. What 18 the greatest common measure of 3a?' — 24x-9, 
and 2x3 — 16a:— 6 9 Ans, jv*— 8a?— 3. 

5. What is the greatest conmion measure of n*— 6*, and 
a^^h^a^l Ans. o*-4^ 

6. What is the greatest common measure of j:* — 1, and 
^^+y • Ans. 5f+l. 

7. What is the greatest common measure of »'— a^, and 

32 
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8. What is the greatest common measure of a'— flfc— 24*, 
and(i*-3a6+26*? 

9. What IS the greatest common measure of a' — ^*, asd 

10. What is the greatest common measure of a^ — o6% and 


SECTION XVII. 


INVOLUTION AND EXPANSION OF BINOMIALS.* 

Art. 467. JL HE manner in which a binomial, as well a? 
any other compound quantity, may be involved tly repeated 
multiplications, has been shown in the section on powers. 
(Art 213.) But when a high power is required, the opera- 
tion becomes long and tedious. 

This has led mathematicians to seek for some general 
principle, by which the involution may be more easUy and 
expeditiously performed. We are chiefly indebted to Sir 
Isaac Newton for the method which is now in common use. 
It is founded on what is called the Binomial Theorem^ the in^^ 
vention of which was deemed of such importance to mathe- 
matical investigation, that it is engraved on his monument ia 
Westminster Abbey. 

468. If the binomial root be a+h, we may obtain, by 
multiplication, the following powers. (Art. 213*) 

* Simpson's Algebra, Sec. 15. Simpson's Fluxions, Art. 99. Eoler's 
Algebra, Sec. 2. Chap. 10. Manning's Algebra. Saunderson's Algebra^ 
Art. 380. Vince's Fluxions, Art. 33. Waring's Med. Anal. p. 415. La- 
cjToix's Algebra, Art. 135. Do. Comp. Art. 70. Lond. Phil. Trans. 1795, 
1816, and 1817. Woodhouse's Analytical Calculation. 
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{a+by =:a^+5a^b+ 10a^b^+ 10a^b^+5ab*+b^, &c. 

By attending to this series of powe^, we shall find, that 
the exponents preserve an invariable order through the whole. 
This will be very obvious, if we take the exponents by them- 
selves, unconnected with the letters to which they belong. 

In the square, the exponents 1 of 6 are ^ 1 ' 2 
In the cube, the exponents J j{ J JJ^ J J^^'J 

In the 4fli power, the exponents ^ ^{ J ^ O^f^'^ 

&c. 

Here it will be seen, at once, that the exponents of a in 
the first term, and of 6 in -the last, are each equal to the in- 
dex of the power ; and that the sum of the exponents of 
the two letters is in every term the iame. Thus in the fourth 
power 

Cin the first term, is 4+0=4 
The sum of the exponents <in the second, 3+1 =4 

(in the third, 2 + 2= 4 &c. 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents of b increase from 
0. That this will universally be the case, to whatever ex- 
tent the involution may be carried, will be evident, if we 
consider, that, in raising from any power to the next, each 
term is multiplied both by a and by b. 

Thus (a+6)^=a*+2flJ+6* 
Mult, by ' a+b 

— — {of a in each term* 

i a^+2a%+ab^ Here 1 is added to the exp. 

a%+2ab^+b^, Here 1 is added to the 

■ — [exp. of b in each term. 
{a+by=a^+3a^b+$ab^+i^ 

If the exponents, before the multiplication, increase and 
decrease by 1, and if the muItipUcation adds 1 to each, it is 
evident they must still increase and decrease in the same 
manner as before. 
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469. If then a+b he raised to a power whose expotient 
is n, 

The exp's of a will be n, n— 1, n— 2, . . .• 2, 1, 0; 
And the exp's of b will be 0, 1, - 2, .... n— 25/1— 1, n. 

The terms in which a power is expressed, consist of the 
letters with their exponents^ and the co-efficients. Setting 
aside the co-efficients for Ae present, we can determine, 
from the preceding observations, the letters and exponents 
of any power whatever. 

Thus the 8th power of a +6, when written without the 
co-ej£cients, is 

a^+a'b+a^b^^a'b^+M*+a^¥+a*b*+ab''+b^. 
And the nth power of a+i is, 

470. The mtmber of terms is greater hy I, than the index 
of the power. For, if the index of the power is n^ a has, in 
different terms, every index from n down to 1 ; and there is 
one additional term which contains only b. Thus, 

The square has 3 terms, The 4th power, 5, 
The cube 4, The 5th power, 6, &c.] 

471. The next step is to find the co-efficients* This part 
of the subject is more complicated. 

In the series of powers at the beginning of art. 466, the 
co-efficients, taken separate from the letters, are as follows ; 

In the square, 1, 2, 1, whose sum is 4s=:2*, 

In the cube, 1, 3, 3, 1, 8=2*, 

In the 4th power, 1, 4, 6, 4, 1, 16=2*, 

In the 5th power, 1, 5, 10,10,5, 1, 32=2*. 

The order which these co-efficients observe is not obvious, 
like that of the exponents, upon a bare inspection, put 
they will be found on examination to be all subject to the 
following law ; n 

472. The co-efficient of the first term is I ; that of the 
second is equal to the index of the power ; and universally, 
if the co-efficient of any term be multiplied by the index of 
the leading quantity in that term, and divided by the index of 
the following quantity increased by 1, it will give the co-effi- 
cient of the succeeding term.* 

*= See Note T. 
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Of the two letters in a term, the first is called the leading 
quantity, and the other, the following quantity. In the ex- 
amples which have been given in this section, a is the lead- 
ing quantity, and b the following quantity. 

It may frequently be convenient to represent the co-effi- 
cients, in the several terms, by the capital letters, A^Bfi^ &c. 

The nth power of a+i, without the co-efficients, is ^ 
a«-|" a^^b + a'^H^ + o^-^h^ -i- ar^¥, he. (Art. 469.) 

And the co-efficients are, 
A^n^ the co-efficient of the second term ; 

n— 1 n— 2 
C^nX "■^~" X ""T^j of the fourth term ; 

w — 1 n— 2 n— 3' 
D^nx ~2~ ^ ~T~ X "~4^ J ^^ *^® ^* term, &c: 

The regular manner in which these co^efficientB are de- 
rived one from another, will be readily perceived. 

473. By recurring to the numbers in art. 471, it will be 
seen, that the co-efficients first increase^ and then decrease at 
the same rate ; so that they are equal, in the first term and 
the last, in the second and last but one, in the third and last 
but two ; and, universally, in any two terms equally distant 
from the extremes. The reason of this is, that (a+oY is the 
same as {b+aY ; and if the order of the terms in the bino- 
mial root be changed, the whole series of terms in the power 
will be inverted. 

It is sufficient, then, to find the co-efficients of half the 
terms. These repeated, will serve for the whole. 

474. In any power of (a + 6), the sum of the co-efflcients 
is equal to the number 2 raised to that power. See the list 
of co-efficients in art. 471. The reason of this is, that, ac- 
cording to the rules of multiplication, when any quantity is 
involved, the letters are multiplied into each other, and the 
co-efficients into each other. Now the co-efficients of a-|-6 
being 1 -f 1 =2, if these be involved, ^a series of the powers 
of 2 will be produced. 

475. The principles which have now been explained may 
mostly be comprised in the following general theorem, called 
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THE BINOMIAL THEOREM. 

The index of the leading quantity of the power of 
a binomial, begins in the first term with the index of 

THE POWER, AND DECREASES REGULARLY BY 1. ThE INDEX 
OF THE FOLLOWING QUANTITY BEGINS WITH i IN THE SECOND 
TERM, AND INCREASES REGULARLY BY 1. (Aft. 468.) 

The co-effici^nt of the first term is I ; that of the 

SECOND is equal ^O THE INDEX OF THE POWER ; AND UNIVER- 
SALLY, IF THE CO-EFFICIENT OF ANY TERM BE MULTIPLIED BY 
THE INDEX OF THE LEADING QUANTITY IN THAT TERM, AND 
DIVIDED BY THE INDEX OF THE FOLLOWING QUANTITY INCREAS- 
ED BY 1, IT WILL GIVE THE CO-EFFICIENT OF THE SUCCEEDING 
TERM. (Art. 472.) 

In algebraic characters, the theorem is 

It is here supposed, that the ttrm^ of the binomial have 
no other co-efficients or exponents than 1. Other binomials 
may be redaced to this form by substitution. 

Ex. 1. What is the 6th power of xAry ? 

The terms without the co-efficients, are~ 
x^jX%xY^x^y^,xY,xy\y\ 

And the co-eflicients are 

6X5 15X4 20X3 

that is, 1, 6, 15, 20, 15, 6, 1. 

Prefixing these to the several terms, we have the powec 
required ; 

ir«+6;v*y-|-l5x*y*+20a;*y*-|-I5^'y*4'6a;y^+y«. 

2. (d+A)^ = c?5-|-5d^A+10d»A*-l-10d»A'* + 5JA*-|-A^ 

3. What is the nth power of 6+y ? 

Ans. 6«+w26"-*y+J56"-y +C6«"^y»-|-Di**"^yS ^c. 

That is, supplying the co-efficients which are here repre- 
sented by A, B, C, &c. (Art. 472.) 

n— 1 
J«+n X i'^-^y+n x -y- X 6""®y*5 4-c. 
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4. What is the fifth power of a?* +3y* ? 

Suhstituting a for a?', and b for 3y*, we have 

Aiid restoring the values of a and &, 
(x'+Sy^y =^+ 1 5x^y^ +90a?«y*+270ff *y«+405A?»y* +243yi^ 

5. What is the sixth power of (3a;+2y) ? 

Ans. 
729a?«+2916;c*y+4860xV+4320a;y+2160xy+576ay*+64y*. 

476. A residual quantity may he involved in the same 
manner, without any variation, except in the signs. By re- 
peated multiplications, as in art. 213, we obtain the following 
powers of (0—6). 

(a-ft)>==a«-2ai+6» 

(a-6)*=:a4-4a'6+6a«6«-4aJ'+6s &c. 

By comparing these with the like powers of (fl+i) in art. 
468, it will be seen, that there is no difference except in 
the signs. There, all the terms are positive. Here, the 
terms which contain the odd powers of b are negative. See 
art. 218* 

The sixth power of (a?— y) is 
x^ — 6A?'y+ 15A*y> — 20ci?3y* + ISac^y*— 6a?y* +y'« 

The nth power of (0—6) is 

««-^a»-*6+Sa"-^6*-Ca'»-^ft% &cJ 

477. When one of the terms of a binomial is a unit, it is 
generally omitted in the power, except iii the first or last 
term; because every power of 1 is 1, (Art. 209.) and this, 
when it is a factor, has no effect upon the quantity wi& 
which it is connected. (Art. 90.) 

Thus the cube of (x+l) is a?*+3a?«xl+3xxl• + l^ 
Which is the same as • a?* +3a;' +3x+ 1. 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading and the fol- 
lowing quantity in each term, for the purpose of finding the 
co^efl^cients. But this will be unnecessary, if we bear in 
mind, that the sim of the two exponents, in each tern), i| 
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equal to the index of the power. (Art. 468.) So ttiat, if wa 
have the exponent of the leading quantity, we may know 
that of the folloming quantity, and y. y* 

Ex. 1. The sixth power of (l— y) is 

478. From the comparatively simple manner in which (be 
power is expressed, when the first term of the root is a unit, 
19 suggested the expediency of reducing other binomials to 
this form. 

The quotient of {a+x) divided by a is \^ + ~r)* This 

multipUed into the divisor, is equal to the dividend ; that is^ 

(a+x)=ax (l+~-j therefore (a+^)"=a~x (l+"~) * 

/ xY 
By expanding the factor ^1 + —J , we hsCve 

479. When the index of the power to which any binomi- 
al is to be raised is a positive whole number^ the series will 
terminate* The number- of terms will be limited, as in all 
the preceding examples. 

For, as the index of the leading quantity continually de- 
creases by 1, it must, in the end, become 0, and then the se- 
ries will break off. 

Thus, the 5 term of the fourth power of a -fa: is x*, or 
a^x*^a^ being commonly omitted, because it is equal to U 
(Art 207.) If we attempt to continue the series farther, the 
co-efficient of the next term, according to the rule, wiU be 
1X0 

— 7--=0. (Art 112.) And as the co-efficients of all wc- 
ceeding terms must depend on this, they will also be 0. 

480. If the index of the proposed power is negative^ this 
cam never become 0, by the successive subtractions of a unit* 
The series will, therefore, never terminate ; but like many 
decimal fractions, may be continued to any extent that is 
desired. 
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1 -s 

Ex4 Expand into a series 7-x^= (a +y) • 

The terms without the co-efficients, are 
«-*, a-^y, ar^y^^ oT^y^, or^y^i &c. 

4-3x— 4 
The co-efficient of the 2d term is — ?, of the 4th — -z — = - 4* 

— 2x -^3 "-4X'""5 
of the 3d, 2 = -h 3, of the 5th ^ s= +5. 

The series then is 

Here the law of the progression is apparent ; the co-effi< 
cients increase regularly by 1, and their signs are alternately 
positive and negative* 

48 !• The Binomial Theorem is of great utility, not only 
in raising powers, but particularly in finding the roots of bi- 
nomials. A root may be expressed in the same manner as a 
power, except that Uie exponent is, in the one case an inte-^ 
ger, in the other a fraction. (Art. 245.) Thus (a 4-6)" may 
be either a power or a root. It is a power if n=s2, but a 
root if n^\* 

482. If a root be expanded by the binomial theorem, the 
series -mill never terminate. A series produced in this way 
terminates, only when the index of the leading quantity be- 
comes equal to 0, so as to destroy the co-efficients of the 
succeeding terms. (Art. 479.) But, according to the theo- 
rem, the difference in the index, between one term and the 
.next, is always a unit ; and a fraction^ though it may change 
from positive to negative, can not become exactly equal to 0, 
by successive subtractions of a unit. Thus, if the index in 
the first term be |^, it will be, 

in the 2d, \-l^ --J-, In the 4tb, -|- 1 = -|, 
In the 3d, -^-l^ -f, In the 5th, -|- 1 = -1, fyc. 

Ex. "What is the square root of (a+6) ? 

The terms, without the co-efficients, are 

a^.a'^^h.a'^h''^ a'^^b^ a^^'h\ kc. 
33 
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The co-efficient of the 2d term is +ii 
of the 3d, -^-2 = -*, of the 4th, —^ — ' = + A- 

And the series is a^+ Ja^6— |a ft* +to« **> 4^* 

When a quantity is expanded bj the Binomial Theorem*, 
the law of the series will frequently be more apparent, if 
the factors J by which the co-efficients are A>nned, are kept 
distinct* 

1. Expand into a series (a^-^-xf. 

Substituting h for a', we haVe • 

r 

1 -i I 1 r 


2*^ 2 ^2^ 4"" 2.4* 


2.4^ 37 2.4 '^ 6 ""2.4.6* 
^f 3 6 3.5 


jD=:5-r^ X -T- c=5^r^ X - « = - 


2.4.6 '^ 4 2.4.6'^ 8"" 2.4.6.8 • 

1 

Restoring, then, the value of 6,, and writing -for a"*', we 

have 

- X 0^ 3^ 3.5a;* 

1 

2» Expand into a series (l-|-j?)T. 

Ans. 1+2- 2.4+2.4.6^2X6^8' ^^' 

3. Expand ^2, or (1 + T)^. 

1 J^ 3 3.5 3>5.7 

Ans. 1+2-2,4+ 2AS ""2.4.6.^+2.4.6.8.10^ *^* 

1 J / x\i 

4. Expand (a+;r) , ora X \1+I/ • See art 478. 

^ ( 1. ^ 3a?^ 3.5y* \ 

Ans. a X V^ +2a""2.4a*+ 2.4*6a«" 2.4.6.8a*^ *^V 


I 
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«. Expand {a+hf, or o' x ( 1 +7)'« '^ 

Aiis.a x^l + 3^- 3.6«»+3.6.9a» -3.6.9.120*' **•/ 

1 

6. Expand into a series (a— 6)^. 

i / A -?^ 3.7^ 3.7>ni^ \ 


-i . ^ ,.. .* 


7. Expand (a +3?) • 8» Expand (1— at) . 
9. Expand (1+a?) ^. It). Expand (aa+;r) ^ 

483. The binomial theorem may also be applied to quan* 
iities consisting of more than two terms. By substitution^ 
several terms may be reduced to two, and when the com- 
pound expressions are restored, such of them as have expo- 
nents may be separately expanded, 

Ex. What is the cube of a-^-h+cl 

Substituting A for (6+c), we have a-\-{J}+c)^a-\-h, 

And by the theorem, (a+A)»=:a*+3a»A+3aA»+A*. 

That is, restoring the value of A, 
(a+6+c)»=a»+3a«x(4+c)+3ax(6+c)*+(6+c)». 

The two last terms contain powers of (b+c) ; but these 
nay be separately involved. 

Promiseuotis Examples* 

1. What is the 8th power of (a+6) ? 

Ans. a» +8a''J4-28a«6«+56a'6'+70a*6* +56a^6« +28a»i^ 
. +Sab''+b\ 

2. What is the 7th power of (a -6) ? 

„ . 1 

3. Expand into a series 737", or (1 —a)"**. 

Ans. l+a+a*+a'+a*+a'5&c. 
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h 
A. Expand — j, or Ax(a— i)""*. 


/I h h^ h^ \ h hh h^h b^h ^ . 


X 

5. Expand into a series (a*+i?)^. 

¥ 6« 6« 
Ans. «+2;-8i?+T6^.&^c. 

6. Expand into a series (a+y)"^* 

1 Ay lOy* 20y» g5y* 

?•' Expand into a series (c' +a?*)'** 

8. E]q>and . , or <i(c • + a? * ) *. 

^^- c V ^2c* +2.4C* ""2.4.6c« +2.4.6.0c'»' ^^V 

9. Find the 5th power of {a^+y^h 

10. Find the 4th power of (a+6+Ar). 

11. Expand (a»-a?)*. 12. Expand {l-y^f. 
13. Expand (a— 0?)^ 14, Expand ^(a^—ys)^. 
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EVOLUTION OF COMPOUND QUANTITIES. 

Art. 484. X. HE roots of compound quantities may be 
M extracted by the following general rule : 

' After arranging the terms according i,o the powers of one 

of the letters, so that the highest power shall stand first, the 
next highest next, &c. 

Take the root of the first term^ for the first term of the 
required root : 

Subtract the power from the given quantity^ and divide the 
first term of the remainder^ by the first term of the root invol- 
ved to the next inferiour power, and mtdtiplied by the index 
of the given power ^^ the quotient will be the next term of 
the root. 

Subtract the power of the terms already found frotn the giv- 
en quantity, and, using the same divisor, proceed as before* 

This rule verifies itself. For the root, whenever a new 
term is added to it,, is involved, for the purpose of subtrac- 
tit^ its power.from the given quantity : and when the power 
is equal to this quantity, it is evident the true root is found. 

Ex. 1. Extract the cube root of 

a«, the first subtrahend. 
So*) * 3a*, &c. the first remainder* 

a'^ + Sa^ +3a* +a^, the 2d subtrahend. 


8a*) * * —6a*, &c. the 2d remainder. 
a«+3a«— 3a* — Ila3+6a» + r2a— 8. 


t By the given power is meant a power of the same name with the re. 
quired root. As powers and roots are correlative, any quantity is the 
square of its square root, the cube of its cube root, &c. 
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Here a^, the cube root of a", is taken for the first term of 
the required root. The power a* is subtracted from the 
given quantity. For a divisor, the first term of the root ig 
squared, that is, raised to the next inferiour power, and mul- 
tiplied by 3, the index of the given power. 

By this, the first term of the remainder 3a^, &c. is divided, 
and the quotient a is added to the root. Then a* +a, the 
part of the root now found, is involved to the cube, for the 
second subtrahend, which is subtracted from the whole of 
the given quantity. The first term of the remainder — 6o<, 
&c. is divided by the divisor used above, and the quotient 
—2 is added to the root. Lastly, the whole root is involved 
to the cube, and the power is found to be exactly equal to 
the given quantity. 

It is not necessary to write the remainders at length, as^ 
in dividing, the first term only is wanted. 

2. Extract the fourth root of 

a* + 8a»+24a«+32a+16(a+2 
a* 


4a«)* 8aS &c. 

o* + 8«'+24a*+32a+16. 

3. What is the 5th root of 

Ans. a+b. 

4. What is the cube root of 

a3-6rtH+12a6«-86«? Ans. a-2J. 

5. "WTiat is the square root of 

4a«-l2a6+96' + 16aA-24&A+16A*(2a-36+4^ 
4o» 


4a)* -12flft,&c. 
4ff2 — 12a6+96' 


4a)* * * +16aA, &c. 
4a»-.12aJ+96« + 16cA-246A+16/i2, 


^ 
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Jn finding the divisor here, the term 2a in the root is not 
involved, because Hie power next below the square is the 
first power. 

485, But the square root is more commonly extracted by 
the following rule, which is of the same nature, as that which 
is used in arithmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for the first 
term of the required root, and subtract the power from the 
given quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the term last placed in the root, and subtract 
the product from the dividend. 

Bring dowff two or three additional terms, and proceed 
as before. 

Ex. 1. What is the square root of 

a*+2a6+6*4-2ac+26c+ca(a+4+c 
(ja, the first subtrahend. 

I 

2a+6)* 2ab+b^ 

Into 6= 2a6+i«, the 2d subtrahend. 


2a+26+c) * * 2ac+2bc+c^ 

Into c i= 2ac + 26c + c * , the 3d subtrahends 


Here it will be seen, that the several subtrahends are suc- 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahends are together equal to the square 
of the terms placed in the root, the root is truly assigned 
by the rule. 

The first subtrahend is the square of the- first term of the 

root. 

The second subtrahend is the product of the second term 
of the root, into itself, and into twice the preceding term. 

The third subtrahend is the product of the third term of 
the root, into itself, and into twice the sum of the two pre- 
ceding terms, &c. 

That is, tlie subtrahends are equal to 

a' + (2a+i) xb+ (2a-»-26 +c) X c, &c. 
and this expression is ^qual to the square of the root.K 


^ 
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For(i?+&)*=a»+2a6+**=a»+(2«+5)x6. (Art. 120.) 
And putting A=a+J, the square h^=a^+{2a-i'b)xi» 
And (a+6+c)»=(A+c)2 =A^ + (2A+c)xc; 
that is, restoring the values of h and A*, 

In the same manner it may be proved, that, if another 
term be added to the root, the power will be increased, by 
the product of that term, into itself, and into twice the sum 
of the preceding terms. 

The demonstration will be substantially the same, if some 
of the terms be negative. 

2. What is the square root of 

1 —46+46^ +2y_46y+y8 (1 -2J+y 
1 


^-2&) * ^4b+4¥ 
Into— 2 J =—46 +46* 


2-46+^) * * 2y-46y+y2 
Into y=s 2y— 46y+y* • 

s. 

3. What is the square root of 

a«— 2a«+3a*-a«'+a*? Ans. a^-^a^+a, 

4. What is the square root of 

a^ +4a^ 6+44« _4a2_8J+4 ? Ans, a* +26-2. 

486. It will frequently facilitate the extraction of roots, 
to consider the index as composed of two or more factors. 

Thus a^=o^^*. (Art. 258.) And a^=za^^^. That is. 

The fourth root is equal to th^ square root of the square 
root ; 

The sixth root is equal to the square root of the cube 
root; 

The eighth root is equal to the square root of the fourth 
root, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. 


: 
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> 

1. Find die square root of :«^*— 4x'+6jtf*— 4r+L 

2. Find the cube root of Ar« -5a:'+15x4-20aj *+l5x^'-Bx+U 

3. Find the square root of 4z • — 4i^* + 13^* — 6a?+ 9. 

4. Find the fourth root of 

16a*-96a*^+216aV-216fl:c* + 81;tf*. 

5. Find the 5th root of a:5+5jp* + 10a;'+iar* + 5ar+l. 

6. Find the sixth root of 

ROOTS OF BINOMIAL SURDS. 

486*(. It is sometimes expedient to express the square 
root of a quantity of the form ally/by called a binomial or 
residual surd, by the sum or difference of two other surds* 
A formula for this puipose may be derived firom the follow- 
ing propositions ; 

1. The square root of a whole number cannot consist of 
two parts, one of which is ratmml, ^nd the other a surd* 

If it be possible, let y/a=sx+ y/y, in which the part x is ra« 

tionaL 

Squaring both sides, a=:Af*+2y/y+y 

a — s^ — y 
And reducing, \/y= — 5-^ — , a rational quantity, 

which is contrary to the supposition. 

2. In every equation of the form «+ i/y=o+i/^, the ra- 
tional parts on each side are equal^ and also the remaining 
parts. 

If X be not equal to a, let x^^atz 

Then aiiz+y/y^^h+y/b. ' And ^6=z+ -/y ; 

That is, y/b consists of two parts, one of which is rationaf, 
and the other not ; which, according to the preceding prop- 
osition, is impossible. 

In the same manner it may be shewn, thatiin the equation, 
a:— ^y=a— y6, the rational parts on each side are equal, 
and also the remaining parts. 

3. If \^a+ y/bzsx+y/y, then Va— v^6=Ar— -/y. 

For, by squaring the first equation, we have, 

a+y/b^x^+2xy/y+ff^ 
34 
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And by the last propositioii, 


. By subtraction, a— ^b=^x^ ^^Vy+y 
By evolution, y/a-^'^b =«— Vy« 

4864C. To find, now, an expression for the square itK>t of 
A binomial or residual surd, 

Let Va+ y/b ssx+y/y 

Then Vo— V^ =«— Vy 

Squaring both sides of each, we have 

a+y/b^3t^+2xy/y+y 

a-^y/bssx^-^^y/y+y 

Adding the two last, and dividing assx^+y 

Multiplying the two first, Va^-^b =«*— y 

ft 

Adding and subtracting, 

,-— _ _ la+V(^^b 
a+Va*^bst2k^ Or «=V ^" 

/« — y/(f^b 

a-Va'^b^^ AndVy=V 2 

Therefore, as ^a+-/i=a5+V'y, and Va— /6=«— \^y, 

Va+,/6=V 2 +V 2 • 

Va-'y/i^y/ 2 -^ 2 : 

Or, substituting il for Va* —6, 

Ex* 1. Find the square root of 3+2v/2« 
HereasS, a«s=9, Vi=2y^2, 6=8, a'— fcaftS— 8seK 

Therefore ^T^^^yj-^'\'yl^^^/^+^^ 


^ 


"^ 1 


> 
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■ 

3* Find die square root of 11+6V3* Ans. S+^/2. 

3. Find tiie square root of 6—3^5. Ans* V^--l. 

4. Find the square root of 7+4/3. Ans. 3+^3* 

5. Find the square root of 7—S^lO* Ans. ^5'r'^2^ 

These results may be verified, in each instance, by multi- 
plying the root into itself, and thus reproducing the binomir 
al from which it is derived. 


SECTION XIX. 


INFINITE SERIES. 

AHIr. 487. 1.T is frequ^ently the case, that, in attempting to 
^tract the root of a quantity, or to divide one quantity by 
another, we find it impossible to assign the quotient or root 
wifli exactness. But, by continuing tfie operation, one term 
after another may be added, so as to bring the result nearer 
and nearer to the value required. When Uie number of 
terms is supposed to be extended beyond any determinate 
limits, the expression is called an infinUe series* The quan* 
titjfj however, may be finite, though the number of terms be 
uiiKmited. 

An infinite series may appear, at first view, much less sim- 

!ile than the expression from which it is derived* But the 
brmer is, frequently, more within the power of calculation 
than Ihe latter. Much of the labour and ingenuity of matb- 
ematicians has, accordingly, been employed on the subject of 
series. If it Were necessary to find each of the terms by 
actual calculation, the undertaking would be .hopeless. But 
a few of the leading terms will, generally, be sumcient to de- 
tannine the law of the progression. 
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488. A fraction may often be expanded into an infinite se- 
ries, hy aividing the numerator by the denominator. For the 
value of a fraction is equal to the quotient of the numerator 
divided by the denominator. (Art. 1 35.) When this quotient 
can not be expressed, in a limited number of terms, it may 
be represented bj an infinite series. 

1 
Ex. 1. To reduce the fraction t-^ to an infinite series, 

divide 1 bj 1 — a, according to the rule in art. 462. 

l-o)l (l+a+i»*+aS&c. 
1— a 


a 
a-^a^ 

* a*, &c. 


By continuing the operation, we obiliin the terms ' 

1 +a+«* +a* +«* +«* +o% &c, which are sufficient 
to show that the series, after the first term, consists of the 
powers of a, rising regularly one above another* 

That the series may converge^ that is, come nearer and 
nearer to the exact value of the firaetion, it is necessary that 
the first term of the divisor be greater than the second* In 
the example just ^ven, 1 inust be greater than a* For, at 
each step of the division, there i& a remainder ; and the quo^ 
tient is not coipplete, till this is placed over the divisor and 
annexed* Now the first remainder is a, the second a^ , the 
third a^, &c. If a then is greater than I, the remainder 
continually increases ; which shows^ that, the farther the di- 
vision is carried, the greater is tlie quantity, either positive 
or negative, which ought to be added to the quotient. The 
series is, therefore, diverging instead of converging. 

Put if a be hss than 1, the remainders a, a*, a', &c. will 
continually decrease; For powers are raised by multiplica- 
tion ; and if the multiplier be less than a unit, the product 
will be less than the multiplicand. (Art 90.) If a be taken 
equal to |, then by art* 223, 

a»=i, a»=f, a*=:TV, a^=:^\,&c. 
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and we have 

Here, the <a?o first terms = l+^, which is less than 2, by |* 
the three first =1+75 kss than 2, by | ; 

the/owr first =1 +}5 less than 2, bj i ; 

[&c. 
So that, the feriher the series is carried, ^he nearer it ap- 
proaches to the value of the given fraction, which is equal 
to 2. 

2. If -jrrz te expanded, the series will be the same as that 

from rZI79 except that the terms which consist of the odd 

powers of a will be negative. 

1 

Soihat j^=l-c+a»-fl»+a*-a»+a« <Jpc. 


h 

h Ih Vh 


8. Reduce - — r to an infinite series. 
a — 


)i n on o'n 


* bh 

a ' 

h 
Here h divided by a, gives — for the first term of the 

quotieDt. (Art 124.) This is multiplied into a—b, and the 

bh, 
product is A— — ; (Arts. 159, 158.) which subtracted fron 

. bh bh 

h leaves — . This divided by a, gives ~t (Art. 163.) for&e 

second term of the quotient. If the operation be con- 
tinued in the same manner, we shall obtain the scries, 

h^ bh b^h h^h b*h 
in which the exponents of ft and of a increase regularly by 1 . 
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i+a 

4» Redace ■: — ~ to an infinite series. 
1— o 

Ans. l+3<>+2a*+2a*+2a* &c. 

489. Another method of forming an infinite series is, hff 
isxtraeting tke root of a compound surd. 

Ex. I. Reduce Va* 4-i' to an infinite series, by extrac- 
ting the square root, according to the rule in art 485. 

, / ** b* I* 






5» l*\ b* • 

Here a, the root of the first term, is taken for the firsi 
term of the series ; and the power a' is subtracted from the 
given quantity. The remainder b' is divided by Sa, which 

gives ol for ^^ second term of the root. (Art* 124.) The 
divisor, with this term added to it, is then multiplied into the 

term, and the product is 6» + 4^7: (Arts. 155, 159.) This 
subtracted from J* leaves —"TIT} which divided by 2a gives 
—-5-3-, for the third term of the root. (Art- 163.) &c. 


Ba' 


i« 


?. Va*-6»=a-2^-3^-.Yg^&c. 


3. v^2=Vl + l=l+i-|+TV&c. 


a? X* x^ 5x* 


4. ^i+*=H-2— T+Te— 128"'^<^- 


I 
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490* A binomial which has a negative or fractionah expo- 
nent, may be expanded into an infinite series by the binomi' 
al theorem. See arts. 480, 482, and the examples at the 
end of Sec* xvii* 


INDETERMINATE CO^EFFICIENTS. 

490.6. A fourth method of expanding an algebraic . ex- 
pression, is by assuming a series, with indeterminate co'effi- 
dents \ and afterwards finding the value of these co-ef&^ 
cients. 

If the series, to which any algebraic expression is assum- 
ed to be equal, be 

A+Bx+Cx^-^-Dx^-k-Ex^^ &c. 

let the equation be reduced to the form in which one of" 
the members is 0. . (Art. 178.) Then if such values be as- 
signed to A^ By C, &c. that the co-efficients of the several 
powers of x^ as well as the aggregate of the terms into which 
X does not enter, shall be each equal to ; it is evident that 
the whole will be equal to 0, and that, upon this condition, 
the equation is correctly stated. 

The values of A^ B, C, &:c. are determined, by reducing 
the equations, in which they are respectively contained. 

a 
Ex. 1. Expand into a series , ^ » 

Assume ^vj^sjf -l-B;? -f- Oc« +Dx^ +£»*, <^c. 

Then multiplying by the denominator c+bx, and tran»' 
posing a, we have 

0:=:{Ac--a)+(Ab+B€)x+{Eb+Cc)x^ + {Cb+Dc)x*^ kc. 

4 

Here it is evident, that if (.4c— a), (Ab+Bc), (Bb+Cc)^ 
be* be made each equal to 0, the several parts of the se- 
cond member of the equation will vanish, (Art. 112.). and 
the whole will be equal to 0, as it ought to be, according to 
the assumption which has been made. 


•+. 
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Reducing the following equations, 

a 
4c— tf =0, we have •/?= — , 

c 

b 

M+Bc=0, B=^—A, 

c 

b 

Bb+Cc=0, C=r:——B, 

b 

Cb+DcssO, D=-—C, 

c 
&c. ^•c. 

That is, each of the co-efficients C, D^ and £, is equal to 

b 
the pr€H:eding one multiplied into — — . We have there- 
fore 

a a ab ab* ab^ ab* 

c-^bx c c* ^ c^ c^ ^ c' ^ 

a+bx 

2. Expand into a series J+jJ^^- 

Assume ^ . ^ . ^a =:^+.BAr+Cv«+2?A?», &c. 

Then multiplying hy the denominator of the fraction, and 
transposing a+bx, we have 0=(.^d— a)+(JBJ+w2A-6)A: 
+{Cd+Bh+Ac)x^ +{Dd+ Ch+Bc)w^, &c. 

Therefore '•^=■7 ^="""d^"""5''^' 

^ A 6 he 

^ ^ a+bx a (h b\ (h^ c \ ^. 

^•* 5+)b+^= d -b-^- TJ^-v d-^+T -^i* ««=• 

_ l+2x 

3. Expand into a series r — - — ^# 

Ans. l + 3«+4a?* + 7a;» + lla?* + 18;v»+29;e«, &c. 

In which, the co-efficient of each of the powers of a?, is 
equal to the sum of the co-efficients of the two preceding 
terms. 
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d 
4t Expand into a series T~~- 

d ( ax a^so* a^x^ a^x* \ 

5. Expand into a series JH^^l^* 

Ans. l+x+5x*+l3x^ +Mx^ + 121X' +Z65x\ Sia 

1 

6. Expand into a series j^^^^a i ^3- 

Ans- l+a?+2^*+2x3 + 3a?* + 3a?^+4;c«+4a;^ &c. 

7. Expand ~^. 8. Expand iTTi^^^ 

9* Expand ^j—;^. 10. Expand ^^Z^' 

SUMMATION OP SERIES. 

491. Though an infinite series consists of an unlimited 
number of terms, yet, in many cases, it is not difficult to 
find what is called the sum of the terms ; that is, a quantity 
which difiers less, than by any assignable quantity, from the 
value\ of the whole. This is also called the limit of the se- 
ries. Thus the decimal' 0.33333 &c. may tome infinitely 
near to the vulgar fraction |, but never can exceed it, nor 
indeed exactly equal it See arts. 453, 4. Therefore ^ is 
the limit of 0.33333 &c. that is, of the series .^ * 

3-L3J.2j_ S J. 3_ Kt« "^ 

If the number of terms be supposed infinitely great, the 
difierence between their sum and -J, will be infinitely small. 

492. The sum of an infinite series whose terms decrease 

by a common divisor, may be found, by the rule for the sum 

of a series in geometrical progression. (Art. 442.) Accor- 

rz^-a 
ding to this, S= — —j--^ that is, the sum of the series is found, 

by multiplying the greatest term into the ratio, subtracting 
the least term, and dividing by the ratio less 1 - But, in an 
infinite series decreasing, the least term is infinitely small. 
It may be neglected, therefore, as of no comparative value. 
(Art. 456.) The formula will then become, 

rsr— rz 
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Ex. 1 • What is the sum of the infinite series 

TV+TiTr+TFJrTr + ToooTr+TTr^ooy^ oz:c* • 
Here, the first term is ^V, and the ratio is 1 0. 

Then S^-—^^ ^^_^ -i=h the answer. 

2. What is the sum of the infinite series 

l+i + i + i + xV+aWT, ^^ ? 

rz 2X I 
Ans. S=^riY="2i:i=^' 

3. What is the sum of the infinite series 

l+^+^+^V+7V,&c.? Ans. | = 1+J. 

493. There are certain classes of infinite series, whose 
sums may be found by subtraction. 

By the rules for the reduction and subtraction of fractions, 

1 1 3—2 1 

2 ""T "^2X3^2 X 3* 

1^ \ 4-^ 1_ 

3 ""4 ~3X4 ""3x4' 

4^5 '=4X5""4X5'*^* 

If then the fractions on the right be formed into a series, 
they will be equal to the difference of two series formed 
from the fractions on the left. This difference is easily 
found : (otX the first term be taken away from one of these 
two series, it will be equal to the other. 

Suppose we have to find the sum of the infinite series 

2-3+ 3-4"^ "?5+ 5-6^^- 

From this, let another be derived, by removing the last 
factor from each of the denominators ; and let the sum of 
tie new series be represented by S, r 

lilt, % 

That is, let S=y +1" +T"'" T*^* 

1 1 1 ^ 1 o i 

Then S— 2=3+T+y+T^^- 


11111 
And by subtraction 2''^2^+3%i"^4^"*"5^ *^' 
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Here the new series is made one side of an equation, and 
directly under it, is written the same series, after the first 
. term i is taken away. If the upper one is eqbal to, S, it is 
evident that the lower one must he equal to S^^. ITien 
subtracting the terms of one equation from those of the 
other, (Ax. '2,) we have the sum of the proposed series 
equal to f For iS-(Sr- J)=S-S+i=i. 

^. What is the sum of the infinite series 

L L _1 J_ JL 

Here a new series may be formed, as before, by omitting 
' the last factor in each denominator. 

1 1 11 

Let '^"^■^2''*" 3""^T"*"T ^^* 

^ ^311111 

Then S-2=T+T+y+T+T^^- 


3 2 2 2 2 2 
And by subtraction 2^ f^'^W^'^ ¥1'^ 4^"^ 5^ ^^* 

1 \L L L L J. 

^^ T'^l-3"*"2-4"*"3-5'^4-6"^5-7'^^* 

In repeating the new series, in this case, it is necessary to 
omit the two first terms, which are l+^=f. 

3, What is the sum of the infinite series 

1 1 l_ 1 

2-4-6"^ 4-6-8"'" 6-8M0 +8-10-12 ^^'^ 

Here a new series may be formed, by omitting the last 
factor, and retaining the two first, in each denominator. 
And we shall find 


1 


"i /i.^.Qi ^.o.m "v o.m.m *3iC. 


8 '"2-4'6^4-6*8^ 6-8-10 ^ 8'10-12 

J^ J_ _1_ jl 1 

^^ 32~2'4'6"'"4-6-8'*"6'8-I0"*" 8M0'12» ^* 

4. What is the sum of the infinite series 

1 1 1 1 2. 

l-2-3+2'3-4"^3-4-5+4-5-6 ^^' ' 4"®' 4 * 
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493.6. Series whose sums can be determined, maj als« 
be found by the following method. Assume a decreasing 
series, containing the powers of a variable quantity x, whose 
fium =5. Multiply both sides of the equation, by a com* 
pound factor, in which x and some constant quantitjT are 
contained ; and give to x such a value, that the compound 
factor shall be equal to 0. If one or more of the first terms 
be th^n transposed, these will be equal to the sum of the 
remaining series. 

X x^ x^ x^ x^ 
Ex. 1. LetS=l+-2+-^+-^+-^ + -g- &c* 

Multiplying both sides by af—l, we have 

X x^ x^ ac* x^ 

sx(x-i): — i+i-:2+2r3+5:i+4:5+5r6 ^*=- 

If we make xs=], the first member of the equation be- 
comes 5x(i — 0=0* i^^' 112.) Then transposing — 1 
from the other side, we have 

^ 1 Jill 

^"=1.2 + 2.3+ 3.4"^ 4.5"*' 5.6 ^' 

« m 

X X^ X^ X* 

2. Let Sss:! +^ +T"*"^ ■^'T ^' *® before, 

Multiplying by a* ^ 1 , we have 

' ^ X 2a;* 9x^ ^^ 

Sx(x»-l)=-l-^+— +2^^ + — &c. 

Making a;==l, and transposing the two first terms of the 
series, we have 

J_^ ^ ^ 2 2 2 2 

J+ 2 = 2 '^1.3+274+3T5"'"4k6 + 5r7 ^^' 

X X x^ ^ 

3. Multiplying Sz:^l+^^—+—&:c.hj?,x'-3x+l^ 

we have 
^ .^ . X 5j? 5x« 6a;.? 7x* 

Sx(2.«-3.+ l)-l-2- + r273+2.3T4+3:r5*^- 
And if X be put equal to I, 

£ _3_ 6 7 8 

2"^1.273'*"2.3.4+3.4.5''"4^ *^^- 


« 
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From the two last examples, it will be seen, that different 
series may have the same sum. 


RECUERINO SERIES. 

493.C. When a series is so constituted, that a certain 
number of contiguous terms, taken in any part of the series^ 
have a given relation to the term immediately succeeding, 
it is called a recurring series ; as any one t>f the following 
terms may be found, by recttrring to those which precede. 

Thus in the series l+3x+4x^ + 7x^ + llx* + 18x'^, Sic. 

the sum of the co-efficients of any two contiguous terms, ia 
equal tor the co-efficient of the following term* If the se- 
ries be expressed by 

ji+B+C^D+E, &c. • 

Then ./J 9=1, the first term* £=3a[;, the second,. 
C^Bx+Jix*=z4x*, the third, 
D^Cx+Bx^=i7x^y the fourth, &c. 

That is, each of the terms, after the second, is equal to 
the one immediately preceding multiplied by a;, + the one 
juxt preceding multiplied hj x*. 

In the series \+2x+$x^+^x*+5x*+ex^y &c. 

each term, after the second, is equal to 2x multiplied by the 
term immediately preceding, —a?* multiplied by the term next 
preceding. The co-efficients of x and x*, that is -t-2 — 1, 
constitute what is called the scale of relation. 

In the series \+4x+ex^ + Ux^ + 2Bx*+G3x^,&c. 

any three contiguous terms have a constant relation to the 
succeeding term. The scale of relation is 2—1+3; so 
that each term, after the third, is equal to ^x into the term 
immediately preceding, — x^ into the term next preceding, 
+ 3a;^ into the third preceding term. 

Let any recurring series be expressed by 

ji+B+C-J^D+E-^F.&c. ^ 

. If the law of progression depends upon two contiguous 
terms; and the scale of relation consists of two parts, m 
and n, 
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Then C^Bmx+Anx^^ the third term, 

D^Cmx+Bnx^^ the fourth, 

£=jD»ia; + Cwx% the fifth, 
&c. &c. 

If the law of progression^ depends on three contiguoui 
terms, and the scale of relation is m+n + r, 

Then D^^Cmx-^-Bux^ •\-*Arx^ ^ the fourth term, 
E—Dmx + Cnx^ +Brx\ the fifth, 
F=:Emx + Dnx * + Crx * , the sixth, 

&C. <J/"C. 

If the law of progression depends on more than three 
terms, the succeeding terms are derived from them in a sim- 
ilar manner. 

493.(f. In -any recurring series, the scale of reiatiorij if it 
consists of two parts, may be founds by reducing the equa- 
tions expressing the values of two of the terms ; if it con- 
sists of three parts, it may by found, by reducing the equa- 
tions expressing the valuesApf three terras, &,c. As the 
scale of relation is the same, whatever be the value of x in 
the series, the reduction may be rendered more simple, by 
making x=:l. 

Taking then the fourth and fifth terms, in the first exam- 
ple above, and making ;c = I , we have 

E'-D^4'C^ \ ^^ ^^^ ^^ values of m and n* 

These reduced, (Art. 339,) give 
DC --BE CE^DD 

^-CC'-BD ^-^cc-Bir 

, ., . <A B C D E F 

m tne series ^ ^ +3x+5x^ +lx^ + dx'' + llx' &c. 

' Making a; = l, we have 

7X5-3X9 5X9^7^ 

Therefore, the scale of relation is 2 — 1. 

* 

To know whether the law of progression depends on two, 
three, or more terms ; we may first make trial of two terms; 
and if the scale of relation thus found, does not correspond 
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with the given series, we may try three or more terms. 
Or if we begin with a number of terms greater than is ne- 
cessary, one or more of the values found will be 0, and the 
others will constitute the true scale of relation. 

• 

. 493.C. When the scale of relation of a decreasing recur-,^ 
ring series is known, the sum of the terms may be found. 

, iA B C D E F 

^^^ ^ a + 6x + cx2+dx*+cx*+/:c«, &c. 

he a recurring series, of which the scale of relation is m+»i. . 

Then ^=the first term, fi=the second, 

C=Bxmx + Axnx^, the third, 

D — Cxmx + Bxnx^^ the fourth, 

E=:Dxmx+Cxnx^, the fifth, 
&c. &c. 

Here mx is multiplied into every term, except the first 
and the last ; and nx^ into every term, except the two last. 
If the series be infinitely extended, the. last terrns may be 
neglected, as of no comparative value, (Art. 456,) and if 
S= the sum of the terms, we have 

S=.A+B+mxx{B^C-\'DH>) + ax*x{AA-B+Cliiu:.) 

ButS-wi=5+C+D &c. AndS=:A+B'^C&LC. 

Therefore S^^A + B-^-mx x {S-^AJ+nx^ xS. 

Reducing this equation, we have 

A+B—Amx 
1 —mx—nx^ 

Ex. 1. What is the sum of the infinite series 

l+6:v-|^12xa+48a?» + 120x* i^c ? 

The scale of relation will be found to be 1+6. 

Then A = l, B-Gx, m = l, «=:6. 

l+5a ? 
The series therefore =j_^_^^. 

2. What is the sum of the infinite series 

l + 3x+4tjc^ + 7x^ + 1 ix^ + 18.^* +29«* <^c. ? 

!4-2a? 
Ans. i_a?-«»' 
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3« What is the sum of the infinite series 

l+^+5a?« + 13a?»+41^* + l2l;v« + 365«* &c. ? 

^^^' l-2cc-3a? • 
4* What is the sum of the infinite series 

5» What is the sum of the infinite series 

6. What is the sum of the infinite series 

l+2a?+8;c*-|-28a;» + 10to* ^c. ? 
1 -a? 


Ans. 


l-Sx— 2a;'* 


If m the senes J a+i^^+e^^+rf^a^^^+yis &e. 

the scale of relation c\)nsists of three parts, m+n+r, 

Then ^=the first term, B= the second, C= the thirds 

Z>=Cxmx+fixwa?*+-wf xra;% the fourth, 

£=Dxma?+Cxnx« + Bxrjc^ the fifth, 

F=Exmx+Dxnai:*+Cxrx^y the sixth, 
&€. &c. 

Therefore 
S=^+B+C+»ia?x(C+D+fi4^c.)+na?« x(£+C+i5 &c.) 

+ra?» x{Ji+B+C <t-c.) That is, 
S=w2+fi+C+ma?x(S-^-B)+wa;*XCS-^)+r:r3xS. 

Reducing this equation, we have 

A+B+C^{A+B)mx-Jlnx* 


S=- 


1— wa?— rwp^— rjc' 


V 
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Ex. 1. What is the sum of the infinite series 

in which the scale of relation is 2— 1 +3 ? 

Ans. i^2x + x*-Sx^ ==(T-ar)*-3^» • 

2. What is the sum of the infinite series 

l+^+2j.«+2x3 + 3a?*-|-3a:*+4a?«+4a;'' &c. 
in which the scale of relation is 1 + 1 — 1 ? 

I 


Ans* 


l^x—x^+x 


METHOD OF* DIFFERENCES. 

493.e. In the Summation of Series, the oT)ject of inqui- 
ry is not^ always, to determine the value of the uhole, when 
infinitely extended ; but frequency, to find the sum of a 
certain number of terms* If the series is an increasing one, 
the sum of all the terms is infinite. But the value of a 
limited number of terms may be accurately determined. 
And it is frequently the case, that a part of a decreasing se- 
ries, may be more easily summed than the whole. A mod- 
erate number of terms, at the commencement of the series, 
if it converges rapidly, may be a near approximation to the 
amount of the whole, when indefinitely extended. 

One of the methods of determining the value of a lim- 
ited number of terms, depends on finding the several orders 
of differences belonging to the series. The differences 
between the terms themselves, are called the first order of 
differences ; the differences of these differences, ihe second 
order, &c. In the series 

1, 8, 27, 64, 125, &:c. 

by subtracting each term from the next, we obtain the first 
order of differences 

7, 19, 37, 01, he. 

and taking each of these from the next, we have the second 
order 

12, 18, 24, &c. 

Proceeding in this manner with the series 

a, 6, c, </, c, f &c. 

we obtain the following ranks of differences, 

36 


274 ALGEBRA. | 

Ist, Diff 6— a, c— 6, d—c, e— cf, /— «, &c. 

2d. Diff. c--2b+a, d-2c+ft, e-2rf+c, /-2c+c?, &c. | 

3d. Diff. d— 3c+36-a, e-.3d+3o— 6, /— 3e + 3d[— c, &c. 

4th. Diff. e-4(i+6c— 46+a, /-4d+6d— 4€+6, &c. 

5th. Diff. /-5c+lOd-10c+56-/«, &c. 

&c. &c. 

In these expressions^ each difference, here pointed off bj 
commas, though a compound quantity, is called a term* 
Thus the first term in the first rank is 6— a ; in the second, 
c— 26+a; in the third, d— 3c+36—a; &c. The Jirst 
terms, in the several orders, are those which are principally 
employed, in investigating and applying the method of dif- 
ferences. It will be seen, that in the preceding scheme of 
the successive differences, the co-effidents of the first term^ 

In the second rank, are 1, 2, 1 *; 
In the third, I 3, 3, 1 ; 

In the fourth, 1 4, 6, 4, 1 ; 

In the fifth, 1 5, 10, 10, 5, I ; 

Which are the same, as the co-efficients in the powers of 
binomiah. (Art. 471.) Therefore, the co-efficients of the 
first teniij in the nth or^er of differences, (Art. 472,) are 

n — 1 n — 1 w— 2 

1, n, nX-g^, nx-g— X--J-, &c. 

493/. For the purpose of obtaining a general expression 
for any term of the series a, t, c, d, &c. let D', D'\ Bf \ D"'\ 
&c. represent the first terms, in the first, second, third, 
fourth, &c. orders of differences. 

Then D^^b-a, 

2)"=c~26+a, 

I>'"=od-3c-|-36-flf, 

D""=c-4c/-|-6c-46+a, 
&:c. &c. 

Transposing and reducing these, we obtain the following 
. expressions for the terms of the original series a, 6, c, J, &c. 

The second term 6 = a -|- D\ 

The third, c ==a + 22)' +■ Z>", 

The fourth, J==a+3D'+3Z)"+2)'", 

The fifth, 6=a+4i)'+6l>"+4D'"+7)'"*, 

^c. * kc. 
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Here the eo-efficieot9 observe the sume law, as iii the 
potoers of a binomial ; with this diSerence, that the co-effir 
cients of the nth term of the aeries, are the co-efficients of 
the (n— 1 jth power of a binomial. 

Thus the co-efficients of the fifth term are.!, 4, 6, 4, 1 ; 
which are the same as the co-efficients of the fourth power 
of a binomial. Substituting, then, n— 1 for n, in the formu- 
la for the co-efficients of an involved, binomial, (Art. 472.) 
and applying the co-efficients thus obtamed to Z>', D", D"'f 
D'"\ az;c, as in the preceding equations, we have the follow- 
ing general expression, for the nth term of the series, a, 6, 
c, d, &c. 

The nth term a a\{n- 1 )I)'+f n- 1 )—£ Z)"4-n-l -g ^ "1' ^'"' 

[8ic. 
When the diflerences, after a few of the first orders, be- 
come 0, any term of the series is easily found* 

Ex. 1. What is the nth term of the series 1, 3, 6, 10, 1«, 21 ? 
Proposed series 1, 3, 6, 10, 15, 31, 8zc. 
First order of diff. % 3, 4, 5, 6, &c. 
Second do. ], 1, 1, 1, Uxi. 

Third do. 0, 0, 0. ^ 

Here a=l, D'=2, JD"=1, D'"=0. 

n— 2 
Therefore the nth term *= 1 -f- (n— 1 )2+n — 1 '~'^* 

The 20th term =1+38+171 =r210. The 60th=1275. 

2. What is the 20th term of the series 1 », 2% 3% 4», 5», &c. ? 

Proposed series 1, 8, 27, 64, 125, Sic. 
First order of diff 7, 19, 37, 61, &c. 

Second do. 12, 18, 24, &c. 

Third do. 6, 6, Sic. 

Here Z)'=:7, D"=12, D'"=6. 
Therefi)re the 20th term =8000. 

3. What is the 12th term of the series 2, 6, 12, 20, 30, &c. ? 

Ans. 156. 
. What is the 15th term of the series 1 »,2«, 3», 4», 5», 6«,8?ic. 

Ans. 325. 
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493.^. To obtain an expression for the sum of any num- 
ber of terms of a series a, fr, c, rf, &c. let one, two, three, 
&c. terms be successively added together, so as to form a 

new seriesj 

0, o, 0+^, a+6+c, a+b+c+d, &c. 

Taking the differences in this, we have 

1st Diff. ^a, 6, c, rf, c, /, &c. 

2d Diff. 6— a, c— 6, d— c, c— rf, /— c, &c. 

3d Diff, c-26 + rt, £/-2c+6, e--^d+c, f—^e+d, &c. 

4th Diff. d-3c+36-a, c— 3rf+3c-A,/-3«+3d-c, &c. 

&>c. &ic. 

Here it will be observed, that the second rank of differ- 
ences in the new series, is the same as the Jirst rank in the 
original series a, A, c, d, e, &c. and generally, that the (w+ 1 )th 
rank in the new series, is the same as the nth rank in the 
original series, Jf, as before, D = the first term of the first 
differences in the original series, and rf = the first term of 
the first differences in the new series ; 

Then d =a, d' = 0, rf' =i>", d""=JD% Sec, 
Taking now the forniula (Art. 493/.) 

which is a general expression for the nth terra of ,a series 
in which the first term is a ; applying it to the new series, 
in which the first term is o, and substituting n+1 for n, we 
have 

n-1 n-1 n— 2 nr-1 n-2 n-3 

o^nd'+n~^ d" + n -j- X -^d'''-^— X -J X-^d""+&c. 

_ n-1 n-1 n-2_ n-I w-2 n-3^ 

Or na^n -^ D+n ^x j D Hn-y X— 3- X —^1)'"+ &c. 

Which is a general expression for the (n+l)th term of 
the series 

0, a, a+6, fl+6+c, a+fc+c+rf, <J/*c, 
or the »th term of the series 

a, 0+65 a+b-^-c^ a+A+c-l-rf, &c. 

Put the nth term of the latter series, is evidently the 5W» 
of n terms of the series a, i, c, rf, <J^c, Therefore *Ae gcn^ 
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eral expression for the sum' of n terms of a series of which a 
is the first term, is 

n— 1 n— 1 n— 2 . n— 1 « — 2 n-3 

Ex. 1- What is the sum of n terms of the series of odd 
numbers I / 3, 5, 7, 9, &c. ? 

Series proposed 1, 3, 5, 7, 9, &«:. 

First order of diflF. 2, 2, 2, 2, &c. 

Second do. . 0, 0, 0, 

Herea=l, D'=^Z^ JD"=0. 

n— 1 
Therefore the sum of n terms =n+»--^— x2s:sn*. 

That is, the ^tim of the terms is equal to the square of the 
number of terms. See art. 431. 

2. What is the sum of n terms of the series 

1«, 2*, 3% 4«, 5», &c.? 

Here a = l, D =3, D"=2, D'"=0. 

Therefore n terms = \ (2n ' + 3n * + w) =^n(n + 1 ) X (2n -fl ). 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of the series 

I*, 2^ 3^ 4*, <Jrc. ? 
Here o=l, JD =7, D''=l2, D"'=:6, D"'^0^ 

Therefore n terms =J(n*+2n*+n*)=(|nXn+iy . 
Thus the sum of 50 terms =1625625. 

4. What is the sum of n terms of the series 

2, 6, 12, 20, 30, &c. ? 

Ans. iw(?i+l)x(n+2.) 

5. What is the sum of 20 terms of the series 
• 1, 3, 6, 10, 15, <£rc. ? 

6. What is the sum of 12 terms of the series 

i*, 2*, 3*, 4*, 5*, <£rc. ?* 

• See Note U. 


SECTION XX. 


COMPOSITION AND RESOLUTION OF THE 

HIGHER EQUATIONS. 

Art. 494. JbiQUATIONS of any degree may be produ- 
ced from simple equations, by multiplication. The manner 
in which they are compounded will be best understood, by 
taking them in that state in which they are all brought on 
one side by transposition. (Art. 178.) It wiiKalso be neces- 
sary to assi^, to the same. letter, different values, in the dif- 
ferent simple equations. 

Suppose, that in one equation, 07=3) 
And,' that in another, jr=3 5 

By transposition, a?— 2=0' 

And , a?-3=0 


Multiplying them together, x^—5x+QssO 
Next, suppose a— 4=0. 

And multiplying, a?' — 95f*+26ap— 24=0 

Again, suppose x—5=0 

Andmult. as before x*-^14r* + 71;v* — 164a?+ 120=0 &c. 

Collecting together the products, we have 

(^-2X^-3) =x*-5a; + 6=0 

(a;-2)(a;-3)(a?-«4) =;c»-9:v* + 26;v-.24=0 

(Ar-2)(a?-3)(:v-4)(a;-5)=a;*-14a;H71i>f^-154«'+120=0 

[&c. 
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That 16, the product 

of two simple equations, is a quadratic equation ; 
of three simple equations, is a cubic equation ; 
of four simple equations, is el biquadraticj or 9Ji 
equation of the fourth degree, &c. (Art 300.) 

Or, a cubic equation maj be considered as the product 
of a quadratic and a simple equation : a biquadratit;, as the 
product of two quadratic ; or of a cubic and a simple equa- 
tion, &rc. 

495. In each case, the exponent of the unknown quantity, 
in the first term, is equal to the degree of the equation ; 
and, in the succeeding terms, it decreases regularly by 1, 
like the eicponent of the leading quantity in the power of 
a binomial. (Art. 468.) 

In a quadratic equation, the exponents are 2, I. 

In a cubic equation, 3, 2, 1. * 

la a biquadratic, 4, 3, 2, 1 , &c* 

496. The number of terms, is greater by 1, than the de- 
gree of the equation, or the number of simple equations 
from which it is produced. For, besides the terms which 
contain the different powers of the unknown quantity, there 
is one which consists of known quantities only. The equa- 
tion is here supposed to be complete. But if there are, ii> 
the partial products, terms which balance each other, these 
may disappear in the result. (Art. 110.) 

497. Each of the values of the unknown quantity is call- • 
ed a root of the equation. 

Thus, in the example above, 

The roots of the quadratic equation are 3, 2, 

of the cubic equation 4, 3, 2* 

of the bi(]uadratic 5, 4, 3, 2* 

The term root is not to be understood in the same sense 
here, as m the preceding sections. The root of an equation 
is not a quantity which m 'Itiplied into itself vnU produce the 
equation. It is one of the values of the unknown quantity; 
and when its sign is changed by transposition, it is a term in 
one of the binomial factors which enter into the composi- 
tion of the equation of which it is a root. 
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The value of the unknown letter x, in the equation, is a 
quantity which may be substituted for x^ without affecting 
the equaUty of the meinbers. In the equations which we 
are now considering, each member is equal to f and the first 
is the product of several factors. This product will con- 
tinue to be equal to 0, as long as any one of its factors is 
0. (Art, 11^.) If then in the equation 

(a:-2) X (x-3) X (ac -4) x (;c-5)=0, 

we substitute 2 for x^ in the first factor, we have 

X (x — 3) X (x — 4) K (^—5) =0. 

So if we substitute 3 for ^c in the second factor, or 4 in 
the third, or 5 in the fourth, th whole product will still be 0., 
This will also be the case, when the product is formed by 
an actual multiplication of the several factors into each 
other. 

Thus, as a-' — Gx' + SGjv — 24=0 ; (Art. 494.) 
So 2' -9x2* + ^6x2-24=0, 
And 3^-9x3* + 26x3-24=0, &:c* 

Either of these values of x^ therefore, will satisfy the 
conditions of the equation. 

498. The number of roots, then, which belong to any 
equation, is equal to the degree of the equation. * 

ThuS; a quadratic equation has two roots ; 
a cubic equation, three ; 
a biquadratic, four, ^c. 

Some of these roots, however, may be imaginary. For 
an imaginary expression may be one x>i the factors from 
which the equation is derived. 

499. The resolution of equations, which consists in find- 
ing their roots, cannot be well understood, without bringing 
into view a number of principles, derived from the manner 
in which the equations are compounded. The laws by 
which the co-efficients are governed, may be seen, from the 
following view of the multiplication of the factors 

X — a, X— &, X — Cj X— rf, 

each of which is supposed equal to 0. 

The several co-efficients of the same power of ;c, are 
placed under each other. 
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Thus, — ao;— 6^.is written ~ , > at; and the other co-effi- 
cients, in the same manner* 

The product, then 

Of fa?— a)=0 
Into (:v-6)=0 

Is a;*~?>jc+«i=0, a quadratic equation* 
This into A?— c—0 

Is a:' — 6 > x^ + ac> a?— a6c=0, a cubic equation. 
This into x— d=0 

+ac I — aAc 


Is 


x^ 31 V^' 1]^ y^^ 3^ , >a?+fl5crf=0, a biquadratic, 


-rf J +bd 


—bed 


&c, 

500. By attending to these equations, it will be seen that, 

In the Jirst term of each, the co-efficient of a? is 1 : 

In the second term, the co-efficient is the sum of all the 
roots of the equation, with contrary signs. Thus the roots 
of the quadratic equation are a and 6, and the co-efficients, 
in the second terra, are —a and —6.- • 

In the third term, the co-efficient of a? is the sum of all 
the products which can be made, by multiplying together 
any two of the roots. Thus, in the cubic equation, as the 
roots are a, 6, and c, the co- efficients, in the third term, are 
a6, ac, be. 

In the fourth term, the co -efficient of x is the sum of all 
the products which can be made, by multiplying together 
any three of the roots after their signs are changed* Thus 
the roots of the biquadratic equation are a, 6, c, and rf, and 
the co-efficients in the fourth term, are —abc, -^-abd, —acd, 
•^bcd. 

The last term is the product formed from all the roots of 
the equation, after the signs are changed. 

,37 
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In the cubic eqaatioD, it is — ax— 6)C— c= -^abc^ 

In the biquadratic, — aX — ^X —ex — rf= + a6c£?, fac, 

501. In the preceding examples, the roots are all positive^ 
The signs are changed by transposition, and when the sev- 
eral factors are multiplied together, the terms in the pro- 
duct, as in the power of a residual quantity, (Art. 476^) are 
alternately positive and negative. But if the roots are all 
negative, they become positive by transposition, and all the- 
terms in the product must be positive. Thus if the several, 
values of Pc are —a, —6, -^c, -rf, then 

a?+a=0, aM-6=0, a?+c=0, :>r+rf=05 

and by multiplying these together, we shall obtain the same- 
equations AS before, except that the signs of all the terms 
will be positive. In other cases, some of the roots may be 
positive, and some of tbem negative. 

502. As equations are raised, from a lower degree to a 
higher, by multiplication, so they may be depressed^ from a 
higher degree to a lower, by division* The product of 
(x—a) into {x—b) is a quadratic equation ; this into {x—c) 
is a cubic equation ; and this into (a?— dj is a biquadratic. 
(Art. 494.) If we reverse this process, and divide the bi- 
quadratic by (a?— rf), the quotient, it is evident, will be a cu- 
bic equation ; and if we divide this by (a?— c,) the quotient 
will be quadratic, &c. The divisor is one of the factors 
from which the equation is produced, that is, it is a binomi- 
al consisting of x and one of the roots with its sign chang- 
ed. When, therefore, we have found either of the roots, 
wo may divide by this, connected with the unknown quan- 
tity, which will reduce the equation to the next inferior de- 
gree* 

RESOLUTION OF EQUATIONS. 

503. Various methods have been devised for the resoltUion 
of the higher equations ; but many of them are intricate and 

, tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, however, 
with sufficient exactness, by successive approximations. 
From the laws of the co-efficients, as stated in art. 500, a 
general estimate may be formed of the values of the roots. 
They njust be such, that, when their signs are changed, their 
grodvci shall be equal to the last term of the equation, and 
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their stmi equal to thi^ co-effieient of the second term. A 
trial may then be made, by substituting, in the place of the 
unknown letter, its supposed Value* If this proves to be 
too small or too great, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered 
or assumed two approximate values, and calculated the er- 
rours which result from them, we may obtain a more exact 
correction of the root, by the following proportion, 

Asi the (difference of the erroitrs, to the difference of the as* 
^sumed numbers j 

:^o IS ttie least errour, to the correction required in the cor-- 
responding assumed number* 

This is founded on the supposition, that the errours in the 
results are proportioned to the errours in the assumed num- 
hers. 

Let ^ and n be the assumed, numbers ; 

S and Sj the errours of these numbers ; 

R and r, the errours in the results « 

Then by the supposition KirzzS : s 

And subt. the consequents (Art. 389.) R—r : S— j ::r:$* 

But the (Hffirence of the assumed numbers is the same, 
as the difference of their errours. If, for instance, the true 
mimie is 10, and the assumed numbers 12 and 15, the er- 
rours are 2 and 5 ; and the difference between 2 and 5 is the 
same, as between 12 and 15. Substituting, then, JV— n for 
S— 5, we have /2— r : J^—n ::r: s, which is the proportion 
stated above. 

The term difference is to be understood here, as it is com- 
monly used in algebra, to express the result of subtraction 
according to the general rule. (Art. 82.) In this sense, the 
difference of two numbers, one of which is positive and the 
other negative, is the same, as their sum would be, if their 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of the rule 
for finding the true value of the root of an equation, is not 
strictly correct The errours in the results are not exactly 
proportioned to the errours in the assumed numbers. But 
as a greater errour in the assumed number, will generally 
lead to a greater errour in the result, than a less one, the 
rule will answer the purpose of approidmation. If the val- 
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ue which ib first found, is not sufficiently correct, this maj 
be taken as one of the nunibers for a second trial ^ and the 
process may be repeated, till the errour is diminished as 
much as is required. There will generally be an advao- 
tage in assuming two numbers whose difference is .1, or .01, 
or .001, &c. * 

Ex. 1. Find the value of x, in the cubic equation, 

a;*-8A:« + 17x-I0=0. 

Here, as the signs of the terms are alternately positive and 
negative, the roots must be all positive ; (Art. 501,) their 
^ product must be 10, and their sum 8. 

Let it be supposed that one of them is 5*1 or 5'2. Then^ 
substituting these numbers for x^ in the given equation, we 
have. 

By the l8tsuppOs'n,(5-l)»-8x(5l)H17x(5-l)-10= 1-271. 

By the second, (5-2)3-8 xCS-Sj^+nx {5-2)- 10=2-688. 

That is, By the first supposition. By the second supposition* 

The 1st term, a:3= 132-651 140-608 

The 2d — 8x» = -208-08 -216*32 

The 3d 1 7x = 86 7 88-4 

The 4th, -10 =- 10- -lO- 


Sums or errours, +1*271 . ^ + 2688 

Subtracting one from the other, 1*271 


Their difierence is 1 *4l 7 

Then, stating the proportion, 

1 '4 : 0*1 : : 1 27 : 0.09, the correction to be sub- 
tracted from the first assumed number 5* 1 : The remainder 

is 5*01, which is a near value of x. 

• 

To correct this farther, assume a; =3 5 '01, or 5*02. 

By the first supposition. By the second supposition* 

The 1st term x^= 125-751 126-506 

The 2d -8;c« = -200*8 —201*6 
The 3d 17a? = 85*17 85*34 

The 4th -10 = -10* -10. 


Errours + 0121 + 0*246 

0121 


Difference 0*125 
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Thea 0125: 0*01 ::012l :0 0J, the cortection. Thig 
subtracted froai 5*01 ^ leaves 5 far tbe value of x ; which will 
be found, on trial, to satisfy the conditions of the equation. 

For 53_8x6*-f I7x5-10sr0. 

We have thus obtained one of the three roots. To find 
the other two, let the equation be divided by x— 5, accor- 
ding to art. 462, and it will be depressed to the next inferi- 
our degree. (Art. 5(M») 

x-^5)x*--Qx* + 17a:- 10(a?« -3a?+a=0. 

Here, the equation becomes quadratic. 
By transposition, a* — 3a5» — 2 

Completing the square, (Airt.305.) oc^ —Sx+i =f —2=1 
Extract and transp. (Art. 303.) j?= * t V? ^liy* 
The first of these values of a: is 2, and the other 1^. 

We have now found the three roots of the proposed equa- 
tion. When their »ign» are changed, thetr sum is —8, the 
co-efiicient of the second term, and their product — 10 the 
last term. 

2. What are the roots of the equation 

a;^-8aj2+4A:+48=0? Ans. —2, +4, +6. 

3. What are the rooHs of the equation 

a!3-16;c«+65jc— 50=0 ? Ans. 1, 5, 10. 

4. What are the roots of the equation 

Ar»+2a?« -33;r— 90? Ans. 6,-5,-3. 

5. What is a near value of one of the roots of the equation 

«^ + 9a;« + 4x=80? 

6. What is a near value of one of the roots of the equation 

a;»+.;c«+a; = 100? 

503.6. Another method of approximating to the roofs of 
numerical equations, is that of Newton, by successive substi- 
tutions. 

Let r be put for a number found by trial to be nearly 
equal to the root required, and let z denote the difference 
between r and the true root x. Then in the given equation, 
substitute rtz for a?, and reject the terms which contain the 
powers of z. 
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This will reduce the eqtmtion to a simple one. And if z 
be less than a unit, its powers will be stiii less, and therefore 
the errour occasioned by the rejection of the terms in which 
they are contained, will be comparatively small* If the 
value of 2r, as found by the reduction of the new equation, 
be added to, or subtracted from r, according as the latter is 
found by trial to be too great or too small, the assumed root 
will be once corrected. 

By repeating the process, and substituting the corrected 
value of r, for its assumed value, we may come nearer and 
nearer to the root required. 

Ex. 1. Find one of the values of a?, in the equation 

a' — 16a;*+65cF=50. 

Let r—z=x. 

Then < — leA-^sr— '16(r— z)^=-16r« + 32rz- 16^« > =50. 
( 65x = 65(r— z)= 65r —652 3 

Rejecting the terms which contain z* and «*, we have 
r« - I6ra +65r— 3r«2;+32rz— 65z=50. 

This reduced gives 

50— rg-|-16r»— 65r 

^~ — 3r*4-32r— 65 * 

60 
If r be assumed =11, then z=iZg=0'8 nearly ; 

and a?=r—r nearly =11— 0*8=10'2. 

To obtain a nearer approximation to the root. Jet the cor- 
rected value 10*2 be now substituted for r, in the preceding 
equation, instead of the assumed value 1 1, and we sh^ll have 

z = '188 a;=r— z=I0012 

For a third approximation, let r= 10*012 and we have 
z=*012 x=r— z=10. 

2. What is a near value of one of the roots of the equation 

a;» + 10x3+ 5a; =2600? Ans. 11-0067. 

3. What are the roots of the equation 

A?3 + 2;e«~lla?=l2? 
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4. What are (he roots of the equation 

x* +4x* "ix* — 34a?=24 ? 

503.C. An equation of the mth degree conshts of ;c«", the 
several inferior powers of x^ with their co-efficients, and one 
term in which x is not contained. If A^ B^C^* '* • T, be 
put for the several co-efficients, and U for the last term, 

then x'^+Ax'^^+Bx'^-^-^Cx'^-^ . . . . + 7^4. [7=0 
will be a general expression for an equation of any degree* 

If a, 6, c, &c, be roots of any equation, that is, such quan- 
tities as may be substituted for x ; (Art. 49 7.) it may be 
shown, without reference to the method of producing 'the 
equation by multiplication, that the first member is exactltf 
divisible by x— a, x — 6, x — c, &c. 

For by substituting a for a?, we have 

And transposing terms, 

17= ^a'^^AoT'^ - Bij^-^ - Ca"^^ • • • • — Tlr. 
Substituting this value for (7, in the original equation, 

— a~— ./Ja"»~*— .J5a"*"*— Ca*^^ • • • • — Tb 5 ~^* 

Or, uniting the corresponding terms, 

(a?«-a'»)+(^;c'»-'* -^a'^-O+C^^"'""*- J3«'""^)f(Ca?"^*- CaT-^) 
•••• -l-r(x— fl)=0. 

Tn this expression, each of the quantities (^e"*— o"*), 
{Ao(r-^—Aa'^^), ^c. is divisible by x—a ; (Art. 466,) there- 
fore the whole is divisible hy x—a. 

In the same manner it may be shown, fhat the equation 
is divisible by ;v— 6, a:— c, &c. 

bOS.d. The quotient produced by dividing the original 
equation by af— a, is evidently equal to the aggregate of the 
particular quotients arising from the division of the several 
quantities (a;'"-tf'"j, (^e*"^*— //*"-*), <^c. 

The quotient of (a;'»-a'")-T-(a;-«), (Art. 466.) is 

The quotient of ./? (;c"*~*— a"'"*)-7-(a?— a) is 

Ax'^^+Aax''^+Aa^x''^"*+Aa'^, 
&cc» &c. 
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Collecting these particular quotients together, and placing 
under each other the co-efficieots of the same power of x, 
Tre hare the following expression for the quotient of 

divided by »— a. 
I. +C ) +Ca"-^ 


The quotient of the same equation divided bj x—h, ia 
II. +C 1 +C6'"-* 


-fr. 


The quotient from dividing by x—c, is 


+B S -irBc ( +Bc'»-» 

III. +C ) +CC"-* 


• • • • 


In the same manner may be found the quotients produced 
by introducing: successively into the divisor the several roots 
of the equation, which are equal in number to m, 

503.e. From the known relations between the roots and 
the co-efficients of equations, as stated in art. 500, Newton 
has derived a method of determining the co-efficients, from 
the sum of the roots, the sum of their squares^ the sum of 
their cuhes^ &c. though the roots themselves are unknown ; 
and on the othei'hand, of determining from the co-efficients, 
the sum of the roots, the sum of their squares, the sum of 
their cubes, &c» For this purpose, the following plan of 
notation is adopted. S, is put for the sum of the roots, S^ 
for the sum of their squares^ S^ for the sum of their cubes ^ 
&c. Jf the coots are a, b, c, d . . • I, then 


\ 


I 


i 
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Sj, =rtt« +6* +c» -f^» . . . +/^ 

By means of this Dotation, we obtain the' following eX'^ 
pression for the ^um of all the quotients marked I, 11, III^ 
&c. (Art. 503.(/«) and continued till their number is equal 
to m. 

+m^5 "^ +.4S, S a:*^ +^S2 (^.^ +^6«-, 
Y. +mC ) +CS, 


• • • • • 


In the original equation, 

x'^+Ax'^^+Bj^r-'^+Cx"^ . . . + Tx+ t/=6i 

the co-efficients ^, B, C, &c. have determinate relations to 
the sura and products of the roots, a, 6, c, &c. (Art. 500.) 
But the quotient marked I, (Art. 503.rf,) produced by divi- 
ding by Af — a, is the first member of an equation of the next 
inferiaur degree, (Art. 602,) from which flie root a is exclu- 
ded. So i is excluded from the. quotient II, c from the 
quotient UK &c. In the expression above- marked F, 
which is the svm of m quotients, the co-efficient of x in the. 
second term is S, +mAi But A^ which is the co-efficient of 
X in the second term of the original equation, is equal to the 
sum of the roots a, 6, c, &c.with contrary signs i (Art. dOO.) 
that is, Sj = —.4. Therefore 

• 
In the third term of the oi4gina1 equation, B the co-effi- 
cient of X, is equal to the sum of all the products which can 
be made by multiplying together any two of the roots (Art; 
500.) But each of these products will be excluded from 
two of the quotients I, II, III, &£C. For instance, ab will not 
be foiind in the first, from which a is excluded ; nor in the 
second, from which b is exchidied. Therefore in the expres-' 
»on y, the co-efficient of x in the third term is equal to 

38 
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mjB— 2flJ-2ac— Sod, &c. But — 2«6, —Sac, — Sarf, &c. 
^--23. So that 

S, +^Si +mB=(m-2)B. 

Id the fourth term of the original equation, C the co-effi- 
cient of x*, is equal to the sum of all the products which can 
be made by multiplying together any three of the roots, af- ] 

ter their sign^ are changed. But each of these products 
will be eiccluded from three of the quotients I, II, III^ &c. 
So that, in the expression 7, the co-efficient of ^ in the 
fourth term, is equal to mC'^Saic-^Sabd^ &c. That is, 

'S3+^Sa+^S,+»»C=(m-3)C. 

In the same manner, the values of the co-efficients of x 
in succeeding terms may be found ; the number of the co- 
efficients being one less than the number of roots in the 
e(|uatioii. 

Collecting these results, we have 

S^+AS^ + BS^+mC={mS)C, 

S^ +ASi+BSt + CS^ -l-mZ)=(m~4)D, 

&c. &c. 

Trfiinsposmg and umting terms, 

I. S,-fj3=0, 

Sa+^S,-f2B=rO, 

S3 +^S,+BS, +30=^0, 

5^ + vfSj +-BS, + CS1 +4D=0, 
&c. &c. 

Substituting for S^, 5^, S3, &c. their values, and reducing, 

S3 = -v^» + 3^5-3C, 

&c. &c. 

We liave here -obtained symine^cal eipresstoas fi»r the 
sum of the roots of an equation, the sum c^ their squares, 
the wsm of their cubes, &c« in terms of the co-efficients. 


^ 
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Bj transposing the terms in the expressions marked L'we 
have the following values of w^, B^ C, &c. 

III. w*=-S, 

D« -\{CS, +BS, +AS, +SJ 

By which the co-efficients of an equation may be found, 
from the sum of its roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex, 1. Required the sum of the roots, the sum of their 
squares, and the sum of their cubes, in the equation 

Here wJ=-10, B=35, C=:-50: 

Therefore S,s=10 

S,felO»-(2x35)=SO. 

S3 = 10* + (3X-10X35)-(3X-50)3:100* 

2. Required the terms of the biquadratic equation in 
which S, = 1 , S, =39, S3 = — 89, and the product of all the 
roots after their signs are changed is —30. 

Ana. a*— ;c3-19x» +49^—30=0.* 


• Sec Note V. 


A 


w 


t 


SECTION XXP. 


APPLICATION OF ALGEBRA TO GEOMETRY.'^ 


Art. 504. J.T is often expedient to make use of the al- 
gebraic notation, for expressing the relations of geometrical 
quantities, and to throw the several steps m a demonstration 
into the form of equations* By this, the nature of the rea- 
soning is not altered* It is only translated into a different 
language^ Signs are substituted for words, but they are in- 
teitded to convey the same meaning. A great part of the 
idemonstrations in Euclid, really consist of a series of equa- 
tions, though they noay qot be presented to us under the aU 
gebraic forms. Thus the proposition, that the sum of the 
three angles of a triangle is equal to two right angles, (Euc. 
32. 1.) may be demonstrated, either in common language, 
or by means of tjhe signs used in algebra. 

Let the side AB, of the triangle ABC, (Fig. 1.) be eon? 
tinned to D ; let the line BE be parallel io,AC'j and let GHl 
be a right artde. 

The demonstration, in words, is as follows, 

J. The angle EBD is equal to the angle BAC, (Euc. 29. 1,) 
SI. The angle CBE is equal to the angle ACB. 

3. Therefore, the angle EBD added to CBE, that is, the 

angle CBD, is equal to BAC added to ACB. 

4. If to these equals, we add the angle ABC, the angle 

CBD added to ABC^ is equal to BAC added to ACB 
and ABC. 

* This and the folIowio|; section are to be read after the Elements of 
0(^ometry. 
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5. But CBD added to ABC, is equal to twice GHIj that is, 
to two right angles. Euc. 13. 1. 

6. Therefore, the angles BAC^ and ACE, and ABC, are to- 
gether equal to twice GUI, or two right angles. 

Now, hy suhstituting the sign + , for the word added or and, 
and the character =, for the word equals we shall have the 
same demonstration, in the following form. 

1 . By Euclid 29. 1 . EBD = BAC 

% And CBE=ACB 

3. Add the two equations, EBD+ CBE=:BAC+ACB 

4. Add ABC to both sides CBD+ABC=^BAC-^-ACB+ABC 

5. But, by EuclidM3.1, CBD+ABC=2GHI 

6. Make the 4th &5th equ. BAC+ACB+ABC=2GHI. 

By comparing, one by one, the steps of these two demon- 
strations, it will be seen, that they are precisely the same, 
except that they are differently expressed. The algebraic 
mode has often the advantage, not only in being more concise 
than the other, but in exhibiting the order of the quantities 
more distinctly to the eye. Thus, in the fourth and fifth 
3teps of the preceding example, as the parts to be compar- 
ed are placed one under the other, it is seen, at once, what 
must be the new equation derived from these two. This 
regular arrangement is very important, when the demonstra- 
* tiou of a theorem, or the resolution of a problem, is unusu- 
ally complicated* In ordinary language, the numerous rela- 
tions of the quantities require a series of explanations to 
make them understood ; while, by the algebraic notation, 
the wnole may be placed distinctly before us, at a single 
view. The disposition of the men on a chess-board, or the 
situation of the objects in a landscape, may be better com- 
prehended, by a glance of the eye, than by the most labourer 
ed description in words. 

505. It will be observed, that the notation in the example 
just given differs, in one respect, from that which is genei al- 
ly used in algebra. Each quantity is represented, not by a 
single letter, but by several. In common algebra, when one 
letter stands immediately before another, as ab, without any 
charactei- between them, they are to be coi^sidered as mulr 
L " tiplied together. 


^ 


1 
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But, in geometry, AB is sn expression for a single lintj and 
not for the product of j3 into B. Multiplication is denoted, 
either by a point, or by the character X . The product of 
^B into CD, is AB' CD, or JlB x CD. 

506. There is no impropriety, however, in representing a ] 
geometrical quantity by a single letter. We may make b 

stand for a line or an angle, as well as for a number. \ 

If, in the example above, we put the angle 

EBD=a. ACB^d, ABC^h, \ 

BAC^h, CBD=zg, GHI^i 

CBE^c, 

the demonstration will stand thus, * 

1. By Euclid 29. 1. fl=J 

2. And c^d 

3. Adding the two equations, a'\-c^g^sb+d 

4. Adding h to both sides, g^h=h+d+k 
b. By Euclid 13. 1. g+A=2/ 
6. Making the 4th and 5th equal, b+d+hss^L 

This notation is, apparently, more simple than the other ; 
but it deprives us of what is of great importance in geome- 
trical demonstrations, a continual and easy reference to the 
figure. To distinguish the two methods, capitals are gen- ^ 
erally used, for thit which is peculiar to geometry ; and small 
letters, for that which is properly algebraic. The latter has 
the advantage, in long and complicated processes, but the 
other is often to be preferred, on account of the facilffy with 
which the figures are consulted. 

507. If a line, whose length is measured from a given point 
or line, be considered positive / a line proceeding in the op- 
posite direction is to be considered negative* If AB, (Fig. 2.) 
reckoned from DE on the right, is positive ; .^C on the left 
is negative. 

A Tine may be conceived to be produced "by the motion of 
a point. Suppose a point to move in the direction of AB, 
and to describe a line varying in length with the distance of 
the point from A. While the point is moving towards B, iti 
distance from A will increase* But if it move from B to- 
wards C, its distance from A will diminish, till it is reduced 


I 
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to notiMng, and will then increase on the opposite side. As 
that which increases the distance on the right, diminishes it 
on the left, the one is considered positive, and the other neg- 
ative. See arts. 59, 60. 

Hence, if in the course of a calculation, the algebraic val- 
ue of a line is found to be negative ; it must be measured in 
a direction opposite to that which, in the same process, has 
been considered positive. (Art. 197.) 

508. In algebraic calculations, there is frequent occasion 
for midtiplication^ division^ inyolution^, &c. But how, it may 
be asked, can geometrical quantities be multiplied into each 
odier ? One oi the factors, in multiplication, is always to be 
considered as a number. (Art 91) The operation consista 
iQ repeating the multiplicand, as many times as there are 
vmis in the multiplier. How then can a line^ a surface, or 
a solid, become a multiplier ? ^ 

To explain this, it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another^ 
some particular extent is to be considered the unit. It is 
immaterial what this extent is, provided it remain the same, 
in difierent parts of the same calculation. It may be an 
iiich, a foot, a rod, or a mile. If an inch is taken for the 
unit, each of the lines to be multiplied, is to be considered 
as made up of so many parts, as it contains inches. The 
nnltiplicand will then be r^jpeated, as many times, as there 
are units in the multiplier. If, for instance, one of the lines 
be a foot long, and the other, half a foot ; the factors will be, 
one 1 2 inches, and the other 6, and the product will be 72 
inches. Though it would be absurd, to say that one line is 
to be repeated, as often as another is long ; yet there is no 
impropriety in saying, that one is to be repeated as many 
times, as there are feet or rods in the other. This, the na- 
ture of a calculation often requires. 

509. ^If the line which is to be the multiplier, is only a 
part of the length t^ken for tlie unit ; the product is a like 
part of the multiplicand* (Art. 90.) •. Thus, if one of the 
iact(W8 is 6 inches, and the other half an inch, the product 
is 3 inches. 

510. Instead of referring to the measures in common use,, 
as inches, feet, &c. it is often convenient to fix upon one of 
the lines in a figure, as the unit with which to compare all the 
others. When there are a number of lines drawn within 
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and about a circle^ the radius is commonly taken for the unitt 
This is particularly the c^ase in trigonometrical calculations^ 

51 1. The observations which have been made concerning 
lines, may be applied to surfaces "and solids. There may be 
occasion to multiply the area of a figure, by the number of 
inches in some given line. 

But here, another difficulty presents itself. The product 
of two lines is often spoken of, as being equal to a surface ; 
and the product of a line and a surface;, as equal to a solid. 
Thus the area of a parallelogram is said to be equal to the 
product of its base and height ; and the solid contents of a 
cylinder, is said to be equal to the produtt of its length, into 
the area of one of its ends. . But if a line has no breadth^ 
how can the multiplication, that is, the repetition^ of a line 
produce a surface ? And if a surface has no thickness, how 
can a repetition of it produce a solid ? 

If a parallelogram, reppesented on a reduced scale by 
ABCD^ (Fig. 3.) be five inches long, and three inches wide; 
the area or surface is said to be equal to the product of 5 in- 
to 3, that is, to the number of inches in AB^ multiplied by 
the number in BC. But the mches in the lines AB and Bu 
are linear inches, that is, inchefs in length only ; while those 
which compose the surface AC are superficial or square in- 
ches, a different, species of magnitude. How can one of 
these be converted into the otl^r by multiplication, a pro- 
cess which consists in repeating quantities, without changing 
their nature ? 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
magnitudes with superficial or solid measures ; and that none 
of the steps of a calculation can, properly speaking, trans- 
form the one into the other. But, though a line can not be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that squares, 
cubes, &c. are bounded by lines of the same name. Thus 
the side of a square inch, is a linear inch ; that of a square 
rod, a linear rod, &;c. The length of a linear inch is there- 
fore, the same, as the length or breadth of a square inch. 

If then, several square inches are placed together^ as from 
Q to /?, (Fig. 3.) the number of them in the parallelogram 
OR is the same, as the number of linear inches in the ^ide 
QR : and, if we know the length of Ithis, we have of course 


{ 

4 


APPLICATION TO GEOMBTRY. 297 

the area of the parallelogram, which is here supposed to he 
one inch wide. 

But, if the hreadth is several inches, the larger parallelo- 
gram contains as many Smaller Ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paral- 
lelogram AC (Fig. 3.) is 5 inches long, and 3 inches broad, 
it may be divided into three such parallelograms as OR. To 
obtain then the nutnber of squares in the large parallelogram, 
we have only to multiply the number of stjuares in one of 
the small parallelograms, into the number of such parallelo- 
grams contained in the whole figure. But the number of 
Square inches in one of the small parallelograms, is equal to 
the number of linear inches in the length AB. And the 
number of small parallelograms, is equal to the number of 
linear inches in the breadth BC. It is therefore said con- 
cisely, that the area of the parallelogram is equal to the length 
multiplied into the breadth* 

. 513. We hence obtaia a convenient algebraic expression 
for the area of a right arigled parallelogram. If two of the 
sides perpendicular to each other are AB and BC, (he ex- 
pression for the area is ABx BC ; that is, putting a for the 
area, 

a=:AByBC!. 

It must be understood, however, that when AB stands for 
a line^ it contains only linear measuring units ; but when it 
enters into the #xpression for the an a, it is supposed to con- 
tain superficial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
crrour in calculation. 

514 The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning ran- 
able quantities^ in the 1 3th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other measuring unit ; and let b 
and / be two of its sides. Also, let A be the area of any 
right angled parallelogram, B its breadth, and L it& length. 
Then it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths ; and, if the length 
of each were the same, the areas would be as the breadths. 

That is, A :n::L:l, when the breadth is given; 

And A :a::B:bj when the length is given 5 

39 
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Therefore, (Art. 420) ^ :a::BxL:bl, when both varj. 

That is, the area is as the product of the length dind 
breadth. 

515. Hence, in quoting the Elements of Euclid, the term 
product is frequently substituted for rectangle. And what- 
ever is there proved concerning the equahty of certain rec- 
tangles, may be applied to the products of the lines whick 
contain the rectangles."* 

516. The area of an oblique parallelogram is also obtain- 
ed, by multiplying the base into the perpendicular height. 
Thus the expression for the area of the parallelogram 
ABJSTM (Fig. 5,) is MKxAD, or JlBxBC. For, by art. 
51 3, ABxBC is the area of the right angled parallelogram 
ABCD; and by Euclid 36. l,t parallelograms upon equal 
bases, and Between the same parallels, are equa^ ; that is, 
dBCD is equal to ABKM. 

5 1 7. The area of a square is obtained, by multiplying one 
of the sides into itself. Thus the expression for the area of 

the square AC, (Fig. 6.) ifAB^ that is, 

a^AB. 

For the area is equal to ABxBC. (Art 513.) 

' But ^B=BC, therefore, ABxBCz=.ABxAB^AB . 

518. The area of a triangle is equal to hMf the product 
of the base and height. Thus the area of the triangle ./J 6G, 
(Fig. 7,) is equal to half AB into GH or its equal BC, 
that is, 

a-\ABxBC. 

For the area of the parallelogram ABCD is ABxBC. 
(Art. 513.) And, by Euc. 41. l,t if a parallelogram and a 
triangle are upon the same base, and between the same par- 
allels, the triangle is half the parallelogram. 

519. Hence, an algebraic expression may be obtained, for 
the area of any figure whatever which is bounded by right 
lines. ^For every such figure may be divided into triangles* 

,♦ See Note W. 

t Legeadre's Geometry, American Edition, Art. 16«. 
t Legendre, 168. 
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Thus the right-lined figure 

ABODE (Fig. 8th,) is composed of the triangles 
ABC, ACE, and ECD. 

The area of the triangle ABC^\ACx BL^ 

That of the triangle ACE^\ACxEH, 

That of the triangle ECD:=: \ECx DG. 

The area of the whole figure is, therefore, equal to 
{\ACx'BL)+{iACx EH) + {iECx DG). 

The explanations, in the preceding articles, contain the 
first principles of the mensuration of superficies. The ob- 
ject of introducing the subject in this place, however, is not 
to make a practical application of it, at present ; but merely 
to show the grounds of the method of representing geome- 
trical quantities in algebraic language. 

520. The expression for the superficies has here been de- 
rived from that of a line or lines. It is frequently necessary 
to reverse this order ; to find a side of a figure, from know- 
ing its area. 

if the number of square inches in the parallelogram 
ABCD (Fig. 3.) whose breadth BC is 3 inches, be divided 
l)y 3 ; the quotient will be a parallelogram ABEF, one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the length of its side 
AB. The number of square inches in one is the same as 
the number of linear inches in the other. (Art 512.) If 
therefore, the area of the large parallelogram be represented 

a 
by a, the side •/?5=^, that is, the length of a paralUlo- 

gram is found, hy dividing the area by the breadth* 

52|, If a be put for the area of a square whose side is 
AB 

Then by art. 5 1 7. a—AB 

And extracting both sides, y/a^AB 

That is, the side of the square is found, by extracting the 
square root of the number of measuring units in its area. 

522. If AB be the base of a triangle, and BC its perpen- 
dicular height ; *^ 
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Then, by art. 5 1 8, a = ^BC X AB 


And dividing by \BCy j^—AB, 

That is, the base of a triangle is found, by dividing the area 
by half the height* 

523. As a surface is expressed, by the product of its length 
and breadth ; the contents of a solid may be expressed, by 
the produ* t of its length, breadth, and depth it is neces- 
sary to bear in mind, that the measuring unit of solids is a 
cube ; and that the side of a cubic inch*, is a square inch, the 
side of a cubic foot, a square foot, &c. 

Let A BCD (Fig. 3.) represent the base of a parallelopi^ 
ped, 5 inches long, three inches broad, and one inch deep. 
It is evident there must be as many cubic inches in the solid, 
as there are square inches in its base. And, as the product 
of the lines AB and BC gives the area of this base, it gives, 
of 'cotirse, the contents of the solid. But suppSse that the 
depth of the parallelopiped, instead of being one inch, ig 
four inches. Its contents must be four times as great. If, 
then, the length be AB, the breadth BC. and the depth CO, 
the expression for the solid contents will be, 

ABxBCxCO. 

524. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, CEuc. 
4. 2.) that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with twice the product of the parts, is de- 
monstrated, by involving a binomial. 

Let the side of a square be represented by * ; 
And let it be divided into two parts, a and b. 

By the supposition, s=a+b 

And, squaring both sides, s^ =za^+2ab+b*. 

That is, 5* the square of the whole line, is equal to a" and 
6*, the squares of the two parts, together with 2ab, twice 
the product of the parts. 

525. The algebraic notation may also be applied, with 
great advaiitage, to the solution of geometrical problems. In 
jdoing this, it will be necessary, in the first place, to raise an 
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algebraic equation, from the geometrical relations of the 
quantities given and required ; and then, by the usual reduc- 
tions, to find the value of the unknown quantity in this equa- 
tion. See art. 1 92. 

Prob. 1. Given the hase^ and the svmoi the hypothenuse 
and perpendicular, of the right angled triangle, ABC^ (Fig. 
9.) to fitad the perpendicular. 

Let the base AB=zh 

The perpendicular BC=x 

The sum <'f hyp. and perp. x+jiC=a 
Then transposing at, AC—a—^ 


2 


1. By Euclid 47- 1,* EC +AB ^AC 

2. That is, by the notation, a?* 46' = (a-a:)* =a*-2aa:4-^. 

Here we have a common algebraic equation, containing 
only one unknown quantity. The reduction of this equa- 
tion in the usual manner, will give 

x^ — ^ =^BCf the side required* 

The solution, in letters, will be the same, for any right an- 
gled triangle whatever, and may be expressed in a general 
thi'orem. thus ; 'In a right angled triangle, the perpendicu- 
lar is equal to the square of the sum of the hypothenuse and 
perpendicular, diminished by the square of the base, and di- 
vided by twice the sum of the hypothenuse and perpendic- 
ular ' 

It is applied to particular cases, by substituting numbers^ 
for the letters a and 6. Thus, if the base is 8 feet, and the 
sum of the hypothenuse and perpendicular 16, the expres- 

sion — aZ — becomes -y—^rs 6, the perpendicular ; land 

this subtracted from 16, the sum of the hypothenuse and 
perpendicular, leaves 10, the length of the hypothenuse. 

Prob 2. jGiven the base^ and the difference of the hy- 
pothenuse and perpendicular, of a right angled triangle^ to 
find the peijpendicular. . 

• Legendre, 186. 
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Let the base AB (Fig. 10 )=:is20 

The perpeudicalar, BC=x 

The given difference, =d=rlO 

Then will the hjpothenuse AC=x+{L 

Then 


1. By Euclid 47. I, AC ^AB +BC 

2. That is, by the notation, {x+d)*=:b*+x* 

3. Expanding (x+rf)% x*+2dx+d'=zb*+x^ 

4* Therefore xsr — 55 — =15« 

Prob. 3. If the bypothennse of a right angled triangle is 
30 feet, and the difference of the other two sides 6 feet^ 
what is the length of the base ? Ans. 24 feet. 

Prob. 4. If the hypothenuse of a right angled triangle it 
50 rods, and the base is to the perpendicular as 4 to 3, what 
is the length of the perpendicular ? Ans. 30. 

Prob. 5. Having the perimeter and the diagonal of a par- 
allelogram ABCDj (Fig. 11.) to find the sides. 

Let the diagonal .^C=A=10 

The side AB=:x 

Half the perimeter BC+w2J5=jBC+*=6=I4 
Then, by transposing x, BC=b—x 

By EucUd 47. 1 , ~AB +BC ^AC 

That is,. «»+(6-:c)»=A* 

Therefore x-\ht'f\b^ +iA« -\b^ =S. 

Here the side AB is found ; and the side BC is equal to 
*-a; = 14-8=6. 

Prob; 6. The area of a right angled triangle ABC (Fig. 
12,) being given, and the sides of a parallelogram inscribed 
in it, to find the side BC. 

Let the given area =ra, DE=BF^b 

EB=DF=:d, BC=x. 

Then by the figure, CF= B C - BF=x^ b. 
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1. By similar triangles, CF: DF: : BCtAB 

2. That 19, x—b \di:xiAB 
%. Therefore d!»^{x-b)xAB 

4. By art. 518, a-ABx\BC=^ABx\9 

i. Dividing by >a —=:AB 

9a Sa& 

6. Therefore Ja;=(a?-6)x -r=2a— — • 


a + fa^ 2ab 
7. And *="5--'V^~'rf~'"^^- 

Prob. 7. The three sides of a right anded triangle ABC^ 
(Fig 13.) being given, to find the segments made by a per- 
pendicular, drawn. from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and ABD. (Euc. 8. 6.)* 

1. By Euc. 47. 1, ¥D +CD ^BC 

2. By the figure, CD ^AC- AD 

3. Squar. both sides, Cbsr(w3C-AD)* 

4. Therefore, BD + {AC-- AD)« ^BC 

5. Expanding, BD+.4C-.2^aAD+Ab=:BC 

6. Transposing, BI)==BC-w3C'+2^C.AD-AD 

7. By Euc. 47. 1, Bb=ZB-Ab 

8. Mak. 6th and 7th eq. BC- JC'+2^C.AD=w4^ 

AB'^'JC-'BC 

9. Therefore AD=: 5-^^ • 

The unknown lines, to distinguish them from those which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DEFO 
(Fig. 14.) inscribed in a given triangle, ABC, to find the 
sides of the parallelogram. 

* Legeodre, 213. 
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Draw CI perpendicular to AB. By supposition, DG i* 
parallel to AB. Therefore, 

The triangle CHG, is similar to CIB ^ 
And CDG, to CAb\ 

Let Cl^d DG=^xl 

AB=by The given area =a5 

1 . By similar triangles, CB : CG : : AB : DG 

2. And CB:CG::CI:CH 

3. By equal ratios, (Art- 384.) AB :DG:: Cl\ CH 

DGxCI , 

4. Therefore —j^ — =CH 

5. By the figure, CI-CH==IHz^DE 

DGxCI 

6. Substituting for CH, CI- ^g =D£ 

dx 

7. That is, d-^-g^DE 

dx\ 

8. By art 513, a-DGxDE:=zxx{d--^\ 

9. That is, a=c?x— -7- 

10. This reduced gives a?= y^V T— A =^Gf 
The side J9£ is found, by dividing the area by DG, 

Prob. 9. Through a given point, in a given circle, so to \ 

draw a right line, that its parts, between the point and the I 

periphery, shall have a given difference. J 

In the circle AQBRy (Fig. 15.) let P be a given point, ia I 

the diameter AB» '' 

}' 
Let AP-a, PR =a?, > 


BP=ib, The given difference =rf, 

Then will PQ=;v+£L 


f. 
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1 ByEuc. 35-3. PRxPQ=jiPxBP 

2. That IS, xx{x+d)^axb 

3. Or, x^-^dx=ab 

4. Completing the square, x^+dx+ld*={d^+abi . 

5. Extract, and transp, a? = -^^dlyf^d^ + aft = PR. 

With a little practice, the learner may very much abridge 
these solutions, and others of a similar nature, by reducing 
several steps to one.* 

Prob. 10. If the sum of two of the sides of a triangle be 
1150, the length of a perpendicular drawn from the angle 
included between these to the third side be 300, and the 
difference of the segments made by the perpendicular be 
495 ; what are the lengths of the three sides ? 

Ans. 945, 375, and 780. 

Prob. 11. If the perimeter of a right angled triangle bei 
72, and the perpendicular falling from the right angle on the 
hypothenuse be 144 ; what are the lengths of the sides ? 

Ans 300, 240, and 1 80. 

Prob. 12. The difference between the diagonal of a square 
and one of its sides being given, to find the length of the 
sides. 

If ;r=the side required, and c?=the given difference; 

Then «•=(/+ dV2. 

Prob. 13. The diagonal and perimeter of a parallelogram 
being given, to find the sides. 

If a;= one of the sides, d=the digaonal, and a=:half the 
perimeter ; 

Then a?=iaiA Vi5»"^, 

The sum of the quantities being the longer side, and the 
difference^ the shorter. 

Prob. 14. The base and perpendicular height of any 
plane triangle being given, to find the side of a square in- 
scribed in ,the triangle, and standing on the base, in the same 
manner as the parallelogram DEFG, on the base AB* (Fig. 
14.) 

* Legendre, 224. 
40 
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If x=s a side of the square, b-^the base, and A==the 
height of the triangle ; 

bh 
Then x=^i. 

Prob. 15. Two sides of a triangle, and a line bisecting 
the included angle, being given ; to find the length of the 
base or third side, upon which the bisecting line falls. 

If ;K'=the base, a=one of the given sides, c=the other, 
and 6= the bisecting line ; 

Then x={a+c)X'yJ ^^ . 

Prob. 16. If the hypothenuse of a right angled triangle 
be 35, and the side of a square inscribed in it, in the^same 
y manner as the parallelogram BEDF^ (Fig. 12.) be 12 ; what- 

are the lengths of the other two sides of the triangle ? 

Ans. 28 and 21. 

Prob. 1 7. The number of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicular as 4 to 3. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 10. 

Prob. 18. A grass plot 12 rods by 18, is surrounded by a 
gravel walk of uniform breadth, whose area is equal to that 
of the grass plot. What is the breadth of the gravel walk ? 

Prob. 19. The side3 of a rectangular field are in the ratio 
of 6 to 5 ; and one sixth of the area is 1 25 square rods. 
What are the lengths of the sides ? 

frob. 20. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8, 
The shorter side of each is 60 rods, and the other side of 
the triangle adjacent to the right angle, is equal to the diag- 
onal of the parallelogram. Required the area of each ? 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater of 
which contains 20 cubic feet njore than the other. Their 
capacities are in the ratio of 4 to 5 ; and th^ir bases are 
squares, a side of each of which is equal to the depth of the 
other vat. Required the depth of each. 

Ans* 4 and 5 feet. 


* 
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Prob. 22# Given the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
three sides ; to find the length of the sides. 

If a, b, and c, be the three perpendiculars, and a;=balf 
the length of one of the sides ; 

a+b+c 


Then a? = 


y/3 


Prob. 23. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods less 
than 9 times the breadth of the street ; and the number of 
square rods in the street, exceeds the number of rods in the 
perimeter of the square by 228. What is the area of the 
square ? Ans. 576 rods. 

Prob. 24. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of the 
opposite sides ; to find the lengths of the sides. 

If a;=halfthe base, ^=half the perpendicular, and a and 
h equal the two given lines ; 

Thena;=V— iy-. y'='yj—\r''^ 


* See Note X. 


• jSECTION XXII, 


EQUATIONS OF CURVES. 

Art. 526. IN the preceding section, algebra has been 
apphed to geometrical figures, bounded by right lines. Its 
ftid is required. also, in investigating the nature and relations 
of curves. The advances which, in modern times, have 
teen made in this department of geometry, are, in a great 
measure, owing to the method of expressing the distinguish- 
ing properties of the different kinds of hnes, in the form of 
egtuitions. To understand the principles on which inquiries 
of this sort are conducted, it is necessary to become famil- 
iar witYi the plan of notation which has been generally a? 
greed upon. 

527. The positions of the several points in a curve drawn 
on a plane, are determined, by taking the distance of each from 
two right lines perpendicular to each other. 

Let the lines ^Fand jiG (Fig. 16-^) be perpendicular to 
each other. Also, let the hnes DB, Jj'B \ D B be perpen- 
dicular to j^F; and the lines CD, CD', C"D", perpendicular 
to AG* Then the position of the point D is known, by the 
length of the lines BD and CD. In the same manner, the 
point D' is known, by the lines B D' and CD' ; and the 
point D' , by the hnes B' D' and CD' The two lines 
which' are thus drawn, from any point in the curve, are, to- \ 

gether, called the co-ordinates belonging to that point. 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them, for distinction sake, is called 
an ordinate, and the other, an abscissa. Thus BD is the or- 
dinate of the point D, and CD, or its equal jiB, the abscis- 
sa of the same point. It is, generally, most convenient to 
take the abscissas on the line JlF, as AB is equal to CD, AB' 
%o CD', and AB' to CD". Euc. 33. 1. The hnes AP 
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and AOy to which the co-ordinates are drawn, are called the 
axes of the co-ordinates. 

528« If co-ordinates could be drawn to every point in a 
curve, and, if the relations of the several abscissas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each point, and consequently, the nature of 
the curve, would be determined. Many important proper- 
ties of the figure might also be discovered, merely by throw- 
ing the equation into different forms, by transposing, divid- 
ing, involving, &c. But the number of points in a line ig 
unlimited. It is impossible, therefore, actually to draw co- 
ordinates to every one of them. Still there is a way in which 
^n equation may be obtained, that shall be applicable to all 
the parts of a curve* This is effected, by making the equa- 
tion depend on some property, which is comnion to every pair 
of co-ordinates. In explaining this, it will be proper to be- 
gin with a straight line^ instead of a purve. 

Let AH (Fig. 17.) be a hne from which co-ordinates are 
drawn, on the axes AF and AG perpendicular to each other. 
And let the angle FAH be such, that the abscissa CD or 
AB shall be equal to twice the ordinate BD, 

The triangles ABD, AB D', AB D, &c. are all similar. 
(Euc. 29. 1.)* Therefore, 

ABiBD:: AB' : B D : : AB' : B'D'\ 

And if AB=i2BD, then AB=:2B'D, and AR'^2B"D", ^c. 

That is, each abscissa is equal to twice the corresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let x 
represent any one of the abscissas, and y, the ordinate be- 
longing to the same point. Then, 

a;==2y,*ory=|a?. 

This is an equation expressing the ratio of the co-ordin- 
ates of the line AH to each other. It difiers from a com- 
mon equation, in this, that x and y have no determinate 
magnitude. The only condition winch limits them is, that 
they shall be the abscissa and ordinate of the same point. 

U x=zAB, then y=BD 

I{ x=AB\ y=B'D' 

If x^AB', yz=.B"D", fcc. 

* Legendre, 66. 
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From this it is evident, that, if one of the co-ordinates be 
taken of any particular length, the other will be given by 
the equation. If, for instance, the abscissa x be two inches 
long, the ordinate y, which is half a?, must be one inch. • 

If a;=8, then y=4, If ;c=30, then y= 15, 

Ifjf=10, y=5, IfA' = 100, y=50, &c. 

On the other hand, if y=2, then a? =4, &c. 

529. If the angle HAF be of any different magnitude, as 
in Fig. 1 8, the general e(]uation will be the same, except the 
co-efficient of x. Let the ratio of y to x be expressed by 
a, that is, let 1/ : a; : : a : 1. Then by converting this into an 
equation, we have 

CtX=sy, 

The co-efficient a will be a whole number or a fraction, 
according as y is greater or less than x. 

530, To apply these explanations to curves, let it be re- 
quired to find a general equation of the common parabola. 
(Fig. 19.) It is the distinguishing property of this figure, as 
will be shown under Conic Sections, that the abscissas are 
proportioned to the squares of their ordinates. Let the ra- 
tio of the square of any one ordinate to its abscissa, be ex- 
pressed by a. As the ratio is the same, between the square 
of any other ordinate of the parabola and its abscissa, we 
have universally ^' : jc : : a : I ; and by converting this into an 
equation, 

eix^y** 

This is called the eqvxition of the curve. The important 
advantages gained by this general expression, are owing to 
this, that the equation is equally applicable to every point of 
the curve. Any value whatever may be assigned to the ab- 
scissa A\ provided the ordinate y is considered as belonging 
to the same point. But, while x and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola aA?=y*, and, extracting 
the root of both sides, (Art. 297.) 

y=y/ax. If 0=2, then y 3= V^^' ^^^ 
If ar=. 4.5=w3B(Fig. 19.)then y=zV¥xAT5=y/d=^3=BD 
If ;e= 8. =v3JB' y=:V2x8_=\/16=4=BZ)' 

If x= l2.5=w2B" y=V2xl2.5=s ^<ib^5^B"iy' 

If a?«=18. =.45'" y= V2x 18 = V36=6=jB"i>'". 
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581 • When ordinates are drawn on both sides of the axis 
to which they are apphed ; those on one side will he positive^ 
while those on the other side will be negative. Thus, in 
Fig. 1 9, if the ordinates on the upper side of ^F be consid- 
ered positive, those on the under side will be negative. (Art. 
507.) The abscissas also are either positive or negative, 
according as they are on one side or the other of the point 
from which they are measured. Thus, in Fig 20, if the 
abscissas on the right, AB^ AB\, <Jrc be considered positive, 
those on the left, AC^ AC\ &c. will be negative. And, in 
the solution of a problem, if an abscissa or an ordinate is 
found to be negative, it must be set off, on the side of the 
axis opposite to that on which the values are positive. 

532. In the preceding instances, the straight line or curve 
to which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19 ) and the straight line E'D' (Fig. 
20.) cross the axis *4F, in the point A^ where k is cut by 
the axis AG. But this is not alwavs the case. The abscis- 

» 

sas on the axis QF, (Fig. 21.) may be reckoned from the 
line GK 

Let X represent any one of the abscissas, MB^ MB\ &c. 
and y the corresponding ordmate. 

luQtz-AB, b=MA, 

And a=the ratio of BD to AB, as before. 

Then a«=y, (Art. 529.) that is, z=^ 

But, by the figiire, AB=^MB-MA^ i.e. z=x—b 


.Making the two equations equal, a;— i = 


a 


y 
Therefore . ;v= — +6. 

Q> 

533. In investigating the properties of curves, it is impor- 
tant to be able to distinguish readily, the cases in which the 
abscissas or ordinates are positive^ from those in which they 
are negative ; and to determine, under what circumstances, 
either of the co-ordinates vanishes. An abscissa vanishes at 
the point where the curve meets the axis from which the abscis- 
sas are measured. And an ordinate vanishes, at the point 
where the curve meets the axis from which the ordinates are 
measured* 
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Thus, in Fig. 19, the ordiDates are measured fro^ the line 
AF. The length of each ordinate is the distance of a par- 
ticular point in the curve from the hne. As the curve ap- 
proaches the axis, the ordinate diminishes, till it becomes 
nothing, at the point of intersection. For, here, there is no 
distance between the curve and the axis. 

The abacissas are measured from the line AG, These 
must diminish also, as the curve approaches this line, and 
become nothing at A» 

534. From this it is evident, that when the two axes meet 
the curve at the same pointy the two co-ordinates vanish to^ 
gether. In Fig. 19, the two axes meet the curve at wf, the 
one cutting, and the other touching it. But, in Fig. 21, the 
axis MF crosses the line J^D at A ; while GJi crosses it at 
.AT. The ordinate, being the distance from MFy vanishes at 
•4, where the distance is nothing. But the abscissa, being 
the distance from CAT, vanishes at .AT or M. 

535. An abscissa or an ordinate changes from positive to 
negative, by passing through the point where it is equal to 0. 
Thus the ordinate y (Fig. 20.) diminishes, as it approaches 
the point A ; here it is nothing, and, on the other side of Ay 
it becomes negative, because it is below the axis CF. (Art. 
507.) In the same manner, the abscissa, on the right of AG, 
diminishes, as it approaches this line, becomes dit A, and 
then negative on the left. 

In this case, the two co-ordinates change from positive to 
negative, at the same point. But, in Fig. 21, the ordinates 
change from positive to negative at A ; while the abscissas 
continue positive to GJ^, being still on the right of that line. 
On the right from A, the co-ordinates are both positive : be- 
tween A and the line G^AT, the abscissas are positive, and 
the ordinates negative : and, on the left of GJV, both are 
negative. , 

536. The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding branches of the mathematics, particularly in Flux- 
ions. A few examples will be -here given, to illustrate the 
observations which have now been made. 

Prob. 1. To find the equation of the circle* 

In the circle FGM, (Fig. 22.) let the two diameters GJi 
and FM be perpendicular to each other* From any point 
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in the curve, draw the ordinate DB perpendicular to ,/JF; 
and AB will be the corresponding abscissa.' 

Let the radius •^Z)=:ry AB^og, BD=sy» 


Then, by Euc. 47. 1,* BD ^AD ^AB 

That is, • j«=:ra--a?" 


And by evolution^ ^=i\/r*— a^ 


In the same manner, x=ZVr^ — ^•* 

That is, the abscissa is equal to the square root of the dif« 
ference between the square of the radius and the square of 
the ordinate* 

If the radius of the circle be taken for a unit, (Ai^t. 510.) 
its square will also be 1, and the two last equations will be- 
come * 

y=±\/l— a?*, and a!=±\/1 — y». 

These equations will be the same, in whatever part of 
the arc GDF the point D is taken. For the co-ordinates 
will be the legs of a right angled triangle, the hypothenuse 
of which will be equal to AD, because it is the radius of the 
circle. 

537. To understand the application to the other quarters 
of the circle, it must be observed, that, in each of the equa- 
tions, the root is ambiguous. The values of y and of x may 
be either positive or negative. This results from the nature 
of a quadratic equation. (Art. 297.) It corresponds aJso 
with the situgition of the different parts of the circle, with 
resp/sct to the two diameters FM and GJV. In the first 
quarter GF, the co-ordinates are supposed to be both posi- 
tive. In the second, GJM, the ordinates are still positive, 
but the abscissas become negative. {Ah. 531.) In the third, 
MM, both are negative: and in the fourth, NF, the ordi- 
nates are negative, but the abscissas positive. That is, 

C Fpr, X is +, and y+, 

^n the quadrant ^ ^ ^ "'^ ^+| 

NF,x +, y—, 


I 


* Legendre, 186. 
41 
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538. In geometry, lines are supposed to be produced by 
the motion of a point. If the point moves uniformly in one 
direction, it produces a straight line. If it continually varies 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by which the mo- 
tion is regulated. If, for instance, one point moves in such 
a manner, as to keep constantly at the saiyie distance from 
another point which is fixed, the figure described is a circle, \ 

of which the fixed point is the centre. It is evident from jj 

the preceding problem, that the equation of this curve de- - 1 

pends on the manner of description. For it is derived from 1 

the property, that different parts of the periphery are equal- 
ly distant from the centre. In a sinular manner, the equa- 
tions of other curves may be derived from the law by which ^ 
they are described ; as will be seen in the following exam* 
pies. 

Prob. 2. To find the equation of the curve Called the 
Cissoid of Diocles. (Fig. 23 ) 

The description, which may be considered as the defini- 
tion of the figure, is as follows. 

In the diameter AB^ of the semi-circle ANB^ let the 
point A be at the same distance from B^ as P is from Jl^ 
Draw UN perpendicular to AB^ to cut the circle in AI 
From A^ through .AT, draw a straight line, extending if ne- 
cessary beyond the circle. And from P, raise a perpendic- 
ular, to cut this line in JfcT.* The curve passes through the 
point JV. 

By taking P at different distances from^.^, as in Fig. 24, 
any number of points in the curve may be determined. As 
the line PM moves towards J9, it becomes longer and long- 
er ; so as to extend the Cissoid beyond the semi-circle. 

To find the equation 6i the curve, let AH and AB be the 
axes of the co-ordinates. i 

Also, let each of the abscissas AP^ AP\ AP'\ 8ic. =ap, 
each of the ordinates PM, FM, P'M\ ^. =y, 
and the diameter AB =6, 

Then, by the construction, PBzsAB'-APszb'-x. 

As PM and RJ^ are each perpendicular to AB, the tri- 
angles. ./JPJH and AR/f 2LrQ similar. (Euc. 27 and 29. 1.) 
Therefore, 


I 


EQUATIONS OF CURVES. 3 1 5 

1 • By similar triangles, AP : PM : : AR : /W/ 

2. Or, by putting PB for its equal AR^ 

AP'.PMxiPB'.RN 

^ . PMxPB * 

3. Therefore, v — -jSp — ^RN 


PMxPB _,_. 

4. Squaring both sides, ZU — =/wV 

AP 

— « 

5. By Euc. 35. 3, and 3. 3, ARxRB=zRN 

e. Or, putting PB for its equal AR^ and ^P for its equal -RjB, 

PBxAP=RN 

PMxPB 
7. Making 4th and 6th equal, PB X AP=s — ■;^ — 

AP 

S. Therefore AP^PM xPB 

9. Or, a*=y2x(6-a?) 

That is, the cube of the abscissa is equal to the square of 
the ordinate, multiplied by the difference between the diam- 
eter of the circle, and the abscissa. The equation is the 
same for every pair of co-ordinates. 

frob. 3. To find the equation of the Conchoid of Nico- 
medes. 

To describe the curve, let .4B,_Fig. 25. be a line given in 
position, and C a point without the une. About this point, 
let the line G& revolve. ¥,toA its intersections with AB^ 
make the distances EM, EM, E''M\^ &c. each equal ioAD. 
The curve will pass through the points D, Jtf, M\ M", &c. 

To find its equation, let CD and AB be the axes of the 
co-ordinates. Draw FJ\^ parallel to AP, and PM parallel 
to CF. From the construction, AD is equal to ElM, 

Let the abscissa APt±iFM^x, 

the ordinate PM^AF^y, 

the given line CA^a^ 

and AD^EMr=bj 

Then will . CF=zCA+AF=:a+tf. 

^ * Legendre, 105, 224. ' 
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As CJlf cuts tlie parallels CD and PM, and also the paral* 
lels AP and FM, the triangles CFM and MPE are simi- 
lar. Then 

1. By similar triangles, ' CF:FM::PM:PE 

FMxPM 


2. Therefore P£= 


CF 


.2 


— t FM X PJkf 

3. Squaring both sides, ♦ PE = 3» 

CF 

4. By EuG. 47. 1. PE -EM -PM 


.2 


5- Mak. 3d and 4th equal, EM --PM ^t 


CF 


x^y^ 


6. That is, b^^y^^j^^^ 

7. Or, (a+y)*x(6*'-y»)=«»y», 

339. In these examples, the equation is derived from the 
description of the curve. But tms order may be reversed. 
If the equation is given, the curve may be described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, thjerefore, 
by taking abscissas of different lengths^ and applying ordu 
nates to each* The line required, will pass through the ex- 
tremities of these ordinates^^ 

Proh« 4. To describe the curve whose equation is 
2x=^y', or y^-)/2x. 

On the line AF^ (Fig, 19.) take abscissas of differeDt 
lengths : 

For instance, jfB = 45, then the ordinate J?D=3,(Art530.) 

AB' = 8^ ^D' =4, 

AB' =12-5 JB"D" =5, 

4F"=18r . B'^iy^^zzQ, 

&€. 


■ 

I 

i 
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Apply these several ordinates to their abecisfias, and con- 
nect the extremities by the line ADD'D'\ ficc. which will 
be the curve required. The description will be more or leisg 
accurate, according to the number of points for which or- 
dinates are found. 

540. If a point is conceived to move in such a manner, as 
to pass through the extremities of all the ordinates assigned 
by an equation ; the line which it describes is called the locus 
of the point, that is, the path in which it moves, and in which 
it may always* be found. The line is also called the locus of 
the equation by which the successive positions of the point 
are determined^ Thus the common parabola (Fig* 1 9,) is 
called the locus of the points, Z>, D\ D'\ &<;. or of the equa- 
tion ax^y^. (Art. 530.) The arc of a circle is the locus 

of the equation x^t^r^-x^. (Art. 536.) To find the 
locus of an equation, therefore, is the same thing, as to find 
the straight line or curve to which the equation belongs* 

Probp 5. To find the locus of the equation 

y 

«= — , or axsaff^ 

in which, x and y are variable co-ordinates, while a is a de- 
terminate quantity. • 

If the abscissa x be taken of different lengths, the ordi- 
nate y must vary in such a manner as to preserve a^rsy; 
or, converting tibe equation into a proportion, y : a: : : a : !• 
Therefore, as a is a determinate quantity, the ratio of a; to y 
will be invariable ; that is, any one abscissa will be to its or- 
dinate, as any other abscissa to its ordinate* Let two of 
the abscissas be ^B and «4£', (Fig* 17.) and their ordinates, 
BD and BD' ; then, 

^ AB.BDi.AB'xBiy. 

The line ADjy is, therefore, a struight line : (Euc. 32. 6.) 
and this is the locus of the equation* 

y 
If the proposed equation is a;= — +6, the additional term 

6, makes no difference in the nature of the locus. For the 
only effect of i, is to lengthen the abscissas, so that they 
must not be measured from A^ but from' some other point, as 
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M, (Fig. 21.) The ratio of ^S, AB\ ire. to BZy, RIT, &c. 
still remains the same. See art. 532. The locus of the 
equation is, therefore, a straight line. 

541. From this it will he easy to prove, that the locus of 
every equation in which the co-ordinates x and y are in sepa- 
rate terms, and do not rise above the Jirst power, is a straight 
line. For every such equation may be brought to the form 

y 

x = — 16. All the terms may be reduced to three, one con- 
taining iT, another y, and a third, the aggregate of the con- 
stant quantities which are not co-efficients of x and y ; as* 
will be seen, in the following problem. 

r 

P|;ob. 6. To find the Iocils of the equation 

a 

cx — rf+ Aa? — y +m =n. 

By transposition, cx+hx=y+n—m+d 

y n— m+d 
Dividmg by c+h x-'—j^+ ^j^f^ - 

Here, the constant quantities, in each term, may be repre- 
sented by a single letter. (Art. 321.) If, then, we make 

n — m-^-d y 

(^f A«=a, and — ttt — =6 ; the equation will become a?=— +*^ 

whose locus, by the last article, is a straight line. 

542. But if the ordinates are as the squares, cubes, or 
higher powers of the abscissas, the locus of the equation, in- 
stead of being a straight line, is a curve. For the ordinates 
applied to a straight line, have the same ratio to each other 
which their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cubes, or 
higher powers have. (Art. 354.) Thus, li x^ =y, the or-^ 
dinates will increase more rapidly than the abscjssas. If then 
abscissas be taken, 1, 2, 3, 4, &£c. the ordinates will be equal 
to their squares, 1, 4, 9, 16, &c. 

543. As an unlimited variety of equations may be produ- 
ced, by different combinations and powers of the co-ordi- 
nates, and as each of these has its appropriate locus ; it is ev- 
ident that the forms of curves must be innumerable. They 
may, however, be reduced to classes The modem mode of 
classing them, is from the degree of their equations* The 
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different orders of lines are distinguished^ by the greatest index j 
or sum of the indices of the co'Ordinatesy in any term of the 
equation. 

Thus the equation ax=^y belongs to a line of the first or- 
der, because the index of each of the co-ordinates is !• But 
this order includes no curves. For, by art. 541, the locus of 
every such equation is a straight line. 

The equation ex* -^axy^y^j belongs to the second order 
of lines, or the first kind of curves, because the greatest in- 
dex is 2. The equation ay+xyszhx also belongs to the sec- 
ond order. For, although there is here no index greater 
than 1 , yet the sum of the indices of x and y, in the second 
term, is 2. 

The equation y* —300;^= 6a?* belongs to the third order of 
lines, or the second kind of curves, because the greatest in- 
dex of y is 3. 

544. In curves of the higher orders, the ordinate belong- 
ing to any given abscissa may have different values^ and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the curve, 
and if the equation is above the first degree, it may have 
two or more rootSj (Art 498.) and may, therefore, give dif- 
ferent values to the ordinate. 

An equation of the first degree has but one root ; and a 
line of the first order, can be intersected by an ordinate, in 
one point only. Thus the equation of the line AH (Fig. 
17.) is ax=y, in which it is evident y has but one value, 
while X remains the same. If the abscissa x be taken e- 
qual to AB^ the ordinate y will be BD, which can meet the 
line AH in D only. 

But the equation of the parabola, y* =ax, fArt. 530.) has 
two roots. For, by extracting both sides, y=i\/«a:. (Art. 
297.) It is true that, in this case, the two values of y are 
equal. But one is positive, and the other negative. This 
shows that the ordinate may extend both ways^from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Thus the ordinate of the abscissa AB (Fig. 19.) 
may be either BD above the abscissa, or Bd below it. 

A cubic equation has three roots 5 and an ordinate of the 

curve belonging to this equation, may have three different 

values, and may meet the curve in three different points. 

. Thus the ordinate of the abscissa AS (Fig. 26.) may be BD. 

or BD', or Bd. 
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545. When the curve meets the axis on which the abscissas 
are measured, the ordinate, after becoming less and less, is 
reduced to nothing. (Art. 533.) But, in some cases, a 
curve may continually approach a line, without ever 'meet- 
ing it Let the distances AB^ BB% B'B\ &c. on the line 
AFj (Fig. 27.) be equal ; and let the curve DjD'jD' , &c. be 
of such a nature, *that, of the several ordinates at the points 
BiB'^B", &:c each succeeding one shall be half the prece- 
ding, that is, B'D' half BD, B'p' half BD% &c. It is evi- 
dent, that, however far the straight line be carried, the curve 
will be coming nearer and nearer to it, and yet will never 
<{uite reach it. A line which thus continually approaches a 
CMn?e, without ever meeting it^ is called an asymptote of the 
curve. The axis AP is here the asymptote of the curve 
DD'D'\ &c. As the abscissa increases, the ordinate dimin- 
ishes, so that, when the abscissa is mathematically infinite, 
(Art. 447.) the ordinate becomes an infinitesimal, and maj 
be expressed by 0. (Art. 455.)* 


• See Note Y. 
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.S {he tenn quantity is here used to signify whatever te 
fhe object of mathematical inquiry, it will be obvious that 
number is meant to be included; so far at least, as it can be 
the subject of mathematical investigation. Dugald Stewart 
asserts, indeed, that it might be easily shown, that number 
does not iall under the definition of quantity, in any sense of 
that word. Philosophy of the Mind, Vol. II. Note Q. For 
proof that it is included in the common acceptation of the 
word, it will be sufficient to refer to almost any mathemat- 
ical work in which the term quantity is explained, and par- 
ticularly to the familiar distinction between continued quaii- 
tity or magnitude, and discrete quantity or number. 

But does number *' fall under the definition of quaJitity'* ? 
Mr. Stewart, after quoting the observation of* Dr. Reid, that 
the object of the mathematics is commonlv said, to be quan- 
tity, which ought to be defined, that which may he measured^ 
adds, " The appropriate objects of this science are such 
things alone as admit not only of being* increased and dimint 
ished, but of being multiplied and divided. In other words, 
the common character which characterizes all of them, is 
their mensurahility.'*^ That number may be multiplied and 
divided,' will not probably be questioned. But it may per- 
haps be doubted, whether it is capable of mensuration. If, 
as Mr Locke observes, ^' number is that which the mind 
makes use of, in measuring all things that are measurable,^' 
can it measure itself^ or be measured ? It is evident, it pan 
not be measured geometrically, by applying to it a measure 
of lengtb or capacity. But, by measuring a quantity math- 
ematically, what else is meant, than determining the fatio 
which it beaxs to some other quantity of the same kind ; ia 
other words, finding how often one is contained in the other, 
either exactly, op* with a certain excess ? And is not this ai 
applicable to number as to magnitude 2 Tb% ratio which a 

45^ 
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given number bears to unih/ can not, indeed, be the subject 
of inquiry ; because it is expressed by the number itself! 
But the ratio which it bears to other numbers, may be as 
proper an object of mathematical investigation, as the ratio 
of a mile to a furlong. 

For proof that number is not quantity, Mr. Stewart refers 
to Barrow's Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the appHcation of the term 
quantity to number, which he intimates might, with more 
propriety, be called quotity. He observes, *'The general 
object of the mathematics has no proper name, either in 
Greek or Latin." And adds, " It is plain, the mathematics 
is conversant about two things especially, quantity strictly 
taken, and quotity ; or magnitude and multitude." There 
is frequent occasion for a common name, to express number, 
duration, &c. as well as magnitude ; and the term quantity 
will probably be used for this purpose, till some other word 
is substituted in its stead. 

But though Dr. Barrow thus distinguishes between mag- 
nitude and number, he .afterwards gives it as his opinion, 
(page 20, 49 )• that there is really no quantity in nature dif- 
jferent from what is called magnitude or continued quantity, 
and consequently, that this alone ought to be accounted the 
object of the mathematics* He accordingly devotes a whole 
lecture to the purpose of proving the identity of arithmetic 
and geometry. (Lect. 3.) He is " convinced that number 
really differs nothing from what is called continued quantity ; 
but is only formed to express and declare it;" that, as 
" the conceptions of magnitude and number could scarcely 
be separated,'' by the ancients, " in the name^ they can hard- 
ly be so in the mind^^^ and *^ that number includes in it every 
consideration pertaining to geometry." He admits of met- 
aphysical number, which is not the object of geometry, or 
even of the mathematics. But, in his view, magnitude is 
always included in mathematical number, as the units of 
which it is composed are equaL On the other hand, magni- 
tudes are not to be considered as mathematical quantities, 
except as they are measured by number. In short, quantity 
is magnitude measured by number. 

It would seem, then, that according to Dr. Barrow, num- 
ber considered as separate from magnitude, iias as fair a 
claim to be called quantity, as magnitude, considered as sep- 
iairate from number. If arithmetic and ^ometry are the 
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same ; quantity is as much the object of one, as of the oth- 
er. How far this scheme is applicable to duration, motion, 
fcc. it is not necessary, in this place, to inquire. 

Note B. p. 1. 

It is to be regretted, that the science of Fluxions has re- 
ceived its name from the particular manner in which its in- 
ventor, Sir Isaac Newton, explained its principles, rather 
than from the nature of the science itself This has served 
to countenance the opinion, that the doctrine of fluxions, 
and the differential and integral calculus, in which a differ- 
ent language, and different mode of explanation have been 
adopted, are distinct methods of investigation. 1/Vhereas 
the fundamental laws of calculation are the same in both. 
These have no necessary dependence on motion, or even 
on geometrical magnitudes. The method of fluxions has 
been greatly enlarged and modified, since Newton's day. 
But it is ditncult to change the name, to adapt it to the pre 
sent state of the science, without seeming to derogate from 
that profound regard which is due to the original inventor* 

Note C. p. 32. 

It is common to define multiplication, by saying that ^ it is 
finding a product which has the same ratio to the multipli-* 
cand, that the multiplier has to a unit.' This is strictly and 
universally true. But the objection to it, as a definition, is, 
that the idea of ratio, as the term is understood in arithme- 
tic and algebra, seems to imply b, previous knowledge of mul- 
tiplication, as well as of division. In this work, at least, the 
expression of geometrical ratio is made to depend on divi- 
sion, and division, on multiplication. Ratio, therefore, 
could not be properly introduced into the definition of mul- 
tiplication. 

It is thought, by some, to be absurd to speak of a unit as 
consisting of parts. But, whatever may be true with respect 
to number in the abstract^ therce is certainly no absurdity in 
considering an integer, of one denomination, as made up of 
parts of a different denomination. One rod may contain 
several feet ;* one foot, several inches, &rc. And in multipli- 
cation, we may be required to repeat the whole, or a part 
of the^ multiplicand, as many times, as there are inches in a 
foot, or part q^ Ji^foot. 
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Note D. p. 66. 

r 

It is perhaps more philosophically exact, to consider am 
equation as affirming the equivalence of two different ex- 
pressions of the same quantity, than to speak of it as ex- 
Dressing an equality between one quantity and another. -^ 

»ut it is doubted whether the former definition is the best 
adapted to the apprehension of the learner ; who, in this 
early part of his mathematical course, may be supposed to 
he very little accustomed to abstraction. Though he may 
see clearly, that the area of a triangle is eqtuzl to the area of g 

a parallelogram of the same base and half the height ; yet 
lie may hesitate in pronouncing that the two suriaces are 
precisely the same, 

t 

Note E. p. 86. 

As the direct powers of an integral quantity have positive 
indices, while the reciprocal powers have negative indices ; 
it is common to call the former positive powers^ and the lat- 
ter negative powers* But this language is ambiguous, and 
may lead to mistake. For the same terms are applied to 
powers with positive and negative signs prefixed. Thus 
+ 8a* is called a positive power ; while — 8a« is called a 
negative one. It may occasion perplexity, to speak of the 
latter as being both positive p ad negative at the same time ; i 

positive, because it has a positive index, and negative, be- 
cause it has a negative co-efficient. This ambiguity may be 
avoided, by using the terms direct and reciprocal ; meaning, 
"by the former, powers with positive exponents, and by the^ 
latter, powers with negative exponents^ 

Note F. p. 109. 

I have been unwilling to admit into the text the rules of 
calculation which are commonly applied to imaginary quan- 
tities ; as mathematicians have not yet settled the logic of 
the principles upon which these rules must be founded. It ^ 

appears to be taken for granted by Euler and others, that 
the product of the imaginary roots of two quantities, is equal 
to the root of the product of the quantities ; for instance, 

that V— ax^— ^==^— ax — ^. If .this principle be admit- 
ted, certain limitations must be observed in the application. 

If we make ^/ — o x V — a = V — a x —a, and this, in conform- 
ity with the common rule for possible <]^Qantities, s=v^a' ^ 
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yet we are not at liberty to consider the latter expression as 
equivalent to a. For though -/«'? when taken without re- 
ference to its origin, is ambiguous, and may be either +a or 
—a ; yet when we know that it has been produced by mul- 
tiplying v^— a into itself, we are not permitted to give it any 
other value than —a. (Art 262.) 

On the principle here stated, imaginary expressions may 
be easily prepared for calculation, by resolving the quantity 
under the radical sign into two factors j one of which t^ ~ 1 ; 

thereby reducing the imaginary part of the expressi on to V^^ 
A8-a=+«X —I, the expression '/— as/ax-lsv/ax^^^ 
So V— a— 6 = Va+b X V —1. The first of the two factors 
is a rea) quantity. After the impossible part of imaginary 

expressions is thus reduced to \/— 1, they may be multiplied 
and divided by the rules already given for other radicals. 

Thus in Multiplication^ 

1. V^xV^sVaxV^Xv'ftx y^^-=y/abx-l=^y/ab. 

2. + V^x — V^=: — VaftX— 1 = + V«*. 

3. V^xV^^ = -'/36 = -6. 

4. (1+^^^)X(1-'V^^)=2. 

From these examples it will be seen,'that according to the 
principle'assumed, the product of two imaginary expressions 
is a real quantity. 

5. y/^X^hssy/ax V'^Xy/bsi^abxy/^. 

6. V^Six V 18=6X1/"^. 

Hence, the product of a real quantity and an imaginary 
expression, is itself imaginary* 

In Division, 


V— a Vax i/^l la V— a 


-1 ja^ 
v'^"" ^bx V^'^'^ b* -'• ^~ 

Hence, the quotient of one imaginary expression divided 
by another, ia a real quantity. 

V— a yfftxV — I ja_ — 

t 

■; 
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I 

Ja yfa 1 

4. 


v^ — o y/ax^^ — l V — 1 

Hence, the quotient of an imaginary quantity divided by 
a feal one, or of a real quantity divided by an imaginary 
one, is itself imaginary. 

By multiplying v' — i continually into itself, we obtain 
the following powers. 


&c. &c. 

TTie even powers being alternately —1 and +1, and the 
odd powers, --\/ — 1 and +^/ — 1. 

Oh the nature and use of imaginary expressions, see Ba- 
ler's Algebra, Kees' Cyclopedia, the Edinburgh Review, 
Vol. 1. aiid the London Philosophical Transactions for 1801, 
1802, and 1806. 

Note G. p. 146. 

Every affected quadratic equation may be reduced to one 
of the three following forms. 

!• ac^ + aojsB b 
2. x*—ax=: h 

These, when they are resolved, become 

/ :' " 2. oc=: \a±y/ ia^ +b V 

3. «•= ia±v/i«* -i j 

In the two first of these forms, the roots are never ima- 
ginary. For the terms under the radical sign^are both posi- 
tive. But, in the third form, whenever h is greater than 
Ifl^, the expression Ja* ^-6 is oegative, zxA therefore its root 
is impossible. 
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Note H. p. 175. 

, For the sake of keeping clear of the inultiplied contro- 
versies, a great portion of them verbal, respecting the na» 
ture of ratio, I have chosen to define geometrical ratio to be 
that which is expressed by the quotient of one quantity di- 
vided by another, rather than to say that it consists in this 
quotient. Every ratio which can be mathematically assign- 
ed, may be expressed in this way, if we include surd quan- 
tities among those which are to be admitted into the numer- 
ator or denominator of the fraction representing the quo- 
tient. 

Note L p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is included ia 
this, but is limited to a particular case, which is stated ia 
art 353. It may answer the purposes of geometry, but is 
not sufficiently general for algebra. 

Note K. p. 178. 

It is not denied, that very respectable writers use these 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
difference between twice this ratio, and the square of it, that 
is, between twice three, and the square of three. All are 
agreed to call the latter a duplicate ratio. What occasion is 
there, then, to apply to it the term double also ? This is 
w^anted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the common acceptation of 
the word, in familiar language. 

Note L. p. 185. 

The definition here given is meant to be applicable to 
quantities of every description. The subject of proportion 
as it is treated of in Euclid, is embarrassed by the means 
which are taken to provide for the case of incommemurabU 
quantities. But this difficulty is avoided by the algebraic no- 
tation, which may represent the ratio even of incommensu- 
rables. 

Thus the ratio of 1 to y/2 is —/z. 
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It 18 impossible indeed, to express, in rational nnmbenr, 
the square root of % or the ratio which it bears to 1. But 
this is not necessary, for the purpose of showing its equalitjr 
with another ratio. 

The product 4x2=8. 

And, as equal quantities have equal roots, 

2x V2= V8, therefore. 2 : ^8 : : I : ^2. 

Here the ratio of 2 to V8, is proved to be the same, as 
that of 1 to V2 ; although we are unable to find the exact 
value either of y/% or V2. 

It is impossible to determine, with perfect accuracy, the 
ratio which the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one square has the namt ra« 
tio to its diagonal, which the side of any other square has to 
its diagonal. When incommensurable quantities are once 
Induced to a proportion, they are subject to the same laws 
as other proportionals. Throughout the section on propor* 
tion, the demonstrations do not imnlY that we know the vaJr- 
tie of the terms, or their ratios ; JKt only that one of the 
ratios is ttjml to the other* 
♦ 

Note M. p. 190. 

The inversion of the means can be made, with strict pro- 
priety, in those cases only in which all' the terms are quan* 
titles of the same kind. For, if the two last be difiereat 
from the two first, the antecedent of each couplet, after the 
inversion, will be difierent from the consequent, and there- 
fore, there can be no ratio between them. (Art. 355.) 

This distinction, however, is of little importance in prac* 
tice. For, when the several quantities are expressed in 
numbers^ there will always be a ratio between the numbers. 
And when two of them are to be multiplied together, it is 
immaterial which is the multiplier, and which the multipli- 
cand. Thus,. in the Rule of Three in arithmetic, a change 
in the order of the two middle terms will make no difibreace 
in the result. 

Note N. p. 197. 

The tern}$ composition and division are derived from ge- 
ometry, aiid-are introduced here, because they are generallj 
used by writers on proportion. But they are calculated rath- 


N0TI!S. 32S 

BT to perplex, than to assist, the learner. The objection to 
the word composition is, that its meaning is liable to be mis- 
taken for the composition or compounding of ratios. fArt* 
390.) The two cases are entirely different, and ought to be 
carefully distinguished. In one, the terms are added^ in the 
other, they are multiplied togeflier. The word compound 
has a similar ambiguity in other jparts of the mathematics. 
The expression a+b^ in which a is (idded to b^ is called a 
compound quantity. The fraction j of f , or i x ^, in which 
^ is midt^lied into ^, is called a compound fraction. 

The term division^ as it is used here, is also exceptionable* 
The alteration to which it is applied, is effected by subtrac" 
Iton, and has nothing of the nature of what is called division 
in arithmetic and algebra. But there is another ca^e, (Art. 
392.) totally distinct from this, in which the change in the 
terms of the proportion is actually produced by divisioiu 

Note O. p. 206. 

The principles stated in this section, are not only expres- 
sed in different language, from the corresponding propositions 
in Euclid, but are, in several instances, more general. Thus 
the first proposition in the fifth booluof the Elements, is con* 
fined to equimultiples. But flic article referred to, as contain- 
ing this proposition, is applicable to all cases of equal ratiosj 
whether the antecedents are multiples of the consequents or 
not. 

Note P. p. 222. 

■ 

The solution of one of the cases is omitted in the text, be-* 
cause it is performed by logarithms^ tirith which the learner 
is supposed not to be acquainted in this part pf the course. 
When the first term, the last term, and the ratio, are given^ 
the nwinber of terms may be found by the fonnula 

rz 

«= -' 

log. r 

Note Q. p. 227. 

When it is sijiid that a mathematical quantity nay be sup- 
posed to be increased beyond any determinate limits, it is not 
intended that a quantity can be specified so great, that no 
limits greater than this can be assigned. The quantity and 
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the limits may be altemaUltf exteniei one beyond the o&er. 
If a line be conceived to reach to the most distant point ia 
the visible heavens, a limit may be mentioned beyond this* 
The Une may then be supposed to be extended farther than 
this limit. Another point nriay be specified still farther on^ 
and yet the line may be conceiired to be carried beyond it« 

Note R. p. 230, 

The apparent contradictions respecting infinity, are owing 
to the ambiguity of the term. It is often thought that the 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be proved that a line an inch long can 
be divided into an infinite number of parts, it can, by the 
same mode of reasoning, be proved, that a line tv>o inches 
long may be first divided in the middle, and then ecuJi of the 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite twice as great as another. * 

If by infinity, here, is meant that which is beyond any asi* 
signable limits, one of these infinites maybe supposed greater 
than the other, without any absurdity, but if it be meant that 
the number of divisions is so great 4hat it cannot be increas- 
ed, we do not prove this, concerning either of the lines. We 
make out, therefore, no tontradiction. The apparent absur- 
dity arises from shifting the meamng of the terms. We de- * 
monstrate that a quantity is, in one sense, infinite ; and then 
infer that it is infinite, in a sense widely different 

Note S. p. 233» 

Strictly speaking, the inquiry to be made is, how often the 
whole divisor is contained in as many terms of the dividend. ' 

But it is easier to divide by a part only of the divisor ; and 
this will lead to no errour in the result, as the whole divisor i 

is multiplied, in obtaining the several subtrahends* ' 

Note T. p. 244. • ^ 

The demonstration of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, in this part of the course. It does not appear that .i 

Newton himself demonstrated his theorem, except by indue* 
tion. And though various demonstrations have since been giv- 
en ; yet they are generally founded upon principles and meth- 
ods of investigation not contained in this introduction, such 
as the laws of combinations, fliixions^ and figurate numbersi. 
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Those^ho wish to examine the inquiriee on this subject, 
may consult Simpson's Algebra, Section 1 5, Euler's Algebra, 
Section 3, Chap. 11, Vince's Fluxions, Art. 99, Lacroix's 
Algebra, Art. 138, &c. Do. Comp. Art. 71, Rees' Cyclope- 
dia, Manning's Algebra, the London Phil. Trans. Vol. xxxv. 
p. 298, Woodhouse's Analytical Calculations, Bonnycastle's 
Algebra, and Lagrange's Theory of Analytical Functions. 

Note U. p. 277. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Series. 
For information on this subject, the learner is referred to 
Emerson's Method of Increments, Steriing's Summation of 
Series, Waring's Fluxions, Maclaurin's Fluxions, Art. 828, 
&c. Wood's Algebyi, Art. 410, Lacroix's Comp. Alg. Art. 
81, &c. Euler's Anal. Infin. C* xiii. Simpson's Essays and 
Dissertations; De Moivre's Miss. Analyt. p. 72, and the Lon- 
4lon Philosophical Transactions. 

Note V. p. 291. 

To those who have made any considerable progress in the 
mathematics, this section will doubtless appear very defec" 
tive. But it was impossible to do justice to the subject, 
without occupying more room, than could be allotted to it 
here. In going through an elementary course of mathemat- 
ics and natural philosophy, the student will rarely have occa« 
fion to solve an equation above the second degree. 

Those who wish to examine particularly the different meth- 
ods of soliition, will find them,.in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part 2, Euler's Alg. Part 1 . Sec. 4, 
Waring's Algebra, Do. Medit. Algeb. Wallis^ Algebra, Simp- 
son's Alg. Sec. 12, Fenn's Alg. Ch. 3 and 4. Saunderson's 
Alg Book X, Simpson's Essays and Dissertations, Journal De 
Physique, Mar. 1807, and Philosophica.1 l*ransactions« 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to he 
so particular, in obtaining the expression for the area of a 
parallelogram, for the use of those who read Playfair's edi- 
tion of Euclid, in which ^'AD,DC is put for the rectangle 
contained by AD and DC! It is to be observed, however, 
that he introduces this, merely as an article* of notation* 
(Book II. De(^ 1.) And though a point interposed between 
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the letter?, is, in algebra, a sign of multiplication ; ^^i he 
does not her^ undertake to sHew how the sides of a parallel- 
ogram may be multiplied together. In the first book of the 
Supplement^ he has indeed demonstrated, that '* equiangular 
parallelograms are to one another, as the products of the 
numbers proportional to their sides/' But he has not given 
to the expressions, the forms most convenient for the succeed' 
jng parts of this work. In making the transition from pure 
geometry to algebraic solutions and demonstrations, it is im- 
portant to have it clearly seen, that the geometrical princi- 
{»les are not altered ; but are only expressed in a different 
anguage. 

* Note X. p. 307. 

Thi^ section comprises very little oL what is commonly 
nnderstooc} by the application of algebra to geometry. The 
principal object has been, to prepare the way for the other 
parts of the course, by stating the grounds of the algebraic 
notation of geometrical quantities, and rendering it famihar 
by a few examples. 

On the construction and solution of problems, See New- 



lyt. Instit. of Maria Ague 
A^g. Book II. Sec. 6. 

Note Y. p. 320. 

On the equations of curves, the geomf^trical constructioA 
of equations, the finding of locij &c. see Maclaurin^s .\lg. 
Part 111, and appendix, Newton's Arith. Emerson's Alg. 
Book II. Sec. 9, Do. Prop, of Curves, Euler's Anal. Infin. 
Waring's Prop. Alg. and Mansfield's Essays. 

Among the subjects which, for want of room, are entirely 
omitted m this introduction, one oC the most interesting ig 
the indeterminate analysis. No part of algebra, perhaps, is 
better calculated to exercise the powers of invention. But 
other branches of the mathematics are so little dependent on 
this, that it is not absolutely necessary to give it a place in 
an elementary course^ 

See, on this subject, Euler's Alg. Vol. ii, with Lagrangels 
additions, Saunderson's Alg. Book vi, Bonnycastle's Alg. 
and the Edinbuigh Phil. Transactions, Vol. ii. 
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